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I OLADLT avail myself of the opportunity of inaoribing 
to you, for a seoond time, a work of mine on Algebra, as 
a sincere tribute of my respect, aflfection and gratitude. 

I trust that I shall not be considered as derogating 
from the higher duties which, (in common with you), I owe 
to my station in the Church, if I continue to devote some 
portion of the leisure at my command, to the completion 
of an extensive Treatise, embracing the more important 
departments of Analysis, the execution of which I have 
long contemplated, and which, in its first volume I now 
offer to the public, under the auspices of one of my best 
and dearest friends. 



OEOBOE PEACOCK. 



PREFACE. 



The work, the first volume of which is now ofibred 
to the public, was designed in the first instance to be a 
second edition of a Treatise on Algebra, published in 1880, 
and which has been long out of print; but I have found 
it necessary, in carrying out the principles developed in 
that work, to present the subject in so novel a form, that 
I could not with propriety consider it in any other light 
than as an entirely new treatise. 

I have separated arithmetical from symbolical algebra, 
and I have devoted the present volume entirely to the 
exposition of the principles of the former sdence and their 
application to the theory of numbers and of arithmetical 
processes: the second volume, which is now in the press, 
will embrace the principles of symbolical algebra: it will 
be followed, if other and higher duties should allow me 
the leisure to complete them, by other works, embracing 
all the more important departments of analysis, with the 
view of presenting their principles in such a form, as may 
make them component parts of one uniform and connected 
system. 

In the preface to my former Treatise I have given a 
general exposition of my reasons for distinguishing arith- 
metical from symbolical algebra, and of my views of the 
just relations which their principles bear to each other, 
though I did not then consider it necessary to separate 
the exposition of one sci^ice altogether from the other. 
A more matured consideration of the subject, however, has 
convinced me of the expediency of this separation; for it 
is extremely difficult, when the two sciences are treated 
simultaneously, to keep their principles and results apart 
from each other, and to obviate the confusion, obscurity 
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and fake reaaoning which thenoe arises : a short stateme 
of the distinct and proper provinces of these two sciene 
will make this difficulty sufficiently manifest. 

In arithmetical algebra, we consider symbols as repr 
senting numbers, and the operations to which they a. 
submitted as included in the same definitions (whether e: 
pressed or understood) as in common arithmetic : the sigi 
+ and - denote the operations of addition and subtractio 
in their ordinary meaning only, and those operations ai 
considered as impossible in all cases where the symboi 
subjected to them possess values which would render thei 
so, in case they were replaced by digital numbers: thus J 
expressions, such as a + i, we must suppose a and i to I 
quantities of the same kind : in others, like a - i, we mu 
suppose a greater than 6, and therefore homogeneous wil 

it: in producte and quotients, like ab and |, we m« 

suppose the multiplier and divisor to be abstract numben 
all results whatsoever, including negative quantities, wliio 
are not strictly deducible as legitimate conclusions flmi 
the definitions of the several operations, must be rejectee 
as impossible, or as foreign to the science. 

Numerical fractions, which have not a common deno 
minator, are not homogeneous, and are incapable of additioi 
and subtraction in arithmetic, and therefore in arithmetioa 
algebra; and the multiplication and division of a numbe. 
or fraction by a fraction is only admisedble in arithmetic 
and therefore in arithmetical algebra, in virtue of a con 
vention which assumes the permanence of forms^^ whiol 
constitutes the great and fundamental principle of sym 
bolical algebra ; but by thus trenching upon the province o 
another and more comprehensive science, we are enabled U 
give an extension to our notion of number, which greail] 
enlarges the province of arithmetic and arithmetical algebra 
Without the aid of such an extension, the sciences o 
arithmetical and symbolical algebra must have long sinc< 
been separated from each other. 

> See Art. 135, 196, 137. 138, 139, 140. 
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Again, tbe generalisatioiu of uithmetie*] algebra are 
generalizfttioDB of reaaoniiig, and not of form. Thus we 
oonolude that (a + i)' u equivalent to a*+Sah + b\ for 
all homogsneoua values of a and b, tnaonnoh aa it maj be 
easily shewn that their epeoifio magnitudes, if expressible by 
numbeiB, (using the tenn in its largest sense,) cannot in any 
way affect the formation of the result : but it is only for 
values of the symbol a which ue not less than i, that the 
product (a + S){a — i) can be assumed to be equivalent to 
a'- £*; for in no other case can this product be formed oon- 
wstently with the arithmetical definition of the operation of 
multiplication. Again, the product of a" and a* can be 
shewn to be equivalent to a"^', when m and n are integral 
and abstract numbers, and in no other case ; for no other 
values are recogniied in the definition of the potter of a 
symbol, and therefore in no other case can we appeal to 
it in determining tbe form of the product: the series for 
^a + b)' is also a necessary result of the same definition, 
and subject therefore to the same limitations : and we con- 
dude generally that all the necessary results of arithmetical 
algebra must be ligorously restricted to those conditions of 
^ralue fuid representation which the definitions require. 

But thoi^h the rules for performing the operations of 
^ymbohoal algebra must embody the limitations which the 
<lefinitiona impose, yet it is very difficult, in innumerable 
<:%4Mes, to disoover the impossibility of the operation or tbe 
-Kxtadmiflsibility of the result, before the operation is pei^ 
^Virmed or tbe result is obtained : thus if we are required 
^« subtract a+ b from a, we do not attempt an operation . 
'^vhich is as obviously imposnble in arithmetical algebra, as 
'fc would be, in common arithmetic, to subtract S from s : 
^ut if it was required to subtract from la + 5b, the several 
subtrahends a + Sh, Sa - ib and 8a + 7^, we should pro- 
bably proceed without hesitation to apply the general rule 
>f subtraction, which would give us 
Ta -h 5j -O - Sft - 3ffl + 8i- Sa - 74 

- 7o -a-3a-3a + 5b~:ib + ^b -lb 
= 76 - 9b, 
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a result which indicates that the final operation, to which 
the application of the rule conducts us, is impossible: we 
are perpetually encountering, in arithmetical algebra, as 
it were unconsciously and unawares S similar examples of 
operations which cannot be performed or of results which 
cannot be recognized, consistently with the definitions upon 
which that science is founded. 

Symbolical algebra adopts the rules of arithmetioaL 
algebra, but removes altogether their restrictions: thi 
symbolical subtraction difiers from the same operation 
arithmetical algebra in being possible for all relations oW 
value of the symbols or expressions employed : as far as those* 
relations arc admissible, therefore, in the latter science, the^ 
are in every respect the same: in both sciences also w^ 
change the signs of the terms of the subtrahend, and theic 
proceed as in addition : but it is in the former science onl^ 
that we form and recognize the result, whatever it may 
without any reference to its consistency with the definition 
upon which those rules in arithmetical algebra are founded, 
wo are thus enabled to subtract a + i as well as a * ft froi 
a, obtaining by the unrestricted rule 

a-(a + 5)sa-a-6«-6 
in one case, and 

a-(a-6) = a-a + J = + 6 
in the other: the same observation extends to the 
for performing all the other operations of arithmeti 
algebra and to the results to which they lead; adopti 
also the results themselves, whether common to arithmeti 
algebra or not, whether negative or positive, as equally 
subjects of the fundamental and other operations. 

It is this adoption of the rules of the operations 
arithmetical algebra as the rules for performing the o 
tions which hear the same names in sjrmbolical algebi 
which secures the absolute identity of the results in 
two sciences as far as they exist in common: or in o 
woi'ds, all the results of arithmetical algebra which 
deduced by the application of its rules, and which 
g<'n('ral in form, though ]>articular in value are res 

' Art. M, ',m), ;Wf>, Kx. r>. 4in, Kx. 7. 
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X Skewise of symbolical algebra, wheru they are general i 
~^ralu8 as well as in rorra : thus the product of a" and a 
'^hich is a"* when m uid n are whole numbers, aji 
'fclierefore general in form though particular in value, wi 
"be their product likewise when m and » are general i 
"Value as well as in form : the Beriee for (a + h)", dete 
Kxiined by the prinoiples of arithmetical algebra, when n 
txny whole number, if it be exhibited in a general fom 
^without reference to a final term, may be shewn, npc 
t;lie same principle, to be the equivalent series for (a -i- b) 
mrhm fl is general both in form and value. 

This principle, in my former Treatise on Algebra, I d 
nominated the "priaoiph of the permanence of eqimalei 
_/brtHe," and it may be oouBidered aa merely expressing tt 
general law of transition ftxim the results of arithmetic; 
to those of symbolical algebra : it is this law which secur< 
the complete identity of the two sdenoes as far as thoi 
results exist in common, and without which the latter ecient 
would degenerate into a science expressing the arbitral 
oombinations of symbols only, whose results would, in tl 
Srst instance at leaat, be altogether separated &om ariti 
metio, and therefore from arithmetical computation. 

Upon this view of the principles of symbolical algebr 
it will follow that its operations are determined by tl 
definitions of arithmetical algebra, as far as they procec 
in common, and by the " principle of the permanence 
equralent forms" in all other cases, which those definitio! 
oaiinot comprehend : it will follow therefore that in all 8u< 
oases, the meaninp of the operatioa or of the remit obtaine 
vimteer eueh a nuamnff can be aieigned, muet be determin. 
m w)^onmty with the eotuUticma lehieh it muH aatte/y, at 
cenm^pimaly mtul vary viith every variation ofthote condition. 
upon this prindple we shall be enabled to give a consistei 
interpretation to symbolical exprearions or resuItB such 
+ a and - a, conridered with reference to each other, whe 
a denotes a line, a force, a period of time, and various oth 
concrete magnitudes, aa well as to the operations oalled di 
tion and subtraction, multiplication and dirision, denoted 1 
the usual signs, when applied to such quantities: but 
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innumerable other instances, it will be found that th 
results obtained will admit of no interpretation whatevei 
or have hitherto failed to receive it. 

The results therefore of symbolical algebra, which ar 
not common to arithmetical algebra, are generalizations c 
form, and not necessary consequences of the definitionf 
which are totally inappUcable in such cases. It is quit 
true indeed that writers on algebra have not hithert 
remarked the character of the transition from one clac 
of results to the other, and have treated them both a 
equally consequences of the fundamental definitions of aritl 
metic or arithmetical algebra: and we are consequent! 
presented with forms of demonstration, which though reall 
applicable to specific values of the symbols only, are taciti 
extended to all values whatsoever: suck are the usui 
proofs which are given of the indifference of the order c 
succession of the factors of a product \ of the rule fo 
the multiplication and division of fractions^ of the ml 
for finding the greatest common measure of two quantitiei 
whether numbers or algebraical expressions ^ of the fon 
of the product of powers of the same symbol^, as well a 
others which might be mentioned: whilst the rules fo 
performing the fundamental operations ^ for the incorpc 
ration of signs'^, and the meaning of fractional powers^ c 
a symbol, are little more than assumptions, of which no 
even the form of a demonstration is attempted to be givei 
In all such works, some few of very recent date excepted, i 
has been presumed that these conclusions could be deduce 
or these generalizations made in perfect consistency wit 
the arithmetical definitions of the operations employed, oi 
in other words, without any change in the meaning c 
such operations, however different may be the quantitic 
which are subjected to them : the consequence of this fun 
damental error has been, that no sufficient demonstratio 
or adequate exposition has been given of the principles c 

> Wood's Algetn-a, Art. 75. ' lb. Art. 105 and lOS. 

' lb. Art. 90, 91, 92, and Ksample. * lb. Art. 78 and 108. 

» lb. Art. 73. 74p &c. • lb. Art. 76. 
y lb. Art. 57. 
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and of several important propoBitions * in the theory 
numbers. Such an arrangement of subjects is perfect 
consistent with their philosophical order of dependence upo 
each other, though it may not be altogether consister 
with their order of difficulty: but I have endeavoured c 
the end of the Table of Contents, to point out thos 
articles which a student, at his first reading of this volume 
may pass over, without any material sacrifice of propos; 
tions, the knowledge of which may be necessary to th 
complete understanding and demonstration of those whie 
follow. 
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PRINCIPLES OP ARITHHBTICAL ALOBBBA. 



Fl^i 1. A RiTBMBTiCAL Algebra is the science which results from Arithmtti- 
., ' lie use or symbols uid signs to denote aumbers and theoperadons bra. 
, "<i which they may be subjected; those numbers or their repre- 
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icntatives, and the operations upon them, b^ng used in the si 
nd vith the same limitations as in cmnmon arithmetic. 



iben 2- Arithmetical Algebra is not the same science with Sym~ Not the 
olical Algebra, the exposition of the principles of which will gcicDce 

[■ the chief object of the following Treatise: in t^i* gl^bolesl 
t'nce, the ayniboU which are used are perfectly general ^gebta. 
representation, and perfectly unlimited in their values; 
'.111! the operations upon them, in whatever manner they itre 
go Icnotecl, or by whatever name they are called, are universal in 
ex}l)<.'ir .ipplicadon: but, since the principles and general conclu- 
t'.ions or rales of Arithmetical Algebra will be. found to luggetf, 
dnd in a certain sense to determine, the assumption of the first 
'or, ■Hirincijjles of Symbolical Algebra, it is expedient to commence 
th the exposition of the former science, as forming the proper, 
grder ind, in some respects, necessary introduction to the latter. 

\ In Arithmetical Algebra, the symbols which are employed, Symbol* in 
ther they be the letters of the same or of different alphabets, c«l Algc- 
u^ied to denote numbers, or numerical qiuintitieB onbj: they ^' 
lay denote concrete as well as abstract numbers, as long as the 
relations only of such concrete numbers are considered 
the specific properties of the magnitudes wbii^ they re> 
Those numbers which are actually assigned and given, 
expressed by means of the nine digits and zero, by the aid of 
nrtiiicesafordinary arithmetical notation*; but, numbers which 

* I'lii' roiuuts in asaigDiDE to each digit \u value iccatijing to its podlioD wilh 
-pf 11 tu iliD place or unita, suppo^Dg them to be KverallT mulliplied by lea, one 
uniETcd, one thoiuatid, ten thousand, one hufrdred thousand, andM on, according 
theyareplacedal tbediatanceofone, two, three, four, five. Replaces to the left 
the place ofuoite: If the digitsare placed to the right of the place of units, they arc 
ippoeed to be divided by a similar eeries of numbers : the entire number, or nu- 
ericat (luantjly. denoted by any collection of digits (wro intluded) is found by 




are supposed to be known, though not assigned; o 
subject to conditions by which they may be detcnm 
not known; or which are supposed to be perfectly 
their value^ whether they be assignable or not ; are^ 
denoted by symbols. 

Signs of 4, In the ordinary processes of Arithmetic, no s 

operationB , . ''^ 

not gene- ration are required: thus^ numbers are added and 

miireSTin multiplied and divided^ and their roots extracted, a 

Arithmetic, results of those operations are numbers, or numericj 

expressed by the common arithmetical notation, v 

senting^ in those results, any traces whatever of th< 

processes by which they are obtained: the following ar 

Examples. 5. (1) Add together 271, 164, 1023. 

271 

164 

102S 



1458 final result. 



(2) From 1695 subtract 76s. 

1695 
76s 



932 final result. 



(3) Muldply together 191 and 27. 

191 

27 



1337 
382 



5157 final result. 



adding together the numbers, or numerical quantities, denoted by ll 
in their respective positions : thus, 3456 denotes three thousand foi 
fifty six ; or, the sum of 3 multiplied by one thousand, of 4 multipli 
dred, of 5 multiplied by ten and of 6 : 46.189 denotes forty six, tO| 
tenth, eight hundredth and nine thousandth parts of unity : and 
other cases. 

If all arithmetical operations were supposed to be completed, < 
quantity would be represented either as a whole number or a de 
words, all proper numerical fractions would be represented as the si 
fractions whoso denominators are numbers in the series 10, 100, 10( 
•o on : if such a practice was universally followed, it would be pos 
signs of operation altogether from arithmetic. 



FTJ^ (4.) Divide 2968O by 11«. 

^^^ 112) 2968O (265 final result. 

7«8 

In a 672 

560 

560 

(r,) F-xtract the square root of 219961. 

319961 (469 final result. 
16 



Extract the cube root (rf* 474552- 

474552 (76 final result. 



6. The final results, in all the prece<Ung examples, are obtained EipUu- 
Ind exhibited without the use of any sign of operation : but though ^f^^|^|P 
le uscof signs of operation in arithmetical processes may generally '■■>°- 
s dispensed with, without occauoning any considerable practjcal 
Inconvenience, yet it by no means follows that they may not be 
Introduced with advantage. Thus, if we assume the sign 
r to denote the operation of additjon. 

- of subtraction. 

X of muldpli cation. 

-r of division. 



|/ to denote the operation of extracting the square i 

^ of extracting the cube ro 

= to denote equality, or the result of any ope 
operations: then the results of the operations in the 
just given (Art. 5.) may be very briefly and clearly 
under the following forms: 
Examples 271 + l64 + 1023 = 1458 

ffion'.'- 1695-763= m 

. 191 X 27 = 5157 
29680-112= 265 

v^21996l= 469 
-i^ 474552 = 78. 

Their inter- 7. These examples may be read, and therefore intei 
pretationin ^ ,, 
words. follows: 

(1) The sum of 271, l64, and 1023, or the result ( 
dition of these numbers to each other, is equal to 1458. 

(2) The difference of l695 and 763, or the result o 
traction of the second of these numbers from the first, is eqi 

(3) The product of I91 and 27, or the result of the i 
tion of these numbers into each other, is equal to 5157. 

(4) The quotient of 2968O divided by 112, or the n 
division of the first of these numbers by the second, is equa 

(5) The square root of 219961, or the result of the p 
extracting the square root of this number, is equal to 469. 

(6) The cube root of 474552, or the result of the j. 
extracting the cube root of this number, is equal to 78. 

Useofsi^ 8. Signs of operation, when thus defined to represer 
^^^''^thme- ^a™^'**^ operations of arithmetic, may be considered i 
tic in super- for superseding the use of ordinary language in dcsc; 
necessity of nature of the operations to be performed and their ( 

verbal ^^^ ^^ results which are obtained: thus, if it was n 
statements. 

add together, subtract from each other, or multiply tog 
numbers 619 and 347, they must be written undern 
other, in all these cases, precisely in the same manner, a 
619 619 619 

347 347 347 

966 ~27^ 214793: 

and it becomes necessary therefore to premise a statemen 
of the nature of the particular operation to be perform 



ise, ill order that one operation may not be perfwined when 
)other is required: but, the use of signs of operation, as in 
['he exprcseioiiB 

' 619 + 347 = 966 

619-347 = 272 
619x347 = 214793 
:>ncc indicates, without any previous verbal statement, the na- 
e of the operations to be pCTformed and their connection with 
results obtained, though it does not supersede the necessity of 
forming the arithmetical operations themselves. 

a. Let us now advance a step farther and suppose that the 
I etters of tiie alphabet, such ob a, b, c. ..x, tf, z, are used to denote 
7'^urabers of any kind, whether known or unknown, whole or 
mal (Art. 3.); and let us take corresponding examples to 
I'hose giveit in Art 5. 

(1) Let it be required to add together the numbers repre- A 
I'lcn/erf by the letters a and 6. 
The result is represented by 

a+b, 
which admits of no further simplification or reduction. 

(i) Let it be required to subtract the number b from the Si 
I "^ 

The result is represented by 

a-b. 
(.■J) Let it be required to multiply the number a by the num- ^. 

I'be result is represented by a x £, or more commonly by ab- 
[i) Let it be required to divide the number a by'the num- I 

tiWr i. 

The result is represented by a -^ &, or more commonly, like an 

"Hiithmetical fraction, under the form 7 . 

k'e shall now proceed to make a detailed examination of the 

- (jiecc'diug and similar results, with a view to the establishment 

of the fundamental rules of operation, when symbols are employed 

to represent numbers, which in common arithmetic are expressed 

by the nine digits and zero. 



ofoperaiiOQ 
applied to 

numben 
eipreswd 
b; gynbolt. 



Rule for 10. The sum of two nambers a and b is represent 

addition of 

symbols, a + b: 

and the 

grounds the sum of three numbers a, b, and c, would be repn 

upon which 

it is a + b + c: 

the sum of four numbers a, b, c, and d, would be rep] 

a + b + c + d: 

and in a similar manner, the sum of any number of such 
would be represented by writing them in succession in the 
with the SIGN of addition + placed between the several 

The reason of this rule is obvious^ inasmuch as thi 
used merely indicates that the several numbers expret 
symbols are to be added together for the purpose of for^^ 
required sum. 

When 11. When any number of symbols are added together 

added to^ result 18 written down^ it is indifferent in what order the f 
gether, it U succeed each other. ^ 

indifferent 

onierthey Thus a + 6 is the same quantity or number with b-f^ 

are taken, expressed algebraical^. (Art. 6.) ^ 

a + b = b + a, "^ 

In a similar manner a + b -h c is the same quantit}^ 
a + c + 6, or b-^a-k-c, or b + c + a, or c + a + b, or c + 6' 

or expressed algebraically, 

a + 6 + c=fl-i-c + A=6 + a + c=6 + c-fa = c^a + 6 = c + 6 + ^ 

and similarly in all other cases: for it is obvious that, 
numbers are to be added together, their sums will be the 
in whatever order they are taken. 

Thus if fl=117, b = 32S, and c = 211, and if these nur 
be added together^ their sum will be the same in whatever • 
they are placed : 



117 


117 


323 


323 


211 


211 


323 


211 


117 


211 


117 


323 


211 


323 


211 


117 


323 


117 



651 651 651 651 651 651 



Subtrac- 12. The result of the subtraction of the number b fron 

what man- number a, is represented by 

."e»te7"- «-*• (Art. 9.) 



» A 



In this result^ the order of succession of the symbols is 
•ssentially dependent upon the particular symbols which are 
|he subject of the operation^ and they are therefore not com- 
lutable^ as in the expression 



13. In the expression 



a-b 



The sym- 
bols not 
commu- 
table in the 
representa- 
tion of the 
operation of 
subtraction. 

In the ex- 
pression 
a — 6itis 
presumed 
that a is 
greater 
than 6. 



is presumed that the number denoted by a is greater than the 

lumber denoted by b: if this condition be not satisfied^ the 

»peration of subtracting b from a could not be performed: 

Inder such circumstances^ we might call the quantity repre- 

mted by 

a-b 

npossibUf if by the use of such a term with such an application^ 
'^e should merely deny the possibilily of obtaining any conceivable 
[umerical result, when the number a was less than the number 6. 

14. When one number is subtracted from another in common Statement 
|rithmetic, the relation of their respective magnitudes is apparent codm^ 
'om inspection, and no attempt is made to perform an operation Ruences of 
'hich is visibly impossible: but when numbers are denoted by the symbols 
;ymbols, there is nothing which is essefUially included in those jfJltJi^Q 
[symbols by which either their absolute or their relative magnitude value, 
ban be inferred : it becomes necessary therefore (in arithmetical 
[ilgebra) when one symbol is subtracted from another or from 
[>thers, to assumie such a Umitation of its value as may be re- 
[uired for the practicability of the operation to be performed; 
in other words, symbols in arithmetical algebra are limited in 
leir representation to numbers, and, in their values, by the pecu- 
iar circumstances of their application ; if we consider symbols as 
inlimited both in value and in representation, (and there is nothing 
the symbols themselves which can express such limitations 
rither with respect to one or the other) we must necesarily admit 
|he existence of expressions such as 

a-b, 
^here b is greater as well as less than a, and where a and b may 
-epresent not merely numbers but any quantities whatsoever. 

This distinction is extremely important and requires the most 
ireful study and consideration, inasmuch as it is one of the capital 
oints which renders necessary, as will be shewn hereafter, the 
?paration of arithmetical from s^fmholical algebra. 
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When the 
same sym- 
bol is pre- 
ceded both 
by the si^ns 
+ and — in 
the same 
expression, 
it may be 
obliterated. 



The opera- 
tions of Ad- 
dition and 
Subtraction 
are the in- 
verse of 
each other. 



The opera- 
tions of 
Multipli- 
cation and 
Division 
are the in- 
verse of 
each other. 



Symbols 
and signs 
are not ge- 
nerally ob- 
literated in 
the final re- 
sults in 
Algebra. 



15. If a number be first added to and then subtrat 
another, or conversely^ the result will be identical 
original number: thus if 7 be first added to 10, m; 
and if the same number 7 be then subtracted fron 
result is 10, which is the original number : or conversel; 
first subtracted from 10, leaving 3, and if the same nui 
then added to 3, the result is 10, which is the original 
Similarly, if to the number a, we add the number I 
a + b, and if the same nimiber b be subsequently subtra^ 
a + b, the result is the number a, which is the original 
or conversely, if the niunber b be subtracted from the i 
leaving a — b, and if the same number b be then addec 
the result is the number a, which is the original numl 
these operations and results be expressed algebraically, ' 

a + b-b-a, 
and also^ 

16. The conclusion in the last Article results from 
tial relation between the operations of Addition and Su 
which are the inverse of each other : or in other words, ( 
tion undoes the effect of the other, when the number su 
the two operations is the same: an attention to this r 
these two operations is extremely important, inasmuch as 
us to obliterate the same symbol when it presents itseli 
the same expression, preceded by the sign - in one cas< 
the sign -i- or by no sign whatever in the other : thus, 

a - a = 0, 
a — a-\-b = b, 
a-6 + 6-fl = 0. 

17* The operations of Multiplication and Divisior 
the inverse of each other ; and in a similar manner any 
number may be obliterated which both multiplies and d 
same symbol or quantity. It is this relation of the < 
of Multiplication and Division which leads to some of 
common and most important reductions both of numerical 
and of symbolical expressions to others, which possess th( 
port and generally also a more simple or a more manageal 

18. When numbers in common Arithmetic are ad 
tracted, multiplied or divided, we usually obliterate, 
conclusion of the operation, all traces of the original nun 



ke use of the filial result only expressed by the nine digits uid 
f ^'t'lii- bnt if we employ symbols to denote numbers, we cannot 
-'■riil/y. unless in the case of inverse operations with the same 
iihoU, obliterate in the results the particular symbols which are 
iiliiil ill the operation or operations iwrtbnned upon them: 
I-- if ii was required, in arithmetic, to subtract the sum of 67 
i r.i- i'rom 171, we should proceed as follows: 
67 171 



' should employ the number 50 as the final result, which 
IS in itself no traces of the numbers 67, 54 and 171, nor of 
iT.ttions to which they have been subjected : but if we 
(It'iiote the numbers I71, 67, and 5i by the symbols a, b, 
('spectively, the operation of addition by the sign + and the 
DTI of subtraction by the sign -~, the result in question 
bf represented by a - (i + e) •, where the sum 6 + c, of 
f numbers b and c to be subtracted, is included between 
',(. und where the sign — of subtraction is placed before 
.. , ;iiiil where all the symbols employed in the course of the 
yW* yX'iMtions, as well as the signs of the operations themselves, are 
^sdihited in the final result. 

lit In the preceding Article, we have used brackets to denote I 
lifit [III? u'hole number or quantity expressed by the symbols in- 
.ludfd between them, connected with their proper sign or signs, is 
jbjccted to the operation which is denoted by the sign which 
recedes tliem. 

e use of brackets is very general in Algebra, and is con- 
?cted with niles both for their introduction or removal, which are 
great Importance, and which require the most careful attention. 
jhe principle of their introduction may be stated generally as 
■j : ii'henever any number ofsi/mboU or combinalioifY ofsi/mbol-t 
hick are connecUd together tiiilh the aigns + or - , one or both, 
■jii'ired to be considered coLLEcTifBLV as consliiating one 
iinnlity nr number, which is required to be subjected to any operation 
operalions, tkey are included between brackels-X 
* It will be afterwards shewn (Art. 20.) thsl a - (i + e) = a - ft-c. 
t I'bui lEim will be explained bereafter. 

t Tbe brackets are sonietimea lepliced by (he vincatua, which ie alin e drawn 
!rthe symbols <which_are required to b* connecled together: thns, fr+e i> med 
*toadof{ft+el:ii-l>-c instead of «-(*-(■); and similarly in other ra>e>. 
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Rule for 20. In Article 18, the result of the subtraction of 6 -t- c, or o 

traction of the 8um of two numbers h and c, from a, has been shewn to bi 
the sum of represented by 

any num- ^ ^ y.v rx :* 

berof a-{p-^cY (1) 

and for the the same result may be likewise represented by the equivaler 

such cases. a-h - c\ (2) ^^ 

for it is obvious that the result of the subtraction of the sum ^r 
two numbers b and c, or of (6 + c), from the number a, is equivj^^n 
lent to the result of the successive subtraction of the two pari^j 
h and Cy which together make up that sum^ from the same numbel 
a conclusion which is algebraically expressed by the second of ti^j 
two forms (1) and (2). 

In a similar manner, if the operation of subtraction be applie 
to the sum of any number of quantities or numbers, the resu 
will be equivalent to the application of the same operation 
all the numbers or symbols in succession, of which that sum i 
composed: it thus appears that 

a-6-(c + rf + e)- a-b-c-d-e, 
a - (6 + c) - (c + rf) = a - 6 - c - c - rf , ^ J | 

and similarly in all similar cases : we thus arrive at the followin^if 
general and very simple rule: whenever any number of ^^boi^M 
connected together with the sign + are to be subtracted from ort^ 
other symbol or symbols {however connected with each other), n^J* 
must place before each of the symbols to be subtracted the sign ~! 11 
and write them in succession after the symbol or symbols which expre: ^ 
the number or minuend Jrom which the subtraction is to be made. 

Rule for 21. In the rule stated in the last Article, the symbols formin 

tnu:tion of the number to be subtracted were all connected together with t|s( 

numbers gj^^j ^. [^ remains to consider the case where the siim - occur oj 

connected ® , . i 

together connecting some of the symbols which form the subtrahend : thuh< 

liln - ta ^^t it be proposed to subtract (b - c) or the excess of the numbai^ 

well as +. b above the number c, from the number a. os\ 

iei 
If we subtract b from a, the result is represented by a ~. 

(Art. 90 ; but if we subtract b-c from a, the result will obviously bj 

greater than a - 6 by the number c, inasmuch as the number suli 

tracted in the second case is less by c than the number subtract^' 

I 

1 
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B the first: it follows therefore that the result required is correctly 
Presented hj a - b + c: or, if the question proposed and the 
esult obtained be expressed algebraically, it will follow that 

a - (6 - c) = fl - 6 + c. 

In a similar manner, we should find that 

a-{b — c-d) = a-b + c + d: 
or the number subtracted from a is less than b by the sum of the 
lumbers c and d. 

Likewise, 

a — {b-'C + d-e) = a — b + c-d + e: 

far, inasmuch as^-c + J-e is equal tob + d-c-e, it follows 

Slat the number subtracted from a is less than the sum of the 

Biimbers b and d by the sum of the numbers c and e, which is 

dierefore equal to 

a-b-d + c-he; (1) 

fad which becomes, by merely changing the arrangement of the 
letters, 

a-6 + c-rf + e. (2)* 

22. The change in the order of succession of the terms of The value 
the expression (1) at the conclusion of the last Article, which en- brakal Iz- 
ibles us to pass to their subsequent arrangement in alphabetical pression 
order as in the expre&sion (2), can make no alteration in its value, of several 
For, when a series of numbers are to be added to, or subtracted 2{^^|,y^* 
*om, another, the same final result will be obtained, in whatever any change 
•rder the required operations succeed each other, so long as the of suc- 
mbtrahend, when the operation of subtraction is required to be per- S^e*^^e^ 

fbnned, continues to be less than the minuend t. And if we may which are 

"^ preceded 

♦ Thus, if a = 31, 6 = 10, c=9, <i=l2, and f = 3, the succession of operations jT^^lfJ" 
M indicated in forms (1) and (2) will be as follows: 

for form (1) 
o = 3l a-6 = 21 a-b-d= 9 a-6-d + c = 18 

6 = 10 4 = 12 c= 9 «= 3 



• -6 = 21 a-6-<i= 9 a-6-d + c = 18 a-6-d + c + e = 21. 
For form (2) 

a = 31 a-6 = 21 a-6 + c = 30 <i-6 + c-d = 18 

6 = 10 c= 9 d = 12 «= 3 



«-6 = 2l a-6 + c = 30 fl-6 + c-d = 18 a-6 + c-d + e = 21. 

t If we had supposed a = 21, 6 = 10, r =9, d = 12, and « = 3, we should have 
bond b + d = 22: in this case, the second of the successive operations indicated in 
brm (I) would have been impracticable, inasmuch as it would have required the 
fobtraction of a greater number 22 from a less 21 : this difficulty would not have 
•ccurred in form (2). 
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General 
rule for 
performing 
the opera- 
tion of sub- 
traction. 



The sign + 
is assumed 
(for the 
purposes of 
a rule ) to 
precede a 
symbol 
whenever 
no sign 
appears. 



Alphabe- 
tical ar- 
rangement 
of the 
symbols 
generally 
adopted. 

Examples 
of addition 
and sub- 
traction. 



be allowed to suppose that in any succession of operations, a] 
terms preceded by the sign + are added to the first term to fori 
a single minuend, and all terms preceded by the sign - are ah 
added together to form a single subtrahend, then one operation 
subtraction will, in all such cases^ produce the correct final result] 
which will clearly he altogether independent of the order of successii 
of all the ternifi after the Jirst, and which will involve no impract 
cable operation, as long as the single subtrahend, which is thi 
obtained, is less than the minuend from which it is to be taken. 

23. The observation of the results obtained in the precedii 
Articles, and of the reasoning employed for that purpose, would she 
that in performing the operation of subtraction, all those terms il 
the subtrahend which were preceded by no sign, or by the sign +j 
would be preceded in the final result by the sign - ; and that 
those terms in the subtrahend which were preceded by the sign -j 
would be preceded in the final result by the sign + : whilst th€ 
terms of the minuend and their antecedent signs would undergo 
no change. If, therefore, for the sake of greater brevity in the ex* 
pression of a rule in this and in other cases, we should assume thi 
existence of the sign + , where no antecedent sign appears, whethei 
in the first term of the minuend or subtrahend or subtrahends, th< 
rule for subtraction may be expressed in the following very simpL 
form : change none of the signs preceding the terms of the minuend 
change all the signs preceding the terms of the subtrahend, + info — 
aftd — into + : the Jinal result will be found by writing in the sarm 
line all the terms preceded by the signs which thus restdt, in anj 
order which may be considered most convenient or most symmetrical. 

In the absence of any other principle of arrangement, thi 
alphabetical order of the symbols or combinations of symbols, whid 
form the several terms, is generally preferred : we say generally 
for innumerable cases will occur, in which it is convenient U 
depart from such a final arrangement of the terms. 

24. We will subjoin a few examples, for the purpose d 
illustrating the rules for addition and subtraction in Algebra, ai 
far as they are derivable from the preceding Articles. 

* Thus, in the example under consideration, we add c and e to a, making thi 
minuend a-\-c-^e; and we also add together b and d, making the fubtrahend 6 + rf 
and the final result may be represented by 

which is equivalent to both the expression* in forms ( 1 ) and ("2 ;. Art. 21 . 
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(1) To CI + 6 add c-rf. 

^r# Summand* a + b 

^^ T Summand c — d 



aJ 



:ti 



Sum a + b + c -d. 



c 



In this example^ and generally in all similar cases^ we place 
iummandt or expressions to be added^ underneath each other^ 
hi M m the addition of numbers in common arithmetic : but if the 

krae operation be exhibited throughout by means of algebraical 

agDs^ it will assume the following form : 

a-{-b + {c-d) = a+b + c-di 

,or if expressed in words, it appears that if the excess of c above d 

be added to a + 6^ the sum will be equivalent to the sum of a, 

ft and c diminished by d. 

(2) From a + b subtract c - d. 

Minuend a + 6 
Subtrahend c -d 



ir 
It 

\ 

t: 



i 



t- 



P 
•4 



Remainder a-{-b-c + d. 



In this example we have placed the minuend, subtrahend and 
A Ttwander underneath each other precisely in the same manner as 
in the subtraction of numbers in common arithmetic : if the same 
operation be exhibited throughout by means of algebraical signs, 
then it must be written as follows 

a-\-b-{c — d) = a + b-c-\-d. 

In this second form, the subtrahend c-d\s included between Rule for 
Imckets in order to shew that the whole quantity or number b^aeTeu^ 
which they include (which is the excess of c above «n is to be ^**®° P'*' 
tobtracted from a + bi the rule for removing the brackets when the sign-, 
they are preceded by the sign - is in every respect identical with 
Ae rule for performing the operation of subtraction. 

When a quantity or number expressed by more terms than Rule when 
one is included between brackets, which are preceded by the arepre- 
1^ + , no change whatever takes place in their several signs J®^®4 ^^ 



* The use of the term summand to express any one of a series of quantities 
^be added, may be justified by the same analogy which is observable in the 
Carnation and use of the terms minuend^ subtrahend^ multiplicand and dividend : 
> bther extension of this analogy has led to the assumption of the terms radi- 
'ni and logarithmandy to express the numbers whose roots are to be extracted 
W whoK logarithms are to be taken : See Ohm's \'crsuch cines vollkommen 
fWisequenten system dcr mathcinatirk, Vol. i. 
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Rule for 



when the brackets are removed ; it being understood that 
no such sign is exhibited as preceding the fint term, t 
istence of the sign + is assumed. (Art 23.) 

Thus, a4-64-(c-(Q = a + & + c-<{: 

and a + (6-c) + (if-e) = a + i--c + rf~f. 

It follows, therefore, that quantities or exprenioiif, w] 
included between brackets or not, are added together 
by merely writing them consecutively in the same line 
proper signs. 

(3) From a + 6 + 7 subtract 6 - c + 10. 
Minuend a + b+ 7 
Subtrahend 6 - c + 10 



Remainder a + 6 + 7-ft + c-10 = a + c — 3. 
Otherwise, 

a + 6 + 7-(ft-c + 10) = a + 6 + 7-6 + c-10 
= a + c + 7- 10 = a+c- 3. 

For it has been shewn in Art 15. that 6-6 = 0, and 
sequently that a + b-^b-a: and it is obvious that the 
of 7 to, and the subsequent subtraction of 10 firom, a-^Ck 
equivalent to the subtraction of their difference 3, by a 
operation, from a + c. 

(4) From c~10 + rf + 8, subtract 1 4 + J - 9 - e. 

Minuend c -lO + rf + 8 

Subtrahend 14+rf -9-e 

Remainder c -10 + d + 8-l4f-d + 9 + e = c + e-7. 
For it is obvious that d must be (or rather may be) oblil 
from the final result, (Art. 15.) and that 8 + 9, or 17 must 
added to, and that 10 + 14, or 24 must be subtracted from, c+( 
or their difference 7 subtracted (for the subtrahend S4 is greilff] 
by 7 than the minuend 17) from c + e, by one operation. 

Or, we may begin by replacing c-lO + rf + 8, by 
equivalent expression c + d - 2, and also 14 + rf — 9--e 
its equivalent expression d - e + 5, when the remaining oi 
tions may be exhibited as follows: 

c + rf-2 
rf-e+ 5 

r -f- r/ - 12 - rf 4- r - o =- r ;- c • 7. 
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Or, if the operadons to be performed and their results^ be 
ressed by symbols^ we get 

c- 10 + if + 8- (14 + if- 9 -e) 
= c-10 + rf + 8-14-£f + 9 + e 
= c + e - 7. 
Generally, all those terms which consist of numbers expressed ^"l® for 
f digits and not by general symbols, are combined into one in poration of 
le final result, by writing the difference of the sums of those terms ^^^^V 
rhich are preceded by no sign or by the sign + and of those digits, 
rhich are preceded by the sign - , and prefixing to it the sign 
f the greater. 

(5) To C + I/-2, add rf-e + 5. 
Summand c + d-2 
Summand d—e+5 

Sum c + if — 2 + if — e + 5 = c + £f + rf-e + 3. 

In this result, the letter d occurs twice preceded by the same 
ign : in the following Article it will be shewn that d -h d, may 
tt more conveniently represented by 2d, by which substitution, 
he result under consideration becomes c-\-2d-e + 3. 

, 25. When a number denoted by a is added to itself, the Rule for the 
Ksult is algebraically denoted by a + a: if the same sunmiand representa- 
I be repeated three times, the result is denoted by n + a + a: ^*^*'i**^5^f 
if four times, by a + a + a + n: and similarly when the same addition of 
nunmand a is repeated any number of times whatsoever : in all gy^bol or 
nich cases, it is usual for greater brevity to express the same ?J^^l 
results by prefixing to the symbol thus repeatedly added, the repeated se. 
ligit or number which expresses the number of times that the ^^ ^^' 
nunmand is repealed: 

thus, instead of a + a, we write . . . 2a. 

a + a + a Sa. 

a + a -h a + a 4a. 

rt + a + ii+a + a 5a. 

ad similarly whatever be the number of times that the same 
ommand is repeated in such expressions. 

26. The number which is thus prefixed to a symbol, or com- Meaning of 
illation of 83rmbols (for such will hereafter occur) is called the coeffi^^nt. 
lefficierU of the term in which it appears, and will clearly in-> 
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ilicate that the symbol (or the number or quantity which 
denotes) is multiplied by it: thus 2a may be read twice a, 
may be read thrice a, 4 a four times a, 10 a ten times a, 
similarly whatever be the number which forms the coefficient: 
this means^ expressions which would consist of 10^ 100^ or 
conceivable number of identical terms^ will be reduced into 
and the results which involve them will be greatly simplified 
abridged in form. 

The adop- 27- When a coefficient precedes a symbol, it means that 
coefficients symbol is multiplied by it: thus, 5a, or five times a vomj 
the^^T* likewise called the product of 5 and of a: if the digital nm 
ofrepre- which forms the coefficient be denoted (as it always may 
operauoQ ^7 ^ symbol, then the product of this symbolical coeffidenti 
of multipli- of the accompanying symbol will be expressed by merely 
one after the other : thus, if the digital coefficient be 
by a, and if the symbol into which it is to be multiplied (or 
is to be repeated in addition as often as tfnt'/y is contained itt 
be b, then the product or result will be denoted by a 6 (Art 
it will necessarily follow therefore that in all cases the 
of two numbers a and b will be denoted by ab: if not» 
results essentially identical would not be represented by 
same symbolical form : for in all cases the symbol a in ah 
become a coefficient, if it be replaced by a digital number. 

28. Terms, which involve the same symbol (or 
whatever be their coefficients, are called like terms : those 
involve different symbols, are called unlike terms: thus, Sa 
5 a, lb and 15 b, 9^^ a^id Mab, 3abc and 121 abc are 
of like terms respectively: whilst 3a and 7b, 11 6 and 18 < 
6ab and 7 abc are pairs of unlike terms. 

Addition of 29. Wlien like terms are require<l to be added together 
like terms. ^^.^ therefore connected together with the same sign, wh( 
- or - , tliey may be combined into one by adding 
several coefficients together, and subjoining the common B] 
or combination of symbols : thus, Sa-5a = 8a: for it 
obvious that the sum of three times a and of five times 
whatever a may denote, is equivalent to eight times a: 
same reasoning will be sufficient to prove the correctness of 
application of the rule above given, whatever be the number 
the coefficients of the like terms which are required to be 
bined into one. 



Like and 

unlike 

terms. 



17 

Thus, 7a + 9a=l6a, 

36 + 76+19^ = 29 ft. 
4a6 + 21a6 + 100a6=125a6. 
c-2d-3d = c-5d, 

30. If a term appears without a coefficient, unity may in all P^^^^ ^^y, 

, , , be supposed 

cues be assumed as its coefficient for the purposes of the rule in to be the 

Ibe last Article : for it is obvious that 1 a and a, or one times a and ofln tenns 

« are identical in signification^ and that the formal exhibition of ^^re no 

i u a coefficient is unnecessary (Art 34.) and therefore never made : efficient' 

^re are thus enabled to replace expressions such asa + 2a bySa: ^PP^^"* 

*+7jr + 9jr by 17x: ab-cd-Qcd by ab-lOcd, 

31. If two or more like (Art. 28) terms present themselves Rule for the 
ni a compound expression with different signs before them, they ^0" of*]^j[g 
■ay be combined into one, by adding together respectively the terms con- 
ike terms which are preceded by the same signs, whether + or -, different 
tabtracting the greater resulting coefficient from the less, prefixing ^^^^ *°^ 
^ the remainder the sign of the greater, and subjoining the com- 

Don symbol or combination of symbols. If thejinal sign be —, 
md if there be no term preceded by no sign or by the sign +, after 
irhich it can be placed, then the required operation is impossible 
in Arithmetical Algebra. 

Thus, 70— 4a = 3a. Examples. 

1 1 x - lOx = jr. (Art 30.) 
^xy — ^txy-^xy-^ 14exy = 2lxy -Gxy^ I5xy, 
IQxyz - QOxyz + 23xyz - 22x^2 = 0. 
a-2b + 3b-4tb = a-3b. 

If it was required to subtract 5 a from 3 a, the operation, in 
Arithmetical Algebra, would be impossible, inasmuch as it would 
be required to subtract a greater quantity from a less : in Sym^ 
Ukal Algebra, however, as we shall afterwards see, a symbolical 
result would always be found, and which would, in the case 
ander consideration, be expressed by -2a. 

32. It wiU be convenient, for the sake of greater brevity in Positive 
describing operations or in the statement of rules, to call all those ^^^ . 
terms which are preceded by no sign or by the sign +, positive terms. 
)enns; and all those terms which are preceded by the sign -, 
i^ative terms. It is important however that the student should 

:eep in mind that no meaning is attached to the adjectives positive 
nd negative, when so used in Arithmetical Algebra, beyond what 
I distinctly expressed in the definition just given. 
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Further 33. The rules for the combination of like terms into on 

of addition enable us to give an increased extent to the application of tht 
tn^tionl' ^^^ addition and subtraction in Algebra : the following are exm 

Examples of Addition. 

(1) Summand a + b — c 

Summand a — b - c 

2a -2c 



In the first and unreduced result a-k-b-c-^a-b-c, 
obliterated^ (Art 1^) and a + a-c-c is replaced by 2fl 
Art. 26. 

(2) a-Sb + Sc-d 

a -{-Sb + Sc ■{■ d 



2a + 6c 



The first and unreduced result is 

a-Sb + Sc-d + a + Sb-^Sc + d, 
and the final result is obtained by replacing a + a b] 
Sc -h 3 c by 6 c, and obliterating 3 b - Sb and d - c 
spectively. 

(3) 7a -56 + 3c 

2a- 3b -7c 

g + 26 4- 3c 

lOa-66-c 



The like termtf 7 a, 2 a and a are all positive, (Art 32. 
their sum is 10 a: of the like terms 5 b, 3 b and 2 b, the tw 
(whose sum is 8 b) are negative, (Art. 32.) and the last pos 
die difference of the sums of the negative and positive 
is 6 b, which must be preceded by the sign -, which i 
sign of the greater coefficient (Art 31.): of the like 
3 c, 7 c and 3 c, the first and last (whose sum is 6 c) are poi 
and the second negative : therefore the difflerence of their si 
Ic or c, (Art 30.) which must be preceded by the sign -, 
the single negative term 7 c is greater than the sum o 
positive terms or 6 c. 

(4) 7x1^- 6xz + llyz 

xy + 13^2 - 12x2 

xz - 2^2 + 3xtf 

Qyz - 24x2 - 10 x^ 

xy - 41x2 + 31^2 
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Of the like terms 1 xjf, xy, Sxy and 10jr^> the three first 
■e positive and the last negative; they are replaced by the single 
positive term xyi of the like terms 6x2, \%xz, xz and 24x2^ 
the first, second, and last are negative, and the third positive; 
khey are replaced by the single negative term 41 xz : of the like 
terms 11 ^z, 13^z, Zyz and 9yz, the first, second, and last are 
positive, and the third negative: they are replaced by the single 
pwitive term 31 ^z. 

Whatever be the order of the terms in the several expressions 
"which are to be added together, it is convenient to arrange them 
in the final result in alphabetical order ; but in all cases it is ne- 
cessary, tn Arithmetical Algebra, that a positive term should occupy 
the first place : when no such term, after the combination of the 
several sets of like terms into one, is found to exist, the operation 
is necessarily impossible (Art. 31.) : it is not impossible however, 
as will afterwards be shewn, in Symbolical Algebra. 

Examples of Subtraction. 
(5) a -k-h - c 

a — b — c 

2b 



The first and unreduced result isa + b-c-a + b-^c (Art. 23.) : 
in the final result 6 + 6 is replaced by 26, and a- a and c-c 
«e respectively obliterated. (Art 26.) 
(6) a - 6 + c f rf 

a + b " c — d 

2C-26 + 2d 



A positive term must occupy the first place in the remainder, 
t oandition which cannot be fulfilled consistently with the alpha- 
betical arrangement of the terms: in Symbolical Algebra, the 
Jonainder would, or rather might be, written -2b + 2c + 2d, 
naamuch as the independent existence of negative, as well as of 
positive terms, as will be seen hereafter, is recognized in Sym- 
bolical Algebra. 

(7) 2 (fl + 6) - 3 (c - d) 

a + b - 4f(c - d) 

a + 6 4- c - rf 



In this Example, (a + b) and (c - d), when included between 
brackets, are considered as simple terms, whose coefficients in the 
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minuend are 2 and 3, and in the subtrahend 1 and 4 respecti 
or if, for greater clearness we should replace a + 6 by x, 
c- d by y, the example under consideration wonld atn 
follows : 

2x - 3y 
X- 4y 



If we now replace^ in the result last obtained, x by {i 
and y by (c-rf), we get 

x-^y = {a-{-h)^{c — d) = a-^h+c-'d. 

(8) To subtract Zx + Sy and 5y -7x respectively 
5x - 7y. 

If the operations to be performed be expressed algebndi 

we get 

5x-7y-{2x + 3y)-(5y7x) 

^Sx-Jy-Qx-Sy-By + J^ 
= lOx-15y, 

By the first line, we signify that the subtrahends 2x 
and 5y — 7x are to be subtracted from the minuend 5x—7!l 
the second line, we merely remove the brackets from the se 
subtrahends, in conformity with the rules (Art. 23 and Ar 
£x. 2.) : we form the final result in the third line, by colle 
severally the like terms into one (Art 31.). 

(9) fl - 26 - (3a - 46) + (5a - 6h) - (7a - 86) + (9a - 
= a-26-Sa + 46 + 5a-66-7a + 86 + 9a - 106=5o- 

Or, we may begin by adding together the expressions whic 
preceded by the same sign, and subsequently subtract the n 
from each other, as follows : 

a - 26 Sa- 46 

50- 6b 7a - 86 

9a - 106 lOa-126 



15a- 186 
Subtract 10a - 126 



5a- 6b 

(10) a - (a - 6) + (a - 6 - c) - (a - 6 - c - if ) 

= a-a + 6 + a-6-c-a + 6 + c + rf = 6 + (/. 

(11) a - {a - (a - 6)} = a - a + (a - 6) = a - 6. 
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In this example^ we consider a - (a — 6) as one quantity, 
Nriiich becomes^ when the brackets are removed^ a — a + b = b 
i(Art. 15.) ; when this reduction is made^ we immediately get the 
final result just given. 

(12) a-la-{a^(a--b)}2 

= a - a -{- {a- (a - b)} 
= a-a + a-{a — b) 

= a — a + fl-a + 6 = 6. 

In this example, we remove pairs of brackets in succession, 
and follow the directions of the rule in Art 24, Ex. 1 and 2. 

Much more complicated examples of the use of brackets 
may be given; but a careful attention to the principles by which 
tbe reductions have been effected in the three last and other 
examples, will be found sufficient to enable the student to obtain, 
in all cases, the most simple equivalent expressions which result 
: item their removal. 

34. The result of the multiplication of two numbers a and b is Different 
expressed by a x 6, or more simply by writing them consecutively, represent- 
as a 6, without the interposition of any mark or sign between them \^* ?**f^' 
(Art 9 and 27*) • ^^ some cases a simple dot is placed between symbols. 
the fiurtors, and a 6 is expressed by a.b: but it may be considered 
as a general principle in Algebra, amongst different modes qfrepre- 
saUaiion which possess the same meaning and which are equally 
^inct and unambiguous, to adopt, in aU cases, that which is 
isoU easily written : and it is for this reason that the sign x or the 
equivalent dot are rarely used, except in cases where their omission 
might lead to confusion or ambiguity. 

Thus, in representing the product of two digital numbers 37, 
«nd 15, we write 37 x 15 in preference to 37 . 15 which would de- 
note the number 37 added to the decimal .15: and it is obvious 
I ftat if we should write these factors consecutively without the 
I interposition of any sign whatever, we should confound their pro- 
I <lnct with the number 3715. The continued product of a series of Tbe multi- 
I numbers such as 2, 3, 4, 5 is written 2x3x4x5, or more simply Sj^SIliw^ 
I 2.3. 4. 5, as there is no danger, when the dot is thus repeated, of ^^inter- 

I confounding such a product with an ordinary decimal number. without ^ 

altering the 

35. In common Arithmetic, the two factors are distinguished ^^"^ ^^ 
from each other as the multiplicand and the multiplier; and though du^t^^' 
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the product is the same* when the multiplicand and multiplier 
interchanged, yet the arithmetical operation to be perfonnedj 
conformity with the rule, is not the aame, when the fmcton 
different from each other. In Algebra, however, the product 
two symbols is exhibited only and no operation, like aril 
multiplication, is performed ; and consequently it is not 
in the case of sipiple symbols or terms, to distinguish the mnhi] 
cand from the multiplier: the common term multiplicand mif. 
therefore be correctly applied to both the factors of the prodncl 
upon the same principle that the same denomination tummand imy 
be applied to both the terms of the expression a + b, whidi m 
interchangeable with each other, without altering its value. 

36. The expressions ab and 6 a are therefore in every 
identical in meaning, but the first arrangement of the symbolic 
being alphabetical, is generally preferred : if one of the s; 
be replaced by a digit or number, it becomes a coefficient (, 
26. and 27*} of the other, and always occupies the first place: 
we always write 7 a and never a 7- The second form, however, 
not incorrect, though never used : for if it were so, it might be 
founded, when written indistinctly, with a^, an expression 
possesses, as will be seen in Art. 38, a totally different meaning. 

37. If three factors or multiplicands, represented by a, (> 
be multiplied together, their product is represented by a be: 
though they are generally written in alphabetical order, the 
reasoning which proves that ab is identical with ba, would 
that abc is identical with acb, or bacj or bca, or cab, or e 
The same observation may clearly be extended to any number 
factors whatsoever : thus, the product a, b, c and x is rep; 
by abcx: the product 7, x and^ is represented by 7^^: the p^ 
duct of 7 J? and 9^ is represented by 7 ^ 9^y> ^^ 6Sxy: the pio-j 
duct of 7x, Qy, and 1 1 z is represented by 7x9^11 'Jf^ 
7*9* I1^^2> oi* 693j?^z: and similarly in other cases. 

38. When a factor or multiplicand a is repeated twice, 
product is represented by a x a or a a: if three times by a aa: 

* In other words, if m be the multiplicand and n the multiplier, n timci 1 
equal to m times n : for m is equal to I + 1 + 1 +...to m terms, and n times 1 
therefore equal tolxn + lxn+lxn+-..tom terms, or to n + n + n+...to m 
which is clearly equal to m times n. It is however very difficult in the case of* 
simple and nearly self-evident propositions, like the one under consideration, to 1 
to their evidence by any attempt to subject them to the form of t regular and i 
tematic proof. 
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' times by aaaa: and similarly whatever be the number of 
» that the same factor or multiplicand is repeated. In all such 
» it is usual, for greater brevity, to express the same products 
vrriting the repeated symbol once only with a digit or digital 
aber above it to the right hand, expressing the whole number 
times that it presents itself in the product when written in the 
inary manner: thus, 

instead of aa we write c? 

aaa a^ 

aaaa a^ 

aaaaa a^: 

i similarly whatever be the number of times that the same 
tor or multiplicand is repeated in the product. 

39. The number which is thus written above the symbol to Meaning of 
right hand is called the index or exponent, as expressing the iQ^iex or 

mber of times that the symbol is repeated in the product exponent 

*,, , , ,, . ■^, .1.1 and power, 

itten at full length : and the entire number or quantity which 

expressed by the symbol with its index, is called generally 

power of that symbol : thus, a* is called the second power of a, 

more generally the square of a, from an analogy in the relation Square. 

lich exists between a* and a, with that which exists between 

iquare in geometry and the line upon which it is described: 

is called the third power of a, or more generally the cube of a, 

mi an analogy in the relation which exists between a^ and a, 

th that which exists between a cube in geometry and one of its Cube. 

gss: a^ 'is called the^^^A power of a : a^^ the tenth power of a : 

^ the hundredth power of a ; and similarly whatever be the 

lae of the index. 

40. Most important and remarkable consequences will follow Integral 
im the use of these and other indices: but in arithmetical indices^ ^^ 
gebra we shall have occasion to consider such indices only, as ^Jone con- 
ose which we have just described and which are always arithmeti- 
lotive whole numbers. calalgebr.. 

41. When «■ is multiplied into d^, the result «■ x a* is iden- Rule for 
al with aa X aaa, or aaaaa, or aP, since a is repeated five poration'of 

lies in the product when written at full length. The index 5 is powers of 

the same 
e sum of the Indices 2 and 3 of the two factors, a' and cfi, of the symbol. 

oduct In the same manner when a^ is multiplied into a^ the 
lolt a^ X a^ is identical with a^^, since a is repeated 4 times in 
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one factor, and 7 times in the other, and therefore (4 + 7)^ 
11 times in their product written at full length. In a similv 
manner, if any powers (Art 39-) whatever of a are mul 
together, their product will be equal to the continued product 
the symbol a repeated as often as unity is contained in the 
of the indices (Art 39.) of all the factors which are multi 
together, and it will therefore be correctly represented by a 
power of a, whose index is equal to the sum of the indices of 
the component factors of the product : for it is obvious that 
entire product written out at full length, without the abbrevi 
of indices, would exhibit the symbol a repeated as often as 
is contained in the sum of the indices of all the powers wUcLj 
are incorporated into one term. 

A symbol 42. If one of the factors be a symbol without an index, 

index may ™^y assume it to possess an index 1, for the purposes of the 
be suppos- stated in the last Article : for a^ is clearly identical with n, ii 

ed to have i . . ,. , , , , . i^ 

an index I. much as it indicates that the symbol a presents itself once 

in the power expressed by a}. 

Examples. 43. The following are examples of the incorporation 
powers of the same symbol, in conformity with the rule 
has just been established. 

(1) a X a* = a* X a* = «*+' = a*: attaching to the symbol fj 
an index 1, (Art 42.) in order to bring the exhibition of the 
duct of a and a" under the operation of the rule in Article 41 

(2) x^^ X x^ = xii+12 = ar23. 

(3) 7a^ X 8a7 = 7 X 8 X a^ X a7 = 560^+7 = 56^10. 

changing the order of succession of the factors, so as to nub 
the numerical, precede the symbolical, factors. (Art. 36.) 

(4) fl* X a* X a« = fl*+«+« = flW. (Art. 41.) 

(5) la' X 8a»x9a» = 7.8.9 x ^7^8^ 

= 504a7+8+»=504a2*. (Art36.and4l 

Like (6) «* xa«^ = aa26^3 = ai + 26i + 3 = a3^S 

P*'^*"* changing the order of succession of the factors, so as to bril 
powers of the same S3rmbol or like powers together. 

(7) fl*6» X a*&« X a«&7 = a^a^aH^b^b'^ 



1 
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44. If we denote the Indices of any two powers of a by the ^en«ral 

. , .... pnnciple 

yrabols m and n^ it will appear from the proposition investigated of indices, 
ti Art. 41, that a"* x a" = fl'"+": it is this proposition which 
»ecomeS; when the indices m and n are generalized in Symbolical 
\lgebra, the general principle of indices, from which innumerable 
important consequences will be found to follow. 

45. Let a, h and c be numbers, and let it be required to Result of 
multiply the sum of a and 6 by c. X^M 

a SVIIll)Ol 

The product of the sum of a and h multiplied by c will be into the 
expressed by ac + ^c: or if the same proposition be represented ^J^™ others 
throughout algebraically (Art. 34.), 

(a 4- A) c = flc 4- 6c. 

For it is obvious that the product of a + 6 by c, will exceed 
the product of a by c, by the product of b by c. 

46. Let a, h and c be numbers, where a is greater than b : Result of 

. . ^ themulti- 

and let it be required to multiply the excess of a above b by c. plication of 

a symbol 
The product of the excess of a above b by c, will be expressed in^ the 

by ac - 6c : or if the same proposition be represented algebraically^ of two 

(a — 6)c = ac - 6c. 
For it is obvious that the product of a — 6 by c, will be less 
than the product of a by c, by the product of 6 by c 

47. The propositions in the two last Articles constitute the The propo- 
most general form of the rules for the combination of like terms the two last 
into one, which are given in Arts. 29' and 31 : for if we consider a -A^^icles 
nd 6 as the coefficients (Art. S6.) of the terms ac and 6c, (which the most 
when so considered become like terms, inasmuch as they differ fxpression 
from each other in their coefficients only. Art. 28.) then a + 6 will of the rule 
become the coefficient of their sum ac + bc (Art. 45.) and a — b combina- 
will become the coefficient of their difference ac-bc (Art 46.) : J*°** of like 
w in other words, ac + 6c may be replaced by (tf + 6) c, and one. 

«c - 6 c may be replaced by (a — 6) c, or conversely. 

48. The same propositions are of the greatest importance in „"°^^' ^^^ 
Algebra, inasmuch as they form the foundation of the rules for positions in 

D 
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symbolical symbolical multiplication in all cases: the mode in which thoie 
mu^tip ca- ^^ ^^ deduced from them will be seen from the foUowiof 

Articles. 

Invest!- 49. Let it be required to multiply a single symbcA or tem 

nile°for*the into an expression consisting of any number of terms connected 
tio"n o?^*^' by the signs + and - , one or both. The examina t ion of tta 
a sins^le results obtained in a few cases will readily lead to the establi^ 

term into ^ v 11 

an express- mcnt ot a general rule. 

*> *^?^"*" (1) Let it be required to multiply x into a + 6 + c. 

AAA ^^ \^ m 9^mA j 

number of {a + b + c) X =^ ax ■\- ox + ex. 

For if we express a + b by a single symbol *, and therefiit 
a + b-i-chjs-i-c, we shall find 

{a + b + c) X = {s + c) X = sx + ex, (Art. 45.) 
= ax -I- 6x4- ex: for ^ x 
= {a + b) X = ax ■\- bx, (Art. 45.) 
and therefore jx + ex = ax -1- 6x -1- ex. 

(2) Let it be required to multiply x into a-^b + c-^d. 
{a-\-b'i-C'i-d)x = ax + bx + cx-\- dx. 

For if we express a + b + c by s, and therefore a -1- 6 + c + ' 
by s-h d, we shall find 

(a + b-\-c-\-d)x={*-\-d)x 

= *x -I- rf X = ax -I- Ax + ex + dx, 
since sx = ax -^-bx -\- ex ; (Ex. 1. Art 48*) 
and therefore jx -1- rf x = ax -1- 6x -1- ex -i- dx. 

The same reasoning may be applied successively to the fW* 
duct of a single s3rmbol or term into an expression consiili^lj 
of five, six^ seven^ &c., or any number of terms : and it tri 
follow that the product is found by ''multiplying the 8iqgl>> 
term successively into every term of the compound multipliadAj 
and connecting the several results together with their pnf' 
signs." 

{S) Let it be required to multiply x into a + b - c. 

{a + b — c) X =i ax + bx — ex. 

For if we express a + A by *, and therefore a -»- 6 - e l^ 
s-c, we shall find 

(* - e) X = *x - ex, (Art 46.) 
= ax 4. 6x - ex: for *x = (a -f- 6) x = ax -1- bx, (Art. 45.) 
and therefore jx - ex = ax + Ax - ex. 
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(4) Let it be required to multiply x into a - 6 4 c - rf. 

(a-^ + c- d^x=^ax — hx + cx-dx. 
For if we express a + 6 or the sum of the positive terms 
by 1, and b +d or the sum of the negative terms by t, then 

a-b-\-c — d = s-iy 
and therefore 

{a - h ■\- c ~ d) X = {s - 1) X - sx - tx 

= ax + ex - bx — dx = ax - bx + ex — dx: 

for sx = (a + c) X =:ax -i- ex, and tx-={b -i- d) x = bx -i-dx ; 

and therefore 

sx - ix = ax -^-ex - {bx + Jx) = a jr + ca; - 6x - rfx 

= ax — bx ->f ex — dx. 

And generally^ if we express the sum of the positive terms 
of any compound multiplicand by s, and the sum of its negative 
terms by /, the product of this multiplicand and of j? will be, in 
a similar manner^ expressed by sx - tx; we must then multiply 
i into every term of s, and also into every term of t, and after- 
wards subtract the resulting products from each other, in order 
to obtain the complete product required : the terms of this final 
product may then be arranged, without any alteration of its 
value (Art. 22.), in any order, whether alphabetical or not, 
which may be considered most convenient or most symmetrical. 

50. We thus have arrived at the following simple and general General 
rale for finding the product of a single term and of a compound ^^^y^ cta^, 
multiplicand. 

Multiply the single term successively into every term of the com-- 
pound multiplicand, and connect the several results together with 
ikeir proper signs, which are those of the several terms of the 
fKnUiplicand. 

51. The following are examples of the preceding rule : Examples. 

(1) (Ja-5b^-^c)d^lad-5hd-\-^cd. 

(2) ((^-ab + ac)ad = (v^d-(^bd + a^cd. (Art. 41. and 42.) 

(3) (l0jr-ll^+12z)x4/ = 40/a:-44/,y-h48^2. 

(4) (Sxy''4>f-6yz)x7xyz 

= 21 x^y^z - 28 xy^2 - 42 xy^:^, 

(5) (a^-(r^b + (^h^-ab^-^-b^)a^h^ 

= a^b^-a^b^ + a^b^-a^b^ + aH\' 
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Product of 52, Wg giyji „0^ proceed to investiirate the rules for the 

two FBictors 

when both multiplication of two factors^ both of which are compound : for 

compound! *^ purpose we shall commence with the examination of the 

more simple cases^ and advance from them to others which ire 

more complicated and which are adequate to form the foundation 

of a general rule. 

Product 53. Let it be required to multiply a + b into c + </. 

of a + 6 

and c-^d. If we express the multiplicand a + b by x, we shall find 

(a + 6) (c + d) = X (c + d) = cjc -^ dx (Art. 45.). 
= (a + b) c -\- (a + b) d = ac + be + ad + bd 
= ac + ad + bc -\- bd. 

Or in other words^ we multiply successively each term of the 
multiplier into every term of the multiplicand^ and connect all thi 
results together wit;h their proper signs^ and place them in their 
proper order. 

The common mode of exhibiting this process is as follows: 

a + b 

c -\- d 



ac + be 

+ ad + bd 

flc + flJ + ^c + bd. 

That is^ we write the multiplicand a-\- b, and the multipliff 
e ■\-d, underneath each other^ precisely as in the multiplication ef 
numbers in common arithmetic: we then multiply successivdj 
each term c and d of the multiplier into every term of the malli' 
plicand a + b, placing the partial products ac + be, and ad-k-hi 
underneath each other as in common arithmetic: we then add 
the partial products together^ forming the final product 

ac + ad + be + bd, 

which we have arranged^ as is most commonly done^ in alphi 
betical order. 

In compound multiplication the multiplicand and multiplif 
are interchangeable : but the partial products which are obtainC 
are not the same in both cases, though the final and entire pr* 
duct is so. 
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54. Let it be required to multiply a + 6 into c- d. Product 

(a + 6) {c — d) = x{c- d), making x = a + b, and c-rf. 

- ex — djr = (^a + b) c - {a + b) d 
= ac + bc -ad — bd^ac — ad-h be -bd. 

Or thus^ 

a + b 
e —d 



ae 4- be 

-ad-bd' 

ae- ad-h bc — bd, 

55. It appears from this example^ that if a negative (Art 32.) The signs 
term such as -rf be multiplied into a positive term such as a or +6^ arelised 
the product will be a negative term, such as —ad or — bd : it is indeDcn- 
convenient to distinguish positive from negative terms by writing what sense, 
the first with no sign or with the sign + , and the second always 

with the sign — : by prefixing such signs to terms, when referred 
to apart from their connexion with others, we merely indicate the 
signs by which those terms are to be connected with the others, 
when the complete product is written down in the same line, 
with all its terms in their proper order. 

It is for this reason, or rather with a view to this convenience, 
that we write the second of the partial products in the example 
under consideration —ad-bd, merely indicating that the two 
terms ad and bd will be preceded by the sign - in the com- 
plete and final product. 

56. Let it be required to multiply a-b into e-d. Product 

(a-b) (e-d) = x (e- d), making x = a-b and c-rf. 

= ex - dx = {a - b) e - {a - b) d 
= ae — be — (ad- bd) 
= ae— be -ad + bd 
= ae-ad — bc-\- bd. 

For (a - b) c = ae - he, (Art 46.) and (a - b) d - ad - bd, 
>nd if the second of these expressions be subtracted from the 
^i we get 

ae — be- (ad-bd) 

-ae- be- ad + bd, (Art. 21.) 
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The preceding process is most commonly exhibited as f 

c-d 



ac — he 

- ad ■>fbd 
ac — bc — ad-\- bd, or ac-ad — bc-i- 



Signsof the 57- From the preceding example^ it appears that the i 

posiUveand ^^ ^® ^^ positive terms a and c is the positive term a 

negative product of the positive term c into the negative term - b 

negative term — ^c: the product of the negative term —rf ii 

positive term a is the negative term -a(f : and the product 

negative term -(f into the negative term -6 is the positive te 

Rule for The observation of these results leads to the followin 

currence of important general rule for the concurrence of positiv 

like and neirative terms in multiplication : or if we may be allo¥ 
unlike signs ^ ^ . i* i_ j 

in multi- is Commonly done^ to separate the signs which precede or 

plication, ^j.^ presumed to precede (Art. 23. and 55.) the terms, £r< 
terms themselves, the rule under consideration may be pi 
denominated the rule for the concurrence of like or unliki 
in multiplication. 

The product of two positive or of two negative te 
positive: the product of a negative and a positive o 
POSITIVE and a negative term is negative. 

Or in other words, if two like signs, whether + am 
— and — , concur in multiplication, the resulting .sign, whic 
cedes the resulting term, is -^ : if two unlike signs, % 
+ and — or - and +, concur in multiplication, the resuUin 
is — . 

Rule for 58. The same rule for the concurrence of like and 

currence of signs in Algebra is not confined to their concurrence in 

like and plication, but in a certain sense also applies in the operati 
unlike . » * r 

signs in the addition and subtraction : for if we suppose the sign 



traction. 



oFaTdWon P^^®<^®8 * bracket enclosing two or more terms to be 
and sub- successively before every term which those brackets ii 
Uke or unlike signs will concur, and will be replaced by 
signs in accordance with the general rule stated in tl 
Article : thus 
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a + (6 + c) = a + A + +c = fl + 6 + c', 

a-(b-c) = a-b c = a -b + c, 

a-»-(6-c) = a + 6-»--c = fl + ^-c, 
a — (6 4-c)=fl — 6- + c = a — 6 — c. 

The preceding view of the concurrence of like signs in In what 
lerations of addition and subtraction^ though foreign to the j.^)^ ^^^ ^^^^ 
jles of Arithmetical Algebra, is perfectly conformable, as concur- 
3 afterwards seen, to the principles of Symbolical Algebra : signs may 
i considered, however, as merely another mode of presenting ed to aU 

(es which have been strictly demonstrated (Arts. 20. and 21.) ^*»® funda- 

. . . mental 

'forming the operations of addition and subtraction in Arith- operations 

1 Algebra, it will lead to no error, and will enable us to give ^* ^' 

sed generality to the expression of the rule of signs which 

v^e just been considering : assuming, therefore, that the same 

ill be true for the concurrence of signs in the operation of 

»n, though no proper examples of such concurrence, differ- 

om those which occur in multiplication, will present thera- 

in this operation in Arithmetical Algebra, it may be stated 

following form : whenever two like signs concur in any one of 

tdamenial operations of Algebra, whether + and + or — and-, 

nay be replaced by the single sign -f: and whenever two 

signs concur, whether + and - or - and +, they may be 

ed by the single sign — . 

•. Let it be required to multiply together 

a- b + c, and d- e +J\ 

a~b + c = s-b, if we make s = a-^c» 

d-e +/= f -e, if we make t = d +f, 

{a~b^c){d-e+f)^{s-b){i-e) 

= st -bt- es + be* (Art. 56.) 

+ ^) (^ +/) -^{d +/) _ e (a + c) + be, (replacing s and t by 

their values) 

^ ad -^ af-\- cd + cf- bd - bf- ae - ce -¥ be, 
= ad - ae + af- bd -\- be - bf+ cd - ce -¥ cf, 

final product consists therefore of 9 terms, which is equal to 
product 3 and 3 of the number of terms in the multiplicand 
multiplier ; it is arranged in alphabetical order. 
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The ordinary mode of exhibiting this process is as follows: 

a — b -^ c 
d-e+f 



ad — bd •\' cd 
— ae + be — ce 



ad — ae -\- af- bd + be — bj^-i- cd — ce ■\- cf. 

The three partial products ad - bd -^ cd, — ae + be- «, 
af-bf-\-cf, are obtained by multiplying successively (/, -e, 
and J' into the several terms of the multiplicand^ in conformitj 
with the rule for the concurrence of signs (Art. 57«) : having once 
explained the sense in which + and - are allowed to be placed 
before positive and negative terms independently (that is, withoot 
another term preceding them. Art. 55*), the rule for the conciff- 
rence of signs admits of immediate application, and the seven) 
partial products may be arranged underneath each other, precisdy 
as in compound multiplication in arithmetic, without occasioniif 
any difficulty or doubt in the determination of the final product: 
if any such difficulty or doubt should present itself to the mind i 
the student, it will disappear upon writing the several partial pro- 
ducts successively in the same line, as in the first form which ii 
given of the example under consideration. 

61. The process which has been followed in the last example 
may obviously be extended to the multiplication of two facton 
consisting of any number of terms whatsoever, connected with tbc 
signs + and - , one or both : when stated in words at full length] 
it will become the following general rule : 

General Write the two factors underneath each other, as in the muUipUcti' 

multipli- ^^^ 2f ni^fnb^s in common arithmetic : multiply successivelif everi 

cation of i^fjfi q^ qj^ factor into every term of the other, the signs of the re 

als. suiting terms being determined in conformity with the rule for tk 

concurrence of like or unlike signs (Art. 57-)* ^"^ write the seven 

partial products either in the same line or underneath each othei 

as in the multiplication of numbers in arithmetic : and, lastly, ai 

the several partial products together, combining the like terfi 

severally into one, if any such occur. 
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If there he three factors, multiply the third into the product of the 
two first : if four factors, multiply the fourth into the product of the 
ikreefrst: and similarly whatever be the number of factors which 
are required to be multiplied together. 

In writing the partial products underneath each other, it is 
usual to place, as much as possible, like terms (when such occur) 
under like terms, inasmuch as such an arrangement greatly faciUtates 
the combination of like terms into one, by thus presenting them to the 
ejfe in immediate connection with each other. 

The examples which follow will farther illustrate the applica- 
tion of this rule : many of them will be found to express impor- 
tant general theorems^ to which very frequent reference will here- 
after be made^ and which will require to be very carefully studied 
and remembered. 

62. To form the product of a + b into a + b, or the square Square of 

(Art 39.) of a + 6. " + ''• 

a + b 
a + b 



a* 4- ab 

+ ab + b^ 



Or the square of the sum of two numbers is equal to the sum of 
the squares of those numbers together with twice their product. 

Thus, (5 + 3)* = 25 + 9^-2x3x5= 64 
(7 + 9)2 = 49 + W + 2 X 7 X 9 = 256. 

In writing down the partial products in this Example, the like 
terms ab are placed underneath each other (Art. 6l.) 

The rule for the formation of the square of the sum of two Foundation 

1^ t • /•! 1/. i^f the rule 

numbers will be found to be the foundation of the rule for the for the 

inverse operation of extracting the square root. op^enSion. 

63. To form the square of a + 6 + c. Square of 

a +b + c 
a -^-b + c 

c?+ ab + ac 
+ a6 + &* + be 

■\-ac+ bc-\-(^ 



a + 6 + c. 



a* + 5tab + 6* + 2flc + 26c + c^ = (« + 6 + r)- 
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General 
rule for the 
formation 
of the 
square of 
the sum of 
three or 
more num- 
bers. 



The square 
of a — 6. 



Or the square of the sum of three numbers is equal to the sum of j 
the squares of those numbers^ together with twice the sum of «D 
the difierent products which can be formed by combining diem 
two and two together. 

The same rule may be extended to the formation of the square 
ofa + 6 + c + d and of the sum of any number of s3rmbol8 whl^ 
soever. 

64. To form the square o£ a-b, 

a ^b 
a -b 

a*- ab 



a«-2a6 + 6« = (fl-6y 



Or the square of the difference of two numbers is equal to tk 
excess of the sum of the squares of those numbers above twiv 
their product 

Thus, ( 5-3)« = 2«= 4= 25-f 9-2 x 5x3 
(11-4)2 = 72 = 49 = 121 + 16-2x11 x4. 

Corollaries 65. The following propositions are immediate coroUazifli 
63. and 64. ^om the two last Articles. 

(a + 6)* + (a-6)2 = a2 + 2a6 + 62 + a«-2fl6 + 62 = 20* + 24^ 
(a^.ft)«_(fl_ft)2 = fl« + 2o6 + 62-.(fl2-2fl6 + 62) = 4a6. 
Or the sum of the squares of the sum and difference of two non- 
bers is equal to twice the sum of their squares : and the differfltf 
of the squares of the sum and difference of two numbers, is eqoil 
to four times their product 

66. To form the product of a + 6 and a-b. 

a + b 
a-b 



Product of 
the sum 
and diflfer- 
ence of two 
numbers. 



a^ + ab 
-ab-b' 

Or the product of the sum and difference of two numbers is 
to the difference of their squares. 

Thus, (5-{'3)(5-3)= 8x2= 25- 9= l6 
(11 + 4) (1 1 - 4) = 15 X 7 = 121 - 16 = 105. 
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To form die cube o£ a + b. (Art. 89.) ^'^^ ^^ 

a +b 
a -k-h 



a + 6. 



a« + 2ab -f 6« = (a + by (Art. 62.) 
a +b 



c^^2c^b-\-ab* 
+ a*b + 2ab*-i^lr^ 



(^-i-3a*b + 3ab^ + lr^={a-\-by 

e cube of the sum of two numbers is equal to the sum of 
cubes, together with three times the two products which are 
d by multiplying one of them into the square of the other. 

Iiis rule, for the formation of the cube of the sum of two Foundation 
ers, will be found to be the foundation of the rule for the in- for the™ * 

operation of extracting the cube root inveree 

operation. 

{. To form the cube of a - 6. Cube of 

a-b, 
a ^b 

a -b 



a*-2ab + b* = (a- b)* (Art. 64.) 
a -b 



- fl«6 + 2fl6*-ft3 
(^-3a^b + 3ab*-b^= (a - b^ 

le cube of the difference of two numbers is equal to the dif- 

le of the cubes of those numbers diminished by the excess of 

times the product of the square of the first into the second 

three times the product of the square of the second into the 

he examples given in the six last Articles form important 
metical as well as Algebraical theorems; and we have written 
leir interpretation in words at full length for the purpose 
miliarizing the student with the translation of symbolical 
:s into ordinary language: the following are miscellaneou!^ 
pies, where such translations are not given. 
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Other 69 (1) Multiply x + 7 into « + 10. 

examples* ^ ^ . ^ '' 



X 


+ 


10 




X 


+ 


7 




3^ 


+ 


10* 






+ 


7* + 


70 


a^ 


+ 


17* + 70 



The like terms lOx and 'Jx are placed underneath eacl 
and subsequently combined into one term^ which is 17^* 

(2) Multiply x-1 into or- 10. 

X -10 

X - 1 



x*-10jr 
- 7^^ + 70 

j:*-17j? + 70 

(3) Multiply X - 7 into x + 10. 

j: + 10 



X — 


7 




x* + 


lOx 

7x- 


-70 


X*4- 


Sx- 


-70 



(4) Multiply X + 7 into x - 10. 

X -10 

X + 7 



x"-10x 
+ 7 J? - 70 

x* - 3 X - 70 



(5) Multiply x" + ax + fl" into x - a. 



X* + rtx + a' 



X —a 




j:' 4- ax* + fl'x 
- ax* - a*x - 


-a' 


x'-o" 



The terms ax^ and a'x are obliterated. (Art. 15.) 
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Multiply x*- flj* + fl*x - a* into jc-ha. 

j^- ax' + a*x - a* 
X +a 



x*-a:i^ ■ha'x'-a^x 
+ oar* - a'x' + c^x ~ fl* 



jr*-a* 



e terms ax*, a'jr* and a'x are obliterated. 

Multiply or* + 4 x + 8 into x* - 4 x + 8. 

j?»-4x + 8 
X* + 4 X + 8 



x*-4x'+ 8x* 

+ 8x*-32x + 64 
x* + 64 

le terms involving x*, x* and x are obliterated. 

) Multiply together x + 3, x + 5 and x -t- 7. 

X +3 
X + 5 



x* + 3x 
+ 5x+ 15 

x' + 8x+15 ^ 

X + 7 

x^ + 8x» + 15x 

x*+15x + 71^ + 105 

)) Multiply together 3 a' + 2 a 6 - 6' and 3 fl" - 2 a 6 + 6'- 

3fl' + 2a6-6* 



9a* + 6fl*6-3fl'6* 
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Examples. 



What is 70. In the operation of Multiplication, iwofaclors are given 

the^pcra- ^ ^^^ their product; whereas in the operation of Division, die 

V?°.°*^ product or what is presumed to be the product and one of the two 
Division. ■* ' ' '^ % * • • 

factors are given, to find the other. With reference to this operation, 

' this product or this presumed product is called the Dividend, and 
the given factor is called the Divisor : whilst the factor or pre- 
sumed factor whose value is required to be found, \s called the 
Quolient, 

Thus, if the dividend be 96 and the divisor 8, the quotient it 
12 : for the dividend 96 is the product of the divisor 8 and of Ae 
quotient 12 : or in other words, 8 is said to be contained in 9^ 
12 times. If the dividend be a 6 and the divisor a, the quotient 
is b: for the dividend a 6 is the product of the divisor a and of the 
quotient 6: or in other words, a is said to be contained in ah, 
b times. Again, the dividend a' — b' and the divisor a + 6, gife 
the quotient a - 6 : for the dividend a' — b' is the product of the 
divisor a + b and of the quotient a-b, (Art 66.) : or in other 
words, a -f & is said to be contained in a'-b', a — b times. 

71. The operation of division is denoted by the sign -r, or 

more commonly by simply writing the divisor beneath the diri* 

dend with a line between them, as in the case of numerical fractioD^ 

s 
(Art 90* ^^^ ^^ quotient of a divided by b, is denoted byr* 

in the same manner that the quotient of a digital number 3 divided 
by 4 becomes or is represented by, the numerical fraction ^ • 

The opera- 72. The operation of division is the inverse of that of muhi" 
Divisk)n is P^^cation, by which it is meant that if a number be first muXlxfBd 
the inverse and then divided by the same number, its value is not altered. 
Muliipli- Thus, if the number 12 be first multiplied by 4, and if their 
cation. product 48 be then divided by 4, the result will be the origind 
number 12: and conversely, if the number 12 be first divided by 4 
and if their quotient 3 be then multiplied by 4, the result will be Ae 
same original number 12. More generally if a number denoted 
by a be midtiplied by a number denoted by b, and if jtheir pro- 
duct a 6 be then divided by the same number b, the result wiU be 
the original number a : and conversely, if the number a be M 

divided by b, and if their quotient > , (Art. 71.) be subsequently 

multiplied by 6, the result is the original number a\ or if thei^ 



Mode of 
represent- 
ing the 
operation 
of Division. 
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ir€>cesses be exhibited throughout algebraically, it will follow 
hat 

, , a X b ab 
u o 

, , a . fl6 
• a-?-ox6 = 7- x6 = -J— = a. 
o 

73. It is this relation of the operations of multiplication and Important 

,, consequent 

livision^ which enables us either to introduce or to obbterate ces which 

(inmbers or symbols^ which are common to the dividend and the ^^^^^ 

divisor, and which becomes the foundation of innumerable changes 

of form of expressions both numerical and symbolical, to others, 

whether more complex or more simple, which are of equal import 

aDd value : we shall have frequent occasion to refer to it in the 

subsequent articles. 

74. The quotient of a number or quantity divided by itself The. 

is unity, of a 

magnitude 
Thu* --1- — -1- --1- ^L^^-l. 12-1. (however 

100 54xy 

This proposition is only another form of the principle enun- 
ciated in the last article : it is equally true whether a represents 
a number or a concrete quantity : it is equivalent to saying that 
every magnitude is contained once in itself, and that therefore 
VAt/^ is the quotient which results from the division of any mag- 
nitude by itself. 

75. When one number or expression is divided by another, Factors 

all those factors which are common to both the dividend and to^™°° 

fivisor, may be struck out or exterminated without altering the dividend 

value of the quotient which results from their division : and con- may be 

versely, the dividend and divisor may be both of them multiplied or 'intro^ 

by any common factor or factors, without altering the value of ducedwith- 

the quotient which results from their division. ing ^^e 

value of the 
Thus if we represent the dividend and divisor by A and B quotient. 

respectively, and if we suppose A = aD and B=ad, where a is Proof. 
* fiictor common to both A and B, 



then 
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A aD D 



we have -s = — 3 = -r , (by Art. 72) : 
B ad a '' 



and it is obvious that whatever be the quotient (q), the 
quantity or number {q), which^ when multiplied into d prodnoei 
the dividend D, wiU^ when multiplied into ad, produce the 
dividend aD or Ai and conversely^ the same quantity or num- 
ber which multiplied into ad produces the dividend aD ot A, 
will, when multiplied into d elone, produce the dividend D. 

Factors in J6. It will follow as a corollary from the proposition in Ae 

which are ^Ast article, that when all the factors of the divisor are comnuA 
^^^ ^toth ^ ^® dividend, that they may be entirely obliterated, and thit 
dividend the product of the remaining factors of the dividend will ood- 
Sinedin'^" ^^itute the quotient: and that if there exist any factors in the 
thedenomi- divisor which are not likewise common to the dividend, thejr 
quotient, cannot be obliterated, and their product must remain as a divieor 

in the quotient, which will retain therefore a fractional form* 

The following are examples. 

Examples. 77* (l) The quotient of 4a x divided by 2a, is Zxi er 

written algebraically, 

4ajr ^ 
— — = 2x. 
2a 

(2) The quotient of ISa'x' divided by Sax, is 4flx: * 
written algebraically, 

12a»x" 



Sax 



= 4ax. 



(3) The quotient of '^^.ahxyz divided by 12af z, is 6(|: 
or written algebraically, 

I2axz ^ 

(4) The quotient of t^ divided by a^, is a': or writtA 

algebraically, 

fl* . /. a* aaaaa , 

-3 = a': tor -= = = aa = a. 

€r a" aaa 

(5) The quotient of a" divided by a*, is a^ : or 

a* 
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When powers of the same symbol arc divided by each other. Rule for 
we obliterate the lowest of the two powers, and diminish the ©fpowera" 
index of the highest of the two powers by that of the lowest : ^^ ^® *?"« 

symbol oy 

the remaining power with its diminished index will present each other, 
itself in the quotient : but if the highest index is found in the 
divisor, this diminished power will be found in the denominator 
of the quotient. 

Thus, 

a* 3» 27 ., 

?;=1 (Art.74,)?;=|I=l 

a*" a ,S*"81~3 

£!-l 3' 27 _ 1 _ 1 

fl* " fl* if* " 243 " 9 ~ S' 

— - 1 ?! - ^^ 1 1 

«• " a* 3* ~ 19683 ~ 243 ~ 3*' 

(6) The quotient of I00a*b'c^ divided by ^ha^b'c^ is 4«6c: 

^^' 2W6V=*''^^- 

(7) The quotient of 63a'j:'j^2* divided by 27a*x«y»2^ is 



()3a*ar*V2* 7j'z 
c%T — -y. = ■ 

' 27fl*Jr«yU* 3 ay' 

78. The preceding examples and the principles upon which Rule for 

\ ^ir reduction is founded, will at once lead us to the following of monono- 

f ^ule for the division of mononomials by mononomials, ™*^*® ^^ 

^ inonono- 

Omit all the quantities, whether digital or literal, which are roials. 
I ooMjnoR to the divisor and dividend; underneath what remains of 
tte dividend write what remains of the divisor, and the resulting 
Session is the quotient required. 

If no part of the divisor remains except uniti/, the remaining 
IMfft of the dividend is the quotient. 

When we speak of the omission of common factors in the 
itidend and divisor^ we mean that they are severally replaced 
^ umty, which is not exhibited, when it is followed or preceded 
^y other factors (Art 30), or when it is the only divisor. 

F 
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rrir a be 1x6x1 b , 

Inus, — = = - = 6. 

ac 1x1 1 

d^^"^^" 79. The application of this rule, as we have already aeeo, if 

tors are immediate as far as all common literal factors are concerned : witb 
conc<^^ respect, however, to common digital factors, they may be so 
by their in- masked by their incorporation with others, as not to be euOy 
withothers! discoverable without the aid of the ordinary arithmetical rule for 
finding the greatest common divisor of two numbers, which ii 
given in all books of arithmetic: unless such common fiiclon^ 
wherever they exist, are found out and obliterated, the quotient 
which is obtained will not be presented under its most simple fom. 

Examples. 80. Thus the quotient of 391 o^x* divided by 258dfj' ii 

3Q1 X 2Sf 

-r;r-, which is reducible to the more simple form ti— , if the 
258a '^ 14fl 

common factor 17 of the numbers 391 and 258 be detected and 

obliterated. The quotient of 12987fl*6V divided by 13209ifVt^, 

1 2987 c* 

13209fl' 



which is first found, is ^^^^,^ , , which is reducible to the moR 



117c* 
simple form , , if the common factor 111 of the digitd 

coefficients be struck out. 

Rule for 81. If the divisor only be a mononomial and the dividail 

of\poly- consist of two or more terms, the quotient may be fotmd bj 

normal by a the following rule : 
monono- ° 

™*^* Divide successively every term of the polynomial dhideiid, Ig 

the mononomial divisor, by the mle given in Art, 78, and ctmwai '' 
together with their proper signs the several partial quoiienisfir 
the complete quotient required. 

It will obviously follow, from this process, that the dividend 
will be the product which arises from multiplying the mono- 
nomial divisor into the quotient which is thus obtained, whidl 
is the only condition which the quotient is required to satisfy. 

Examples. 82. The following are examples of the rule in the U 
Article. 

(1) The quotient of ax + bx divided by j; is a + 6, or if 

expressed algebraically, 

ax + hx , 
= a + 6. 
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For the product of the divisor x and of the quotient a-\-hj 
B the dividend ax^bx. (Art. 45.) 

(2) The quotient of «j:* + a*jr* + a*x divided by ax, or 

————— = X* + a j; + a . 
ax 

For the product of the divisor ax and of the quotient 
*' + ajr + x* is the dividend aar' + a*x* + a"j:. 

(3) The quotient of 12x" + 20ax + S2/i' divided by 4ax, 

12x'4 20fljr + 32a" 3x ^ 8a 

<«■, ; = + 5 + . 

4ajr a x 

(4) The quotient of 8fl*-6aA + 4c+l divided by 4a*, or 

8a'-6a64-4c+l _ o _ 1^ £. _L 
4a* 2a a* 4a*' 

(5) The quotient of 156a*-204a^j: + 228a'x* divided by 
48aV, or, 

156a* - 204a^jr -t- 228a' x' _ 156a* _ 204a 228 
48 a* x* " 48 X* 48 J ^ 48 

4x* 4x 4 ' 
reducing the several fractions 

156 204 , 228 

48 48 48 

to their most simple equivalent forms. 

83. The third and most important case of the operation of Third rasp 
division, is that in which the divisor consists of more terms divSo/is'a 

than one. polyno- 

mial. 

We possess no means of ascertaining, antecedently to the The pracri- 

application of the rule for division itself, whether there exists re^*|v^°^ 

my definite quotient which multiplied into a given divisor will the diyi. 

poduce a given dividend : it is for this reason that the rule for two factors 

performing this operation must be framed so as to furnish this ?i[^]*-'^-^ « 

definite quotient whenever it exists, and to exhibit a quotient is one, is 

under all circumstances which will produce, when multiplied b^fore^he* 

into the divisor, a dividend which differs, by remainders which operation i» 

we greater or less, from the given dividend which is under 

consideration. 
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Rule. 84. The following Is the rule for performing the o] 

of division with a polynomial divisor. 

Arrange ihe divisor and dividend accofding to the po 
some one symbol, or, as much as possible, according to the sai 
rf succession, whether alphabetical or otherwise, and place the\ 
line in the same manner as in long division of numbers in arii 
Jind the quantity which multiplied into tlie first term of tht 
win produce the first term of the dividend; this is the fii 
of the quotient : multiply this term into all the terms of the 
and subtract t/ie resulting product from the dividend : cons 
remainder, if any, as a new dividend and proceed as befo 
tinuing the process until no remainder exists, or until it 
obviously intemnnable. 

Common If there is any mononomial^ whether literal or digital; 

mial factors is Common to both the divisor and dividend^ it is general 

mayor convenient to strike it out in the first instance, and afb 
may not be ^ ^ ^ ' 

struck out. to proceed with the reduced divisor and dividend accor 
the preceding rule. 

85. By the preceding process we subtract successively 1 
duct of the divisor and of the several terms of the quotien 
are obtained^ which is obviously equivalent to the sub 
of the entire product of the divisor and of all the termi 
quotient^ by one operation : the remainders, therefore, whetl 
or not, will be the same in both cases : if the remainder 1 
the quotient obtained is complete, and the dividend is resob 
two factors, which are the divisor and the quotient ; but as 
a remainder exists, the quotient is incomplete : and in thoi 
in which the remainder can never disappear, however of 
operation is repeated, the quotient is necessarily incompt 
interminable, as there is no algebraical expression consi: 
a finite number of terms which multiplied into the divi 
produce the dividend. We shall have occasion to notice i 
circumstances, and many others, in the discussion of the 
ing examples. 

86. (1) Divide 6a'- 9a6 by 2a -3 A. 

^a-3b)6a*-9ab{jia, the quotient, 
da^-gab 



Quotients 
complete 
or incom- 
plete and 
intermin- 
able. 



Examples. 



or -;; ", = bo, 

2a-3b 
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The divisor and dividend are arranged in the same order : and 
the quotient, which is a mononomial, is obtained by dividing 60*, 
the first term of the dividend, by 2 a the first term of the divisor : 
(Art. 84. Bule.) there is no remainder and the quotient is there- 
fore complete. (Art 85.) 

(2) Divide ax + bx by a + b. 

a + b) ax -\-bx (xy the quotient, 
ax-^bx 



or =— = X. (Art. 45.) 

a + 6 

(3) Divide 20 x*^ - 28 x*/ + I6 x/ by 5 x« - 7 x^ + 4^. 

5 jr* - 7 x^ + 4yj 20 x*^ - 28 x*^' + 1 6 x^ (^4 xy, the quot. 

20 x"^ - 28 xY + 16 x/ 

• . . 

(4) Divide a* + 2 a6 + A* by a + b. 

a-^b) a'+^ab-^b' (a + b. (Art. 62.) 
Multiply a + b into a, a' + ab 

ab + b' 
Multiply a + 6 into b, ab-hb' 

• » 

By the first operation, we take away the product of a and 
a + 6 from the dividend: by the second, we take away from the 
remainder the product of b and a-\- b: we have thus taken away 
altogether from the dividend the entire product ofa-\-b and a + &, 
tnd there is no remainder : consequently a + b, is the complete 
quotient oi i^+Stab + b* divided by a + 6. 

If we reverse the order of the letters in the divisor and 
^vidend^ as follows, 

h + a)b* + ^ab + c^ (b + a 

yit should find b + a for the quotient, by a process similar to the 
preceding : the arrangement in this case, as in the former, being 
alphabetical, although in an inverse order: but if we pay no 
attention to the alphabetical arrangement of the terms of the 
^vidend and divisor, though we may sometimes find the rom- 
p'^e quotient after a greater number of operations than are 
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otherwise necessary^ yet in most cases the process will nevar 
terminate, and consequently the complete quotient will never be 
determined. 

For suppose the divisor and dividend arranged as ibllows: 
a + bj^ab + t^+b'i^b + a-b^a-^b 
2ab + 2b' 



fl* 


-if 




a' 


+ ab 






-ab- 


h* 




-ah- 


b' 



We thus obtain the quotient 2b + a-b, which is equivalent to 
a + b, afVer three operations instead of two. But if we place 
them in the following order^ and adhere to it throughout, die 
process will never terminate: 

a + b)2ab-^b'-^a' /, b' b* 

2a6 + 2 6" \ a a' * 



-6« 


+ «• 






-6« 


-&» 








a 






6» 


+ a» 






a 








b* 


6* 






a 


^? 








6* 
a' 


+ a\ 



— b* 
The second term , in the quotient, is the quantity whichy 

u 
when multiplied into a, produces -ft':* the third term p, it 

the quantity which, when multiplied into a, produces -;:t and 

■ a IS 

• For ax = =— fr*, (Art. 72) : when we admit the existence of ll* 

a a 

negative tenn ; we have reference to other terms with which it is connedii 

by the sign - . 

t ForflXT = fi- = 2:. (Art. 72 and 77.) 
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■o on^ the terms of the quotient^ according to the rule, being 
such quantities as^ when multiplied into the Jit si term of the 
divisor, necessarily produce in succession the first terms of the 
remainders: it is quite clear that by this process the remainder 
can never disappear, and consequently that the quotient can 
never become complete. 

(5) Divide jr* + (a + 6) x + a6 by x + a. 

* + aj x* + (fl + 6) X + a6 (x + 6, the quotient, 
x' + fljr 



bx + ab; for(a-i-b)jr-ax=bx, (Art 49. Ex. 3.) 
bx + ab 



(6) Divide x* — (a - 6) x - a6 hy x + b. 
X -^ b) a^ - (a — b) X - ab (x - a 



— ax — ab; for — {a — b) x - bx = — ax 

— ax — ab 



(7) Divide x" + 3 X - 28 byx-4. 

x-4^x'+3x-28 (x + 7 
x*— 4x 



7X-28 

7X-28 

• • 

(8) Divide x'-86x- 140 byx~10. 

X - lOj X*- 86 X - 140 (^x» + lOx + 14 
x'-lOx' 

lOx*- 86x 
lOx'-lOOx 



14X-140 
14x -140 



In this case it is not necessary to bring down - 140 to form 
^ part of the first remainder, as it would not be affected by the 
second operation: it is omitted, therefore, to save superfluous 
^ting. 
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(9) Divide j?*-4j:»-34x'+76jr+ 105 by*-?. 
jr-7j«*-4j:»-S4x«+ 76x4-105 (*»+ Sx*- 1S«- 15 

3x»-S4x" 
Sar'-Slx* 



-ISx'-f 76x 
-ISx' + gix 

-i5x+ 105 
-15X+105 

• • 

If the complete remainders were brought down after 
subtraction^ the process would stand as follows: 

X - 7^ X* - 4 «• - 3 4 x" + 76 X + 1 05 (^x" + 8 x" - 1 3 X ~ 1 5 



3x« 


-34x« 


+ 76x 


+ 105 


3x» 


-21x" 








-I3x" 


+ 76x + 105 




-13x« 


+ 91« 








-15x 


+ 105 






-15x 


+ 105 



(10) Divide 3a* + l6a*6 - SSa^b' + 14a* 6^ by a' + Tab. 

In the first place^ it is evident from inspection that 
common to every term of the divisor and dividend: we 1 
therefore by dividing them both by a, and we then proceed 
the results as follow: 

a + 7b) 3a* + iGa'b - SSa'b' + 14a6' (Sa"" - 5a*6 + Zab 
3fl* + 21a'6 

-5fl'6-33fl»6« 
-5fl*6-35fl'6" 



2a"6' + 14aft» 
2a'6'+14a6* 
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(11) i ^a-b + Sc. 

,j^. a^ - 140 J* + 1050 J* - 3101 ar* -h 39903? - 1800 
^ *^ «'+12x'- 43x4-30 

= a:*-12«» + 47x-60. 
(13) Divide X*.19|^+^^^'--- — ^' 





6 ' ; 


5^6 


tjj •* — 


<«i**» 


x* 


19a'^ 
6 


^ 3^ 


^(a:» + 2« 


or* 


-2aa?* + 


2 








2iijr»- 


llfl»ar« 
3 


^ 3 






2fljr"- 


4a' or* 


+ a'o: 






3 


2fl*x 
3 


a* 






a«x« 


2fl*ar 


a« 






3 


3 


■'^ 



(14) Divide x» - 2iix« + (a* - fl6 - 6') ^ + «'* + «*' ^X 

*-fl-&Jjr»-2ax»+(a»-ii6-6*)x+fl«6-fa6\x«-(a-6)x-a6 
x»-(a+6)x« 
-(a-6)«"+(fl*-a6-6»)x;for(a+6)-2rt=6-fl=-(a-6), 
-(fl-6)x»+(fl«-6')x; for(fl+A(a-6)=fl«-ft'(Art. (66). 

— fl6x+a*6+fl6' 
^abx+a'b-^ab* 



The divisor and dividend being arranged according to powers 
^x, the divisor must be considered as a binomial^ under the form 

i-{a + b). 

,,,. y«-h(fl*->2y)y~(a*-6*)y~fl'-2fl*6'-fl'6^ 
^^^^ f-a'^b' 

-y + (2a« - ^) y + a* + fl'6«. 

x* — a* 

(16) = jr" + flx + fl^ 
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(17) = x*-ax + a^ , 

(18) = or* + aa:* + a** + a*. 



(19) = J?* + aa^ + o^x* + c^x + a*. 



a: — a 



^^P^ 87. In the preceding examples, the quotients obtained have 

pleteand been complete, (Art. 85.); in that which follows, the quotient is 



able quo- incomplete and interminable. 

To divide or* - a* by a? + a. 

2a* 2 a* 
j: + ajx'-a*(«*-ax + a' — - — • + —^ - &c. 



«• 


+ ax* 










— a«*- 


•a* 






-««»- 


a'* 










dfx 


-fl» 








a'* + a* 








-2a» 










-2fl»- 


2«* 



2a* 

X 

2 a* 2 a* 
a: «■ 

2a* 

The remainder after the third operation is — 2a'> and the ml 

2a* 2a* 
term in the quotient is therefore , since xjr=— Suf; 

X X 

or the product of the new term in the quotient and of the fint 
term of the divisor, is the first, and, in this case, the only ten^ 

2a* 
in the remainder : the next remainder is — , and the oorrespcnl* 

.t- ^- -. • ^t- /• 2a* 2a* %§f 

ing term m the quotient is therefore -j-, smce --t-xxss— -: 



as the nature of the process in this case leaves necessarily a nev \ 
remainder after every operation, the quotient may evidently be 
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continued without limits and will consist of a series of terms 
alternately positiye and negative^ the index of a in the nume- 
rator and of X in the denominator, increasing by unity in every 
successive term. (See Example %, Art 86.)* 

88. We have here an example of an indefinite quotient, and '^^^ 
the theory of its formation may be easily understood, by reference formation, 
to the rule for division. (Art 84.) As the terms in the quotient 

are successiyely determined by finding a quantity, which mul- 
tiplied, in conformity with the rule of signs, (Arts. 55 and 570 
into the first term of the divisor produces the first term of the 
remainder (Art 84)^ it is evident that the process may be con- 
tinued as long as the remainder exists, and consequently may 
be continued indefinitely, when the remainder never disappears, 
which must alw^s be the case when the divisor is not a factor 
(Art 76.) of the dividend : such quotients, therefore, may be 
considered as originating in the rule for division, which is equally 
adapted to all cases^ and whose application is not limited -by the 
practicability of determining the quotient in any finite number of 
terms. 

89. Incomplete and indefinite quotients present themselves Incomplete 
in arithmetic as well as in arithmetical algebra, when the decimal ^nite 9U0- 
scale is supposed to be extended indefinitely, both ascending and |^^^"^,n*e^c 
descending^ by means of the use of decimals. In the following 

chapter we shaU discuss at considerable length, the theory of 
arithmetical operations, and their relation to the corresponding 
operations conducted by general symbols: and we shall reserve 
to that occasion the further consideration of the series which these 
quotients form^ when they possess a character which is capable of 
being explained and understood, without the aid of the more 
j^neral views which will be hereafter supplied by symbolical 
algebra, properly so called. 

* In the coune of this example and in those given in the precedinj; articles, 
•e are more or less compelled to consider the sign — as existing independently, 
(Art. 55.) and thus to advance beyond the proper limits of arithmetical algebra : 
the fict is, that the mere use of general symbols and of signs to connect them, 
however strictly limited in their primitive meaning and application, conducts ur 
almost insensibly to a science of pure symbols, presenting forms of combination 
and processes which are both unintelligible and impracticable when considered 
5olcly with reference to their simple arithmetical usage. 



CHAPTER II. 



ON THE THEORY OF THE FUNDAMENTAL OPERATIONS 

IN ARITHMETIC. 

Numbers 90. The numbers which are the objects of Aritfameticil 

and?on- Operations, are considered as abstract so long as no specific 
Crete be- properties are assigned to the units of which they are composed 
tified by ^^^ concrete under all other circumstances. The notation, how- 
anthmeii- csct^ which we adopt for the purpose of representing numben, 
tioD. generally suppresses all consideration of the specific properties 

of their component units, and consequently indicates no dis- 
tinction in the operations to be performed upon them, whether 
they be abstract or concrete: it is only when we come to the 
details of commercial arithmetic, that we are compelled in general 
to take into account the specific properties of the units which 
compose our numbers, inasmuch as they are connected with the 
customary subdivisions of them, to which names are attached, 
which are very rarely adapted to the decimal scale, requiring 
therefore for their reduction and calculation, the application of 
rules which vary with almost every species of magnitude and 
which greatly interfere with the uniformity which might oth^- 
wise be made to prevail in nearly all the processes of arithmetic. 

The opera- 91. The operations of addition and subtraction can only be 
tions of ad- conceived to take place between numbers which are abstract 

dition and , r . , ,• , i . i . 

subtraction or whose umts represent magnitudes of the same kind, whe- 
rtned°to ^^^^ ^^y ^ specified or not: in all other cases, there can b< 
numbers no results of such operations. It is true that magnitudes of dif 

whose units * i.^iTi-t. 

nreidenti- ferent natures may be connected with the algebraical signi 
^^ ' + and -, but the operations which are indicated will continue U 

be impossible, until such previous reductions are effected, wha 
such are practicable, as will restore the required identity of tlu 
units which compose the numbers which are the subjects of tb( 
operations: thus the sum of 2cwt. 3qr. and 14 lb. may In 
represented by 2 cwt + 3 qr. + 14 lb. or more commonly by 

cwt. qr. lb. 

2 . 3 . 14 
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and the operation indicated^ aa long as the units of the numbers 
to be added together continue to be different in their value^ 
will be impossible : but if we replace 2 cwt. by 228 Ib.^ 3 qr. 
by 84 Ib.^ then the units of the numbers 228^ 84 and 14 to be 
added together^ become identical with each other^ and their sum 
(326 lb.) is obtained precisely in the same manner as in the addi- 
tion of abstract numbers: but, if it had been required to add 
together 7 feet and 4 lb. whose units are not merely different 
but irreducible to others of the same nature^ the operation to 
be performed might be represented by connecting 7 feet and 4 lb. 
with the sign +, but no result^ in which they are collected into 
one term^ would be obtainable *. 

In conformity with the preceding observations it will be 
found that fractions^ whose denominators are different^ and 
whose numerators express therefore units of a different kind^ 
are incapable of addition^ until they have been reduced to the 
same denominators^ or in other words^ until we have obtained 
the required identity of the units of the numbers which are the 
subjects of these operations. 

92. The operations of multiplication and division are the In the 
inverse of each other^ and so far as the numbers which form oFmulUpH- 
the multiplier or divisor are concerned, they must be consi- ^,^^\^? ^^ 

* , "^ division, 

dered as perfectly abstract, representing as they do, the num- themulti- 
ber of times that the multiplicand, whatever it may be, whether [he^div^sor 
abstract or concrete, is contained in the product and the quo- *fe gcner- 
tient in the dividend : it will follow likewise, that the units of gtract num- 
the multiplicand will be identical with those of the product, 
and the imits of the quotient identical with those of the divi- 
dend. If, however, the divisor is not contained a certain num- 
ber of times exactly in the dividend, and if a remainder, less 
than the divisor, is found to exist, the operation of division 
cannot be extended to the units of that remainder, unless we 
conceive them to be concrete : for, if we form a fraction, to be Origin and 
added to the integral quotient previously obtained, of which the factions in 

qaotients. 
* In Algebra, lymbols or combinations of symbols are connected together 
with the signs + or — , without any immediate reference to the identity or 
diversity of the quantities which are thus connected together, whether in their 
specific nature or in the units of the numbers which express them: it b only 
when the quantities thus connected together possess the same symbolical part, 
with or without numerical coefficients, that results are obtained of the operations 
denoted by the signs + &n<l — > by the reduction of all such terms into one. 
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numerator is the remainder and the divisor is the denominator, 
it will signify, that unity (that is, the primary unit) is divided 
into as many equal parts as there are units in the diviacnr or 
denominator and that as many of these subordinate units are 
taken as there are units in the numerator: it is for this reason 
that we are compelled, under such circumstances, to consider the 
units of the original dividend to be concrete, inasmuch as the 
mind cannot conceive the resolution of unity into parts^ unless 
it represents a real magnitude. 

wSthe ^^- There will occur cases in which the multiplier or di- 

multiplier visor will no longer be abstract numbers, where products and 
arc not ab- quotients will be obtained whose units are no longer identicd 
jiractiium- ^[^ those of the multiplicand and dividend respectively: but 
under such circumstances, a meaning can very rarely be given to 
the operations of multiplication and division, and even then rather 
by the aid of a reference to the results which are obtained, than 
to the primitive and ordinary meaning of these terms them- 
selves. In considering the multiplication and division of fino- 
tions, we shall be compelled to have recourse to this extended and 
in some respects conventional meaning of these operationa. 

fractions'^ 94. We have referred, very briefly and imperfectly, (in Arts. 

71 and 92), to the origin and meaning of numerical fractions: in 
the subsequent articles, we propose to discuss their theory it 
considerable length, forming as it does, one of the most im- 
portant departments of Arithmetic. 

rheirorigin Assuming that the units of all numbers represent real mag- 
ing. nitudes, we may conceive them to be capable of indefinite sub- 

division, forming an indefinite series of subordinate units related 
to their primary unit by means of their numerical divisor, to 
which the name denominator is given : thus if the unit, which 1 

represents, be divided into three equal parts, - will represent 

a 

2 , 3 . 

one of them, - will represent two of them, - will represent 

three of them, or will be equivalent to the primary unit, 

will represent four of the subordinate units denoted by - , 

-— ten of them and so on, whatever be the multiple of the 
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sabordinate unit which is required to be expressed, tlic num- 
ber by wbidi it is multiplied being called the numerator of the 
fraction: more generally if 6 represent the denominator, which 

1 2 
denominates or determines the subordinate unit t> t ^^^^ ^^ 

o b 

3 , a . • 

present two such units, ? three such units, and r , a times such 

units, where a is the numerator of the fraction, which ntim- 
bers or determines the multiple of the subordinate units denO' 
minated by 6. 

95. The fraction 2 is said to be proper or improper, accord- ^'pSJ^^** 

fractions. 
ing as its numerator a ia less or greater than its denominator b : 

in the latter case, the numerator a may contain b, p times 
exactly, or may contain 6, p times with a remainder c : the first of Reduction 

^ ^ JL of improper 

these hypotheses gives ^ = ^ = ;>, (Art 72.) a whole number ^^^^^ ^ 

mixed 

expresnng the primary units only; whilst the second gives numben 

. . and con- 

a pO + c PO ^c C vereely. 

or p primary units and c subordinate units denominated by c, 
(Art 94>) and is therefore properly called a mixed number, in- 
volving units of different kinds : it thus appears^ that improper 
fractions, whenever they occur, may be reduced to whole or 
mixed numbers or conversely. 

12 12 

TliOB — = 4, and conversely 4 = -5-, whatever the imits of Examples. 

17 2 

the number 4 may denote : -7- = 3 + -, a mixed number, and con- 

5 5 

2 2 

versely 8 +-- (or S -, as it is commonly written) is equal to the 

fraction -^. 
o 

Sunikrly ~ = 5 + — = 5 — : 

1519^ , 76 _ 76. 
Ill 111 'ill* 

J 1 ,ol2 13x13 + 12 181 
and conversely 18^^= ^3 ""Ts ' 

7 _407_x6l+7_24827 
*^6l 6i 61 • 
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^^^6* 96. Generally an improper Jraction becomes the mixed 

ber, whose integral* part is the integral quoiieni which arises Jrm 
dividing the numerator hy the denominator, and whose J ra cHomd 
part is the Jraction whose numerator is the remainder, and whose 
denominator is the original denominator of the improper fraction; 
and conversely a mixed number becomes the improper Jraction, 
whose numerator is the product of the integral part ^ the mixed 
number and of the denominator of the Jraction, increased hg its 
numerator, and whose denominator is the denominator of ihejto^ 
tional part. 

.1 
The nume- 97* I^ we suppose the subordinate unit 7 to be again divided 

rator and ^ 

denomina- by c or to be resolved into c equal parts, it will be equivalent to 

fraction the division of the primary unit 1 by 6 times c or be, and each of 
mav be -» 

multiplied them will be represented by t-, (Art 94.): if c of these sccon- 

or divided *^ ^ be 

by the same 2 

number dary subordinate units represented by i— be taken, the result wiU 
without ^ *^ ^ be 

altering its C . . . . 1 . 

value. be represented by j—, which is evidently equivalent to ^; since 

c secondary subordinate units such as ?-> compose one piimiry 

subordinate unit j-: and if we take ac times the secondary subor- 

1 /If* 

dinate unit ?- , forming the fraction j- (Art 9^.), it will evidendj 

be equivalent to a times the primary subordinate unit -r, and will 

consequently form the fraction t: it follows therefore genendly 

that ?— = T> from whencQ we derive the following very importaiit 
be b 

propositions : 

Proposi- (1) If the numerator and denominator of a fraction be 

*^°* multiplied by the same number, its value is not altered. 

Its con- (2) If the numerator and denominator of a fraction be 

verse. divided by any factor which is common to both, its value is 
not altered. 

* An integral number is a multiple of the primary unit, whatever it may be : 
a fractional number is a multiple of the subordinate unit denominated by the 
denominator: in this sense, the term number may be correctly applied to 
fractions. 
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The whole theory of the reduction^ addition^ and subtraction 
of fractions will be found to depend upon these propositions. 

98. If a common divisor of the numerator and denomuiator Oblitera- 

, tion of 
of a fraction exists^ it may be obliterated (Art 97.)> ^nd an equi- common 

valent fraction obtauied which is in more simple terms (Art 75.) : ^^^e- 
bttt inasmuch as the products of numbers present no easily rator and 
discoverable traces of their component factors^ those factors which Q^tor. 
may be common to the numerator and denominator of a frac- 
tion are rarely recognizable by inspection or by the knowledge 
possessed by ordinary men*^ whedier from memory or other- 
wise^ of the composition of numbers. Under such circumstances 
it is necessary to have recourse to the following arithmetical 
rule^ by which the greatest conmion divisor or the greatest com" 
mtm measure, as it is called^ of any two numbers^ may be found 
in all cases. 

Divide the greater qf the two numbers by the less and the last Hule for 
divisor by the last remainder, repeating the process untU there is greatest 
no remainder : the last divisor is the greatest common measure ^^^1^ 

required, of two 

numbers. 

99. The form of the operation^ expressed in symbols^ may Form of the 
be exhibited as follows: 

bjai^p 

It, 
cjbi^q 
qc 



d)ci^r 
rd 



The interpretotion of this form of the process is very easy: ^J^^^J; 
b is contained in a, p times, with a remainder c; c is contained 
in b, q limes, with a remainder d; d is contained in c, r times 
and there is no remainder. 

* The tmusoal and almost instinctive insight which was possessed by some 
Tery remaikable boys, such as Zerah Colbum, George Bidder, and others, into 
the compositioii of numbers is one of the most curious and unaccountable facts 
which presents itself in the history of the human mind : in ordinary cases this 
direct and immediate power of resolving numbers into their factors is extremely 
limited. 

H 
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Lemma. 



Lemma. 



Proof that 
c/ u a mea- 
sure of a 
and b. 



Every mea- 
sure of a 
and 6 is a 
measure 
of d. 



Proof that 
d is the 
greatest 
measure of 
a and b. 



Example. 



We have supposed the process to terminate after three divi* 
sions: the demonstration which follows would be equally appli* 
cable> if it had proceeded to a greater number of them : for this 
purpose^ it is convenient for us to premise the two following 
Lemmas. 

100. Lemma I. If one number measures another, it will 
measure any multiple of that number. 

If a = ex, then ma = mcx: or if x is contained c times in a, 
it is contained mc times in ma. 

101. Lemma II. If a number measure each of two oihen, 
it will measure their sum and difference. 

For if a = ex and b = dx, we have 

a + b = cx-^dx = {c + d)x (Art 46.) ; 
and a-b = cx-dx = {c-d)x (Art. 4?.) : 

and since c and d are whole numbers, c + d and c — d are whole 

numbers; and therefore x, which measures a and b, measmes 

a + b and a — b, 

» 

102. In the first place, we shall prove that </ is a measure 
of a and 6. 

Since d measures c by the units in r, it measures qe 
(Art. 100.) : it measures qc -{■ d ox b, since it measures qc and A 
(Art. 101.): it measures b, and therefore pbi it measures jft 
and Cy and therefore pb ■\- c or ai it appears, therefore, that i 
is a measure both of a and b, 

103. In the second place, we shall prove that every measure 
of a and 6 is a measure of d. 

For if a number measures a and b, it measures a and 

p6, (Art. 100.) and therefore their difference (Art 101.) a—ph 

or c: it measures b and c, and therefore b and qc, and con- 
sequently b — qc or rf. 

104. Since every number which measures a and 6, meaaurei 
d, the greatest number which measures a and b measures di 
therefore d, which measures a and b, is their greatest common 
measiure; for no number greater than d can measure d. 

105. The following is an example of the application of the 
rule, which we have just demonstrated, to reduce the fraction 
2553 
2997 



to its most simple equivalent form: 
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^55S) 2997 U 
2553 



444; 2553 (^5 
2220 



333) 444 {I 
333 



1 1 1) 333 (3 
333 



Consequently 11 1 Is the greatest common measure of the numbers 

,..„ .^ru^^ ^^1 ^5 ,. 2553 23x111 23^ 

2o53 and 2997, and the fraction r—- - =-— — — - =;;=*. 

2997 27x111 27 

106. In connection with the preceding rule for finding the Greatest 

^eatest common measure of two numbers^ it may be convenient mi^re 

n this place to notice its extension for the purpose of findinxr the °^ ^^^^ 
*^ 1- r *=» or more 

^eatest common measure of three or more numbers : thus^ if numbers. 
I, h, Cy d, &c. be a series of such numbers whose greatest com- 
non measure is required^ find x, the greatest common measure Rule. 
y£ a and h : y the greatest common measure of x and c : z the 
^eatest common measure of ^ and di and so on^ whatever be 
he number of these successive numbers: then z, or the last 
)f the common measures thus founds is the greatest common 
neasure required. 

For every common measure of a and 6 is a measure of x Proof. 
[Art. 103.) : and therefore y, the greatest common measure of 
r and c, is the greatest common measure of a, b, and c. In a 
timilar manner it may be shewn that z is the greatest common 
measure of a, b, c, and d. 

107- If a and 6 have no common measure except unity^ If a be 

prime to 6, 

they are said to be prime to each other^ and the fraction ^ is in ^^^ " "<> 

tion equal 

to -Tt whose 

terms are 
not equi- 
multiples 
of a and 6. 



* Other examples are 
(53 7: 
406"45 


<9 7 
x9 45 


• 
• 


1919 
2128" 


101 X 19 
112x19" 


101 
112* 


»99999~ 


6x 
'7x 


142857 
142857" 


6 
T 


-■• 2019 
3873 


673x3 
" 1291 X 3 


673 
"1291- 
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its lowest tenns : for in that case there is no other fraction equal 

a 
to 7 , whose terms are not equimultiples of a and b. 

This proposition is very nearly self-evident, but is capable 
of being proved in the following manner: for this purpose it 
is convenient to premise the two foUowing Lemmas. 

If two 108. Lemma I. If two improper fractions be equal to one 

fractions another, the integral and proper fractional parts of the mixed 

be equal numbers into which they are severally resolvible, are also equal 

another, to one another. 

the integral , 

Sona^^arts ^^^ ^^ h^ J?** ^^'^^^ ^ ^^ greater than h, and therefore a' 

numbers greater than h\ then if a = ph + c (Art 95.) and a' = jp'fr' + c', 

equal to a c t£ {^ a a' 

l&i^I we get j=p + 3 and ^-^P^y- and since ^ = ^. we have 

to one , V 

^°°^^'- also p + I = p'+ J, and therefore p = p' and | = ^: for it is 

obvious, since f and -r, are both of them less than the primary 

unit, that p and ^ cannot differ from each other by I or by 
any multiple of 1. 

If two 109. Lemma II. If two fractions be equal to one another, 

be equal their reciprocals are also equal to one another. 

to one , 

E^^'* For if |=p> and if we multiply both of them by hV, 

reciprocals . ., i i_ i? i 

are also their equimultiples will be equal to one another: the first product 

equal toone jl A/ v A/' 

another. li£2L^ = aft', and tile second ^-^ =fl^^ iftiieequal 

numbers ah' and dh be divided by the same number ady the 

aV h' - . , a!h ft . /. n i. 

first becomes — > = —.y and the second — > = - : it follows there' 

aa' a aa a 

h h' 
fore that -= ->> which is the proposition to be proved. 
a a 

* We use the accented letters a! and 6' instead of other symbols, such as c and 
d, inasmuch as these accents sufficiently distinguish them from a and 6, and 
further indicate the connection which both the proposition and the process of 
demonstration employed establishes between them : the same observation applitf 
to the other accented letters which are employed in this and the following Arti- 
cles, and may be extended generally to most of the cases in which they will be 
found to be employed both in this work and others of a similar nature. 
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o of 
110. Supposing T =T-/> the processes for finding the greatest Proof. 

Eommon measures of these fractions will stand as follows: 



b)a{p 
pb 


b')a'(j/ 
pTb' 


c)b(^q 
qc 




d)c{r 
rd 


d') e Kf' 

r'd' 



From the first Lemma (Art. 108.) it will follow that p = p^, 

c (/ 

d also -T-ij' ^om the second Lemma (Art. 1O90 ^t will follow 

It - = -J : and since b - qc •¥ dy and 1/ = ^d + d', it also ap- 

d d' c d 

ars that q-q', -= -;, and therefore j= :«, or r = r'. It 

c c a a 

lows from hence) likewise that the divisions terminate afler the 

ne number of operations in both cases. 

Since a is prime to h, it follows that the last divisor d—li 
' if not^ a and b would have a common measure different 
>m unity^ which is contrary to the hypothesis. (Art 98.) 

Again, since r':=r = c, we getd= dd' = cd': 

also A'^ ^d+ d'= qcd'+ d', (since ^= q) 

= {qc -f l)d'= bd\ since b = qc + d = qc -\- 1: 
and fl'= //6' + cf = pb' -f d (since p = p^) 
= p6</'+ cd' (since 6'= 6rf' and d=: cd') = (j>b + c)d'= ad', 

since a = pb + c. 

It follows therefore that t = t/ = j-t, • OJ" in other words, 

and b' are either equal to a and 6 respectively (if d' -\) 
are equimultiples of them. 

111. The proposition just demonstrated^ though extremely important 
mple and obvious^ is the foundation of several important pro- proposi- 
Dsitions in the theory of numbers^ and is one to which frequent pendent 
yference will require to be made in our subsequent investiga- p^edine. 
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tions connected with the reduction of ordinary into decimal frae* 
tions: we shall therefore proceed at once to demonstrate them 
in connection with the proposition upon which they depend. 

If anumber ng. If a number c be prime (Art 107.) to each of twcr 

18 prime to, ... . 

each of two Others a and b, it is prime to their product ab. 

others, it 

18 prime For if not^ let c and ab have a common measure x: and let 

product. ^^ suppose ab = xp, and therefore (dividing both of them by hi, 

a p 
Art. IO9O -= / • but since a is prime to x (for by hypodiesifl a 

is prime to c and x is a factor of c), it follows that the fracdoo 

- is in its lowest terms^ and therefore b is either equal to x 

or to a multiple of x (Art 110.): in neither case^ therefore, 
can b be prime to c, which is contrary to the hypothesis: it 
follows therefore that ab and c can have no common measure. 

If a number l^^* If c be prime to a, it is prime to any power 

inSr^ it ^^^^ ^9-) of a, whether a\ a\ or more generally oT. 

IS pnme to Pq^ |,y ^^ ^sme process of reasoninip as in the proof of die 

any power ... . , l '^ v 

of It. proposition in the last Article^ it would appear, that if c be 

prime to a and a {b — a), it is prime to a x a or a* : and there- 
fore if prime to a and a' (b = a*), it is prime to a x «■ or 1^: 
and in a similar manner it may be shewn to be prime to a^, a^ 
or to any integral power of a whatsoever. 

If one 114. If c be prime to a, then any power of c will be prime 

number ^ ^f ^ 

IS pnme •' * 

to another, -poT if c be prime to a, then c is also prime to any power 

any power ^ , • « • 

of one will of a, such as a', o", or a*: and if a*, cr, or a" be pnme to c, 
^ny tZeT a^so a% fl», or a- will be prime to c", c», or any power of c, 

of the other, gmjh as c". 

tfonb^ln 11^- I^ ^e fraction j be in its lowest terms, the fractions 

SnS" J' i' i' i' ^, wai also be in their lowest terms. 

whose 

terms are j^y^^ jg ^^ immediate corollary from the proposition proved 

of its in the last Article. 

numerator 

and de- 116. In the reduction of fractions to their most simple oom- 

are also in nion denominators, and in the solution of many other problents, 
tems!**"^^^ it will be found necessary to find the least common muUipk of 
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w or more numbers: we shall begin by the investigation of 
le rule for finding the least common multiple of two numbers. 
Did subsequently shew in what manner it may be extended 
> any number of them. 

Let m be the least common multiple of two numbers a and b, Proof of the 
vhose greatest common measure is x : since m is a multiple finding the 
wth of a and 6, we may assume fn=pa = qb, where p and q least com- 

ire whole numbers: also since pa = qb, we get (dividing them tipleof two 

numbers. 

both by pb. Art. IO9.) t = ^- a^^ since m is by hypothesis the 

koft possible multiple of a and b, it follows that p and q are 
the least possible numbers which answer the preceding condi- 
tion, and that therefore the fraction ^ is the fraction r in its 

p b 

lowest terms : for if not. let any other fraction —. be the fraction 

T m its lowest terms: then since /=ti ^e get (multiplying 

both by // 6) 9^6 -p^a, or, there are common multiples of a and b, 
which are less than pa and qby which is impossible: it foUows 

therefore, that ^ is the fraction t in its lowest terms, and there- 

P ^ 

fore we have g = -, and consequently m = qb = — = pqx: a re- 

solt; from which we conclude, that the least common multiple of 
tito numbers is their product, divided by their greatest common 
Measure; or in other words, that it is the continued product of 
the greatest common measure of two numbers and of the quotients 
itkich arise from dividing them by it. 

117. Every other multiple of two numbers a and b, is a Eve7 other 
multiple of their least common multiple m. For let M be any ^"J^^^® °^ 
other multiple of a and i, different from m, and let us suppose hers is a 

^ ^ multiple of 

Hf = P« = Q6 : we thus get J = H = 2, (Art 1 16) : and since 2 ^^tmS^' 

* y multiple, 

is in its lowest terms, it follows that either Qi-q and P = p, in 

whidi case M = m, or that Q-nq and P = np, where n is a 

whole number (Art 110): we thus get M= Qb = nqb = nm, since 

_ X DC leasi 

*=9^. common 

multiple of 

118. If the least common multiple of three numbers a, b, c ^**^®® °' 



be required, we must find m the least common multiple of bers. 



more num- 



64 

a and b, and then m' the least common multiple of tn ai 
is the least common multiple required. 

For every common multiple of a and 6 is a multiple ( 
(Art. 117-) and therefore the least common multiple of m a 
is the least common multiple of a, h and c. In a similar ; 
ner, we may find the least common multiple of four or 
numbers. 

Another 119. If a-pxy^ b = qx^^c = qy, where p, q and r are} 

expressing *® ®*^^ Other, then pqrxyz will be the least common mu 

the least of fl, h and c 

common 

multiple ^^ 

of two or For m= — =pqxy is the least common multiple of a a 

more num- X * *^ 

oers. m f* 

and m' = — = pqrxyz is the least common multiple of m a 

and therefore of a, h and c, (Art. 118.) 

It is easy to extend the same reasoning to four or more 
bers, between two or more of which common measures ex 

It foUows therefore that the least common multiple o: 
or more numbers will be the continued product of the co 
measures which exist between two or more of them and tht 
tients as prime to each (Uher, which arise from dividing th 
all common factors. 

General 120. The following easy arithmetical rule for findinj 

^^^"j®H" least common multiple of two or more numbers is immed 

finding the deriyable from the proposition given in the last article. 
least com- 
mon mul- WrUe down in the same line all the numbers whose leasi 

mon multiple is required : find common measures of any i 

more of these numbers, which are prime to all others : divid 

cessively all the numbers by these common divisors, and 

down the quotients, or the entire numbers when not divisU 

a succession of lines, continuing the process until the la 

contains numbers which are all of them prime to each othe\ 

continued product of all the divisors and of all the numbers 

last line, is the least common multiple required. 

« 
The 121. If divisors, not prime to all the numbers whicl 

eraSoyed ^^ ^^ measure, be employed, cases may occur in whic 
must be final product obtained by the preceding process, would r 
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the least common multiple required: thus if a=pxy, b = qxy, ^^^'^^^\ 
c=rx, then if we make xy, which is a measure of a and b, the the num- 
first divisor^ the process will stand as follows^ th!^ do not 

xy)a, by c measure. 

where p, q and c are prime to each other^ but pqcxy is not 
the least common multiple required. If however we make x 
and yy the fitctors a£ xy, successive divisors^ the correct result 
will be obtained as follows; 

x) a, 6, c 

y)pyy qyy ^ 
P» q, r 

sad pqrxy is the least common multiple required. (Art 1190 

122. The foUowing are examples. Examples. 

(1) Let it be required to find the least common multiple of 

6, 15, 27, 35. 

3)6, 15, 27, 35 

5J2, 5, 9> 35 

2.1.97 



The least common multiple required is 

3x5x2x9x7 = 1890. 

In this case 3 is the greatest common measure of 6, 15, 27, 
and is prime to 35 : 5 is the greatest common measure of 5 
and 35, and is prime to 2 and 9: the numbers 2, 9 and 7 
in the last line are prime to each other. 

(2) To find the least common multiple of 12, 14 and 36. 

2)12, 14, 36 

6)6, 7y 18 

1.73 
and 2x6x7x3 = 252 i^ihe least common multiple required. 

If, in this case, w^had made 4, which is a common mea- 
sure of 12 and 36, JKid noi prime to 14, the first divisor, the 
process would have stood as follows : 

4^12, 14, 36 

3 )3, 14, 9 

1.14 . 3 
I 
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The numbers 14 and S in the last line are prime to each 
other, but 4x3xl4xS = 504 is not the least common mul- 
tiple required. 

The same erroneous result would have followed^ if we had 
made 12 the first and only divisor. 

It does not follow, however, that the employment of a 
common divisor, of two or more numbers, which is nU prim 
to the others, will in all cases lead to an erroneous result: 
thus if we make 6 the first divisor, and 2 the second, we get 

6) 12, 14, 36 

2j2, 14, 6 
1.7.3 
where 6x2x7x3 = 252 the least common multiple required: 
in this case, the number 14 is not prime to all the other num- 
bers in the second line and consequently its factor, which was a 
measure of the first divisor, disappears by a second operation. 

(3) Let it be required to find the least common multiple 
of the nine digits. 

2; 1, 2, 3, 4, 5, 6, 7, 8, 9 



2;i 


. 1 


.3 


.2, 


. 5 . 


. 3 


.7 


.4. 


.9 


3;i 


. 1 


.3 


. 1 


.5 


.3 


.7. 


.2 


.9 


1 


. 1 


. 1 . 


. 1 . 


. 5 . 


. 1 . 


.7. 


,2. 


. 3 



and 2x2x3x5x7x2x3 = 2520, the least common multiple 
required. 

Thesubor- 123. Considering all fractions as numbers (Art 96* Note), 
of which ^^^> ^ such multiples of the subordinate units, denominated 
the nume- |jy ^j^gjj. denominators (Art g**)* ^ ^^ expressed by their nume- 
fractions rators, it follows, that the component subordinate units of such 
pies, are fractions can only be considered 9s identical (that is, as express- 
only identi- [^g ^g same magnitude) when their denominators are the same : 
thedenomi- under no other circumstances, therefore, can such fractions (or 
STe^sarae? numbers) be compared with each other with respect to magni- 

tude> or admit of being added together or subtracted from eadi 

other. 

124. But inasmuch as the values of fractions are not altered 
(with respect to the value of their primary unit) by having 
their numerators and denominators multiplied or divided by 
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the same number (Art. 97*)> ^^ ^^^^ ^^ always possible to re- 
duce them to equivalent fractions having a common denominator 
and consequently expressing multiples of idetUical subordinate 
uoits^ when the primary unit is the same for them all. This 
may be effected by the following general rule. 

Find the least common multiple of the denominators of' all the Rule for 
fraclions. ^^f-' 

Find the successive quotients which arise from dividing this ^orefnc- 
I t • I f . f I • /* ti w r» ,' **0M to the 

ieast common multiple by the several denomtfuttors qf€ul thejractums. mostsimple 

Multiply the several numerators of the fractions by the sue- denolSna- 

cessive quotients which arise from the last process, and the pro- *<>'• 

ducts which arise will form the new numerators of the equivalent 

fractions, whose common denominator is the least common multiple 

of the primitive denominators. 

By the application of this rule^ we obtain a series of equi- 
valent fractions^ expressing identical subordinate units of the 
Kighest possible order^ or with the least possible common de- 
nominator. 

125. The following are examples. Examples. 

3 5 

(1) To reduce -- and — - to equivalent fractions having 

14 21 

the least common denominator. 
Denominators 1^, 21. 
Least common multiple 42. 
Quotients 3, 2. 
Old numerators 3, 5. 
New numerators 9> 10. 

Equivalent fractions te* T^' 

(2) To reduce the fractions, 

JL 11 11 11 
10'^ 15' 18' 24 

to others, which have the least common denominator. 
Denominators 10, 15, 18, 24. 
Least common multiple 360. 
Quotients 36, 24, 20, 15. 
Old numerators 8, 11, 12, 17- 
New ditto 252, 264, 240, 255. 



68 

u • 1 . c -.• 252 264 240 255 , 
Equivalent fracuons —, ^, —, ^* . 

Proof that 126. A very slight attention to the process ju«t exempli- 
tioDspro- ^^f would shew that the numerator and denominator of every 
^is pr^ess ^^^^tion is multiplied and divided by the same number, namely, 
are the by the quotient which arises from dividing the least common 
pie which multiple of all the denominators by its denominator : and, inaa- 
admit of a much as the least common multiple of the denominators is the 
denomina- least number which is divisible by all the denominators, it follows 
^^' that the fractions which result from this process are in the 

lowest terms, which admit of a common denominator. 

a c c 
Thus, if the fractions be -r, ^, •^, and if m be the least 

common multiple of h, d,f, so that m = hx=^dy^fz, then the 
reduced fractions are 



ax 



cy cz ^ f^ ££. 



or --, 



hx' dy' fz' ^ m' m' 



m 



and since m is the least number which is divisible by 6, d 
andy*, it follows that these fractions are in the lowest or mosi 
simple terms, which admit of a common denominator. 

Compari- 127* Fractions which are reduced to a common denomi- 

tions with ' ^^^or^ become numbers which are multiples of identical units, 

respect to and thus admit of comparison with each other, with respect to 

magnitude, in the same manner as ordinary numbers: thus the 

S 7 

fractions - and -- are reduced to the equivalent fractions 

33 35 

— and --, which express respectively 35 times and S5 times 

the same subordinate unit -- or one fifly-fifUi part of the 
primary unit, whatever it may be: it is obvious therefore, that 

* Other Examples: 

TK« t^ ♦•^ 7 13 497 , . 700 130 497 

Ihe fractions ^. ^. ^^^^ reduced to _. ^, _ : 

the fractions ^. ^. \. \. \. \. \. ^ are reduced to g, ^, 
620 > 504 420 300 315 280 



2520* 2520' 2520* 2520' 2520* 2520" 

300 280 275 288 

400* 



'-«'-">-i.^.iJ.S"-^<«-..^.^.B|. 
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the first of these fractions is less than the second, and that the 
relation between them^ is that of the numbers SS and 35j whose 
units are the same^ whatever they may be. 

128. Fractions also, when thus reduced, ar^ capable of arith- l^nctions 

metical addition and subtraction like ordinary numbers: thus the samede- 

-. - ^ . 3 ,7 ^33 .35 , 33-^-35 68 °T?a"«IhU 

sum of the fractions - and — , or of -- and --, is — — — =--> are capable 

5 11 55 55 55 55 of addmon 

«e «« o andfjub- 

and their difference is 22^ = ^ . traction. 

55 55 

It is obvious, however, that these operations are impracticable, ^^t 

otherwise 

unless the quantities which are subject to them are numbers of 

the same donomination: for the same difficulty woidd present 

3 7 

itself in the addition of the fractions - and -— which occurs in 

o 11 

the addition of quantities of the same kind but of different 

denominations, such as £7 and 3 shillings: we can conceive 

3 7 

the sum of -r and — (when their primary units are the same) 

equally with that of £7 and 3 shillings: but it is only when 

the firactions are reduced to the common denomination — , and 

do 

also £7 and 3 shillings to the common denomination of shillings, 

that the actual operation by which they are incorporated into 

68 
one term can be performed, when the first sum becomes — and 

the second 143 shillings. (Art. 91.) 

129. The following are examples of the addition and sub- Examples 
t» J* _^' of addition 

traction of fractions. and sub- 



(1) Add together -, -, - and -- fractions. 



I J I 2 traction of 

2' 3' i*'"*^ 

The firactions reduced to the least common denominator are 

30 20 15 12 
60' 60' 60' So" 

a,. . 30 + 20+15+12 77 „^ ,. ,, u r 

Their sum = gg ~ gS ' ^^ ^^ * subordi- 

., 1 
nate unit zx« 

(2) Add together -, — , j^, — ^. 

1 
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Product of 
a fraction 
and of an 
abstract 
number. 



The reduced fractions are 
3000 400 
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10000' 10000' 10000' 10000" 

3479 



Their 8um = 



10000 



(8) 



17 11 

Prom the fraction -—• subtract — - 

%1 14 



34 

The reduced fractions^ with a common denominator^ are -^ 



and — -; their difference is — -- — 
42 42 



7- , which is one of the 

4>S 



subordinate units^ of which the two reduced fractions are 
severally multiples. 

(4) Prom the sum of the fractions — and -^ subtract 1^. 
The mixed number Ijo is reduced to the equivalent fractioo 
(Art. 95*) • the three fractions tt > 77 > ^^^ 77; *'*® reduced 



10 

to the equivalent fractions 
1055 



two first is 
208 



560 495 847 . 
770' 770' 770' 
847 



the sum of the 



770 
104^ 



, from which if — — be subtracted, there remains 

770 



or 



770 385 

130. A fraction may be multiplied by an abstract number, 
by multiplying its numerator by it and retaining its denominator. 

Thus^ twice r is denoted by -r- , three times t by -ir* •od 
c times t ^y ~7-: ^^^7 means a times the subordinate unit -r, 
and -T- denotes ac times the same subordinate unit (Art 9^) 



• Other examples. The sum of -, — , and — , is rrr: the sum of -, 7, 

o 12 aU IM o 4 

and 2i i. |: the sum of 6^, 8^, 4I. or of fj, '-^. f . i. ^. 
The difference of - and 3 >» g * t^e difference of - and - is ~ : the difieience 
of 3^ and ^, or of — and — , is — . If from the sum of — and 7^ 



15 



20 



GO 



10 



100 



2 4 23 

we take away the sum of — and rrr, the difference is — . 
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« 

*^1. A fraction may be divided by an abstract number^ by Quotient of 
multiplying its denominator by it. divided by 

TV . . . . 1 . ^^ abstract 

^Qiis, to divide the subordinate unit ? by c is the same number. 

^^ as to divide the primary unit 1 at once into be equal parts^ 

^ of which is denoted by j— (Art. 97*) •' in a similar manner 

be 

^e quotient which arises from dividing a times the subordinate 
uiiit y or -T by c, is a times as great as that which arises from 

iJividing ▼ by c, and is therefore denoted by 7-. 



132. A fraction may be multiplied by one number and To mul- 
diVided by another^ by multiplying its numerator by the first fracdon 
number and its denominator by the second. ^^^be 

n and to 

For if a fraction t be first multiplied by c and then divided divide it 

o by another. 

by dy it will become by the first operation -r- (Art. 130.), and 
by the second ^-^ (Art. 131.): and conversely, if we should first 
divide the fractimi -r by dy the quotient would be t^, and sub- 
sequently multiplying this quotient -j-^ by c, the result would 

be^^ 
^Vd' 

133. It follows therefore that when a fraction is to be mul- T^^ op^ra- 
tiplied and divided by two numbers, it is indifferent in what b<>^per! ^ 

ofder the operations are performed, inasmuch as the result is '©"ned m 
, • 1.^1. any order, 

t&e same in both cases. 

134 To find the value of a fraction oi a fraction. Tq find 

If unity be divided into h equal parts, and if a of them be ofV 
taken, the result is denoted by r . (Art. 94.) a^rac^n. 

If a fraction ^ (considered as a unit) be divided into h equal 
parts, and if a of them be taken, the result will be denoted by 
q: for to divide ^ (considered as a unit) into b equal parts, 

is equivalent to dividing the subordinate unit -r into d equal 
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parts j each of which is denoted by j-i, and then taking c of 

c 
them^ the result of which operations is denoted by r^ : if we 

now take a times 7-^, we obtain 7-7, which is equal therefore 

c , 
to a times the b equal parts into which -s is divided: this is 

o c 
what is meant when we speak of the fraction r of --t. 



Thus, - of -, or three fourths of -, is equal to - — - or — : 

7 /. 9 ' i4L r 9 ' 1 * 7x9 6s 

8 TT' ^' *^''^'* ^*'^ ^^ IT' *^ ^ SxTT ^ 88' 

- of - of -, or one Ao^ of one third of -, is equal to - of 

X) o ni 4 2 

1x1 1 .... .11 1 

- — 7 or --, which IS equal to ~ x -- or —7. 
3x4 12 ^ 2 12 24 

In speaking of a fraction of a fraction, we distinctly refer 
to operations, with abstract numbers, by which the finctioD, 
which is the subject of them, is to be multiplied and divided: 
we are thus enabled to determine the result which corresponds 
to the operations indicated. 

li^T ^^' ^^ ^^^ ^^® product of two fractions ^ and g. 

fractions. 

ft f* 

The fractions t and -% , considered absolutely by themselves, 

are concrete numbers (Art 9^.) : and whether they be (^ the 
same (when b = d) or of different kinds (when 6 b ncyt equal 
to d)y they are incapable of multiplication into each other in 
the ordinary sense of the term. (Art. 93.) 

Its assumed Jn order to irive a meaning to the term multiplicatioii in this 

meaniDg. 00 r 

case, we consider the terms a and b of the multiplier -s- as abstract 

numbers, and we assume that by multiplying this fraction 

o c , c 

T into -1, we are required to multiply the fraction -| by «, 

and to divide it by b*, which gives the result or product -tji 

* It is indifferent in what order these operations of multiplication by m and 
division by 6 succeed each other. (Art. 133.) 
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in other words, we consider the product of t and ^ as identical 

, o c 
in meaning with the fraction t of -i> as explained in the last 

Article. 

136. Such a sense of the multiplication of a fraction ;? by t which the 

product of 

will be perfectly consistent with its ordinary meaning, whenever two frac- 
tions must 

T becomes an abstract whole number, either by b becoming 1, b^^"^* 

or by a becoming equal to or a multiple of, b : this is the only om- 
dition which the proposition already established respecting the 
multiplication of fractions by abstract numbers (Art. 1 30.) requires 
to be fulfilled: and it may be easily shewn, that no other form of 

the result of the multiplication of ^ by t> different from j->, 

is competent to satisfy the condition above-mentioned: for it is 

this form alone which can become -j (Art. 97*) when a = b, 

flC vtc 

-J (Art. ISO.) when 6 = 1, or -j- (Art 97.)> when a = mb, 

m being a whole number. 

Having thus shewn that r^ will represent the product of ^ 

by |r^ in those cases in which the multiplier t assumes such 

a value, as to give to the term product, when thus applied, 
its ordinary meaning, the interpretation of the phrase product 
of two Jradiont in all other cases must be derived from that 
fonn of the result which alone can correspond to it consistently 
with the conditions which it must satisfy : it thus appears that 

the product of ^ by t, means a times the 6^ part of the 
fraction ^. (Art 134.) 

137- The product of two fractions, therefore, can only gene- J*»c Pjo- 
rally admit of an interpretation when one of the fractions (the mul- fractions 
tiplier) ceases to have an independent existence and meaning and fupp^^ 
is merely considered as indicating certain defined operations to be the multi- 
performed upon the other: namely, that the fraction which is^^venoin- 
their subject, or the multiplicand, shall be multiplied by the dependent 
i^omeratmr and divided by the denominator of the fraction which 
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is the multiplier: by such a process the product continues to 
be a multiple of a subordinate unit of that primary unit to 
which the multiplicand is assumed to correspond. 

Cases in 138. If, however, we should continue to consider the multi- 

^^Itf r^^ plicand and multiplier as fractions which have an independent 

has an in- existence, and therefore as concrete numbers, we may form 

exEtence.^ a product identical in form with that which is obtained upon 

the preceding hypothesis: but it will only be in certain cases 

of assigned primary units of the multiplicand and multiplier, 

that the resulting primary unit of the product will admit of an 

interpretation: it is not our present object to enter upon the 

discussion of such cases. 

Extended ^^' ^^ ^^ accustomed to speak of -r times a fraction -3, 

o d 

meaning 

of terms simply meaning by such a phrase, the product of these fractions, 

the rJulte agreeably to the interpretation which we have given to it (Art 

^S^h th*m l^^O- ^® must not consider, however, by the use of sudi a familiar 

and not term as product, that we make any nearer approach to the deriva- 

terms ^^^ ^^ ^^ actual product of two such fractions, independently 

themselves, of the conventions upon which we have determined it : in other 

words, the product in question is not the necessary result of the 

operation of multiplication in its ordinary sense, but of a sense 

of the term which is modified by a reference to the only fonn of 

this product, which is consistent with what the result must be 

when the multiplier becomes a whole number and also when that 

whole number is further considered to have reference to an €fpen^ 

tion and not to the expression of magnitude : it is by a reference 

to such a result alone, that we are enabled to give a meaning 

to such phrases as one and a half times, three and three Jbmrth 

times, or to the still more startling expressions one half times, 

one quarter times, and so on: if we could obtain no resuk of 

a multiplication when the multiplier was 1^, 3j, ^, or^, we 

should be unable to assign a meaning to the phrases in questicm. 

It is indeed a very natural tendency of the human mind to 
attempt to invert the process by which we really pass from 
words to the things signified, in those cases in which a gene- 
ralization originating in the use of symbols or in any other cause, 
has given them a much more extended meaning than when 
used in their primitive and obvious sense. 
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140. In common books of arithmetic and algebra, it is ge^ Failure of 
nerally attempted to prove the rule for the multiplication of J^J^JJ^^^ 
fractions^ and to found the proof upon the primitive meaning directly the 
of the term multiphcation : such attempts must necessarily fail, multiplica- 
inasmuch as the term multiplication acquires an extended signi- ^^^t^^^Q^^^ 
nification from the assumption of the practicability of the opera«- 

tion, so long as the result which is obtained satisfies certain 
conditiona which have been otherwise established when the 
multiplier assumes a particular form: it follows, therefore, that 
the meaning of the term multiplication is modified by the as- 
sumed result, and consequently that the result cannot be con- 
sidered as a necessary deduction from the original and obvious 
meaning of the term. 

141. The use of symbols, whether digital or general, will Great 
lead to many other examples of the use of terms in senses ex- of the 
tremely remote from those which they naturally possess, and will ™^ii^s 
be exemplified, as we shall afterwards find in symbolical Algebra, arising 
not merely in the varied meanings of the terms which express i^™JSa- 
the frindamental operations of algebra, but in many others : and ^ion of 

it will be found, that however great is the licence which we and other 
thus assume in the use or abuse of terms, that it will be totally 'c*^*^* 
inadequate to meet the almost endless variety of interpretations 
of svmbolical results which the difi*erent circumstances of their 
application will be found to render absolutely necessary. 

142. In determining the form of the result of the division of The quo- 
one fr-action by another, it is merely necessary to consider the Sfvilionof 
inverse relation oUhe operations of division and multiplication to one fraction 
each other: a relation which is established from the primitive ^"*° 
meaning and application of these terms, and which must continue 

to be preserved, whatever be the variety of meaning which they 
may be destined to acquire in the various circumstances of their 
application : thus^ if the quotient of the division of the fraction 

CO 

j by -T be re^luired^ it is merely necessary to determine the 
fraction idiich multiplied by the divisor j- will produce the 

dividend -j: this is obviously —ji for the product of —-. and t 

Hoc c 

is -r-i, which is equal to n- (Art. 97.) 
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Rules for 143. It may be convenient to state in words the rules foi 

plication the multiplication and division of fractions. 

^nof^. ^^^ numerator of the product of two fractunuy is the produd 
tioQs. of ilieir numerators: its denominator is the product of their deno- 

minators. The numerator of the quotient of one Jractian divided 
by another, is the product of the numerator of the dividend and cf 
the denominator of the divisor; and its denominator is the product 
of the denominator of the dividend, and of the numerator of the 
divisor. 

Tomultiply 144. Xo multiply a fraction or number by - is the same 

anumberor * ^ a 

fraction by thing as to divide it by a : and to divide a fraction or 

"" is the 1 , 

^ number by - is the same thine as to multiply it by a. 

same thing ^ a ® fjj 

as to diviae 

it by a and These propositions^ which are frequently referred to, are im- 
convene y. |j|^||^^ corollaries from the rules in the last Article : for the pro- 
duct of -J and - = -J X - , 
d a d a 

= j= —5= j-rfl (Art 131.) 

axd ad d ' 

c\ c 

a a 

considering the fraction -^ included between brackets, or placed 
above the larger line, as the dividend, and a as the divisor. 
The quotient of -^ divided by - = -, 4- - 

flxc ac c f A^ lofw 

= , = ^- = -= X a (Art ISO.) 

1 xa a a ^ ^ 

It is very useful to attend to all these varieties of equiva- 
lent forms, which are of frequent occurrence, and which are 
connected with reductions and transformations, which, when 
once understood, are made with great facility. 

Examples. 145. jji^ following are examples of the multiplication and 
division of fractions. 
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(1) The product of -- and - is - — -= ■rr:=-r7- 
^ ^ *^ 4 74x7 28 14 

ro\ rru ^ ^ i? 19 , 35 . 19 X 35 665 5 

(2) The product of -^ and —- is -? — — = — -r;; = -, re- 
^ ^ ^ 21 57 21 X 57 1197 9 

ducing the product to its most simple terms. 

(3) The product of 7^ and 8^, or of —- and ^ 

. 64 X 107 ^ 6848 1712 
** 9 X 12 ~ 108 " 27 * 

/M\ rr» _i^i.l 2 3 -4. 1x2x3x4 1 

(4) The product of -, -, - and - is - — - — - — - = -, 
^^ ^ 2 3' 4 5 2x3x4x5 5' 

striking out the common factors of the numerator and de- 
nominator. 

(5) The product A and A (Art 39), 

(6) Theproductof jLand^ is j^,ji^=j^^ 
(Art 44.) 

(7) The product of 4^ ^7 s o^ ^* ®^ ®^ "F ^^^ o — k> 

.^33 , 3 . 33 X 3 99 
or if -— and —- is - — ttt = ^^r . 
8 10 8 X 10 80 

(8) The product of 14^ ^ > e o^ 9 and 64, or of — , g , 

4x9 64. 14x5x4x9x64 ,. _ . ^^ __._>, 

— --^, — - 18 75 — =-^^ = 14x2x3x64= 5370. 

5 1 ox 5 

3 3x2 

(9) The quotient of 3 divided by - is — ^— = 2. 

(10) The quotient of - divided by — is -- — --=—. 

5 11 O X f oD 

(11) The quotient rf 5 of | divided by | of f, or of i^ 

divided by - — r, or of - divided by - is = -. 
"^3x4 3 -^2 3 

(12) The quotient of — divided by ^ is ^^~= |. 
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(IS) The quouent of — divided by j^^ is -^^^ 

11 X 100 1100 
13 "" IS • 

1 1 1 X 10^ 

(U) The quotient of j^ divided by j^ is ^y>^ =j 

(Art. 77.) 

1 1 1 X 10^**** 

(15) The quotient of— divided by j^ is ^^ = 1 

• (Art 77.) 

(16) The quotient of | of | of L divided by | of | oi 

or of divided by - — ;; — -, or of - divided by 

. 4 X 5 20 10 
*® 9 X 2 *" 18 " 9 ' 
Decimal 146. In considering arithmetical notation in its most gem 

superior form^ we may assume the existence of a scale of units ind 
units. nitely continued, both ascending and descending, where e 

succeeding unit is one tenth part of that which precedes 
upon such an hypothesis nine digits and zero will be com 
tent to express any magnitude, which is capable of being 
pressed by the units of such a scale, and what is not less 
portant, we shall be enabled to pass at once from the expresi 
of numbers, by ordinary numerical language, to their correspo 
ing expression, by means of nine digits and zero, and c 
Immediate versely: thus fifty seven thousand, four hundred and twe 
o^menU ^^S^^f immediately becomes 57428, by merely writing in s 
langua^ cession the digits which represent the numbers >St;e, seven, Jl 

into anth- i.,,. -, i.i /.i • ^ % 

roetical two, and eight, bemg the multiples of the units of the st 
ax^con- expressing severally ten thousand, one thousand, one hundi 
versely. ten, one or the primary unit: in a similar manner, eig 
thousand and nineteen becomes, in this system of ar 
metical notation, 80019> there being no units or multiplet 
them 'in the expression of this number which correspond 
one thousand and one hundred in the general scale of units: 
is this immediate transition from ordinary numerical langu 
to the equivalent expressions by means of arithmetical sj 
bols and the exact correspondence between them, which c 
stitutes the great superiority of the Arabic system of numerati 
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above that which was known to the Greeks and Romans and 
the other nations of antiquity. 

147. If the continued decimal subdivision of primary units Decimal 
of weights and measures and of specific magnitudes generally^ b^rio? 
had been sanctioned by usage^ and if the inferior or subordinate ^i^*. 
units which thence arose> had been expressible in ordinary inferior de- 
language^ the transition from such numerical language to their cor- cimalumti*. 
responding expression in arithmetical symbols^ would have been 
equally simple and immediate^ as in the case of multiples of 

the primary unit: but as in the latter case, the digital multi- 
ples of the superior units in the scale are placed to the left 
of the primary unit^ the higher the more remote, so likewise 
in the former case> the digital multiples of the inferior units 
are placed to the right of the primary unit, the lower the 
more remote : and in order to mark the position of the primary 
unit and the separation of the scales of the superior and in- 
fericMT unita, it is usual to place a 1^ to the right of the pri- 
mary unit and to the left of the inferior units, which is termed 
the decimal point. Thus^ if the units in this descending scale 
were named primes, seconds, thirds, fourths, &c. with reference to 
the primary unit, whatever it might denote, we should express the 
sum of three primes, four seconds, seven thirds, and mnejburths, 
hy .3479: and if the magnitude which was required to be ex- 
pressed numerically comprehended both superior and inferior 
units, such aa three thousand, four hundred and six, four se- 
conds, eight tiurds, and five Jifihs, it would be represented by 

3406, 04805, 
the zeros taking the places of those units in the scale, whe- 
ther superior or inferior, which are not comprehended in the 
number which is required to be- expressed by means of arith- 
metical symbols. 

148. Though the numeral language of no nation* (which Conve- 

must express generally the customary subdivisions of primary ^'^f^^i^at- 

tend the 
• The French syetem of weights and measures was accompanied by a cor- adoption of 
i«Bpondins numeral language, admirably adapted to its purpose, and which has g^^]^ ^f 
pvtitlly forriTed the general abandonment of their system of decimal subdivisions, subordinate 
The Greeks from the period of Ptolemy adopted the sexagesimal division of unitf^. 
pnmary units, which survives in our subdivisions of a degree and of time : as 
^r sjfitem of arithmetical notation was not adapted to a scale of units, and as 
M arithmetical proceaees were consequently limited in their extent, and ex- 
tremely 
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units, whatever they may be) is adapted to the decimal scale 
of inferior units, yet the ^eat convenience of a uniform scale 
of notation, comprehending equally all magnitudes, and leading 
to uniform and simple arithmetical processes, has lead to the 
general adoption and use of the inferior as well as the superior 
decimal scale of units, notwithstanding the necessity which it 
imposes of departing from the customary subdivisions of specific 
magnitudes, and the consequent separation which it requires 
of arithmetical notation and ordinary language : it is true, indeed, 
as we shall afterwards shew, that there are many very simple 
subdivisions of a primary unit, and therefore many magnitudes* 
which are not expressible by any finite succession o£ such iiip- 
ferior units : but in all such cases, we are enabled to approximate 
as near as we choose to the expression of the magnitude in ques- 
tion, though the actual and finite numerical expression of the 
magnitude itself may be unattainable*. 

Decimal 149. We shall now proceed to examine the theory of arith- 

or wholf^ metical operations with numbers adapted to this extended 
numbers, decimal scale. 

It is usual to designate numbers which comprehend units 
of the descending scale as decimals, to distinguish them from 
such as are multiples of the primary unit or integrals: it will 
be found, however, that there will be no essential distinctioa 
in the theory of arithmetical operations upon them, the units 
of which they are composed being only distinguished fitmi eadi 
other by their position in the scale. 

tremely difficult in their application, particularly in the treatment of fractioDS, tbe 
sexagesimal was nearly as well adapted as the decimal scale to their syttem 
of arithmetic, and possessed some advantages in the great number of divisors of 
the radix of its scale. Astronomers have continued to retain the use of the 
sexagesimal division of the degree and of time, partly in consequence of the 
influence of habit and of names, and still more from a sense of the great b- 
conveniences which would accompany a change, as rendering comparttiTely 
useless the great mass of tables and instruments which have been constructed 
or divided in conformity with this scale. 

* If a series of weights, the primary units being 1 lb. avoirdupois or any other 
customary standard weight, were constructed according to this scale, upwrnids 
and downwards, nine for each unit in the scale, it is obvious that it would enable 
us to weigh any mass, whose weight is a multiple of any unit in the soak, 
however remote from the primary unit or decimal point, and also to approximate 
indefinitely to it, in case it should be incommensurable with any unit in the soak 
whatsoever. 
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150. Numbers, whether decunal or inteirra], may be multi- Numbers 

Kcncrsllv 

plied or divided by powers of the radix 10> by merely altering maybe 
the position of the decimal point or of the place of the primary ™"]f '^Jfj 
units, without any change in the significant digits which express by powers 
them, or in their order of succession. ^ mere' 

In order to prove this important proposition, it will be con- of^tKix^po- 

venient to premise the two following Lemmas : sition on 

the scale of 

151. LEMifA I. The order of a digit of any order will be ^^- ^ 
raised n places, if it be multipbed by l(f. of a digit 

will be 
If a be a superior digit of the nt^*^ order, denoting a multiple raised 

a of the superior unit KT, (Art 146.") or be a multiple of the ^JiSpU^^ 

primary units equal to a x KT, then by 10*. 

a X l(r X !()• = fl X l(r +" (Art 41.) : 

or, in other words, the order of the digit is increased by n, 

or a becomes a multiple of the superior unit 10'"'^". 

If a be an inferior digit of the m^ order, equivalent to 

rri, or be a multiple a of the subordinate unit -— , then 
10" '^ ICT 

when n is greater than m (Art. 77.)> ^^ = ^f when n = m, 
or = ^^ , when m is greater than n: or, in other words, 

the inferior digit a of the wi*** order will become a superior 
digit of the order n — m, or will become a digit of the primary 
units simply, or will continue an inferior digit of the order m-n, 
according as m is less, equal to, or greater than n : and in all 
these cases its order is raised by n places. 

152. Lemma II. The order of a dicit of any order will IJe order 

of a digit IS 
be depressed n places, if it be divided by 10". depressed 

Let a be a superior digit of the order m, then by being 

a X 10- a J^\d®? 

^y = a X lO-"", or = a, or = j^rr;;, ^^ ^^• 

according as nt is greater, equal to, or less than, n: in all these 
cases its order is depressed by n places. 

Let a be an inferior digit of the order m, then 

or a becomes an inferior digit of the order m + n, and its order 

is therefore depressed by n places. 

I, 
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Product of 153^ If ^g multiply a number and therefore its succ 

a number, , , * ,•' 

whether digits, expressing multiples of different orders of units, wJ 

not! by iS*. superior or inferior, by l(f, we raise the order of each of 

by ft places, (Lemma I. Art. 151.), and we therefore n 

the place of primary units, or the decimal point, n pla( 

the left, without altering the digits themselves or their on 

Kx am pies. 



succession. 




Thus, 






31.245 X 10" = 3124.5 




31.245 xlO« = 31245 




31.245 X 10* = 312450 




.00045x10*= .45 




.00045 X 10* = 4.5 




.00045 X 10» = 45 




.00045 X 10' = 45000. 



A decimal 154. A decimal number becomes integral, if it be mull 
comes inte- hy a power of 10, whose index is equal to the number < 
P^^^y 1 cimal places: for under such circumstances, the decimal 
tipliedbja is removed to the right by a number of places equal 1 
fo^whose ^i^d^x> '^^ therefore just beyond the limit of the decimal pL 

index is nni. - 

the number ^™*' ^^^, ,^ . 

of decimal .0004 x 10* = 4 

^'*''^* 74.269 X 103 = 74269 

.0000001x10^= 1. 

Integral- This transition from a decimal to the correspondinir 

md S^^ number, which arises from the obliteration of the d< 

point, is very frequently required, and it may be conveni 

term the whole number which thence arises, the integralized dt 

Quotient of 155. If we divide a number and therefore its succ 
whether digits, expressing multiples of orders of units, whether ii 
nordivi^ or superior, by 10", we depress the order of each of them 
by io*. places, (Lemma II. Art. 152.), and we therefore remove the 
of primary units, or the decimal point, n places to the right, 
out altering the digits themselves or their order of successioi 

Examples. > Thus, 



31.245 
10« ~ 


.31245 


31.245 


.031245 



83 

31.245 



10* 

45000 
10* 

45000 
10* 

45000 
10* 

45000 
10* 



= .003124.5 



= 450 



= 45 



= 4.5 



= .45 



156. A decimal number may be converted into an equiva- Convenion 
lent fraction, whose numerator is the integralized decimal, (Art malintoan 
154.), and whose denominator is a power of 10, whose index is equivalent 

the number of decimal places. whose de- 

For if the decimal number in question be multiplied by ia a power 
such a power of 10, (whose index is the number of decimal ^^ 
places), the decimal will be integralized, (Art. 154.): and if the 
integralized decimal be subsequently divided by the same power 
of 10, which was before employed as a multiplier, the frac- 
tion whidi arises will express the value of the original decimal, 
inasmuch as it has been multiplied and divided by the same 
nmnbcr, (Art 97.)- 

Thus, 

31.245 X 10* 31245 



31.245 = 



10" 1¥ 

.045 



45 



45 
.00045 = 



4.167894 



10* 

4167894 
10* 



157. Conversely, a fraction whose denominator is a power Conversion 
of 10, may be converted into an equivalent decimal, by omitting 2on v^oie 
the denominator, and striking off in its numerator a number denomina- 

^ decimal places equal to the index of 10 in the denomi- power of 

nator. 1^ i'^to an 

equivalent 

This is the converse of the proposition in the last article: ^®cimal. 
it is merely dividing the numerator by a power of 10 equal to 
the denominator, in conformity with the rule in Art 155. 
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Thus, 

714 

— j= .0340 or .034 

1234 

-~f = .00001284. 
10' 

Convereion i5g. If the denominator of a fraction be not a power of 
intoequiva- 10, it may, in many cases, be converted into an equivalent 
I^a/c**^^*' fraction, whose denominator is a power of 10, and therefore 
into an equivalent decimal of a finite number of places. 



mals. 



Fractions Let the fraction in question, in its lowest terms, be x* ^^ 

wliich are 6 

convertible a a x lOT 

inta finite j- = y — —-- (Art 97'); and if the denominator 6 be a divisor of 

decimals, b 6 x 10" "^ "^ ^ * 

10", the fraction will be reduced to the form -£, where 

10" 
p = -r~ 9 and consequently to a decimal of n places. 

Proof. Every number which is prime to a and to 10, is prime to 

ax 10", (Art. Ill, 112.): and therefore if b, or any factor of i, 
be prime to 10, {b is assumed to be prime to a), it is prime 
also to a X 10": but inasmuch as 2 and 5 are the only num- 
bers less than 10 which are not prime to 10, it follows that 



Examples. 



in no case can the fraction -r be reduced to the form —^ and 

b 10" 

therefore to a finite decimal of n places (Art. 15?.), unless the 
factors of b be the numbers 2 and 5 only. If however the denomi- 
nator b be resolvible into factors which are powers of 2 and 5, 
one or both, and if it be, therefore, of the form 2" x 5', thai if n 
be taken equal to the greater of the two numbers r and #, we 

unxij" ^^10" ax2"x5" a x 5^ .^ j -i. u 

shall nnd t = r — 77^7= r; — z: — zz^ = ^^ , if n = r and if r be 
6 6 X 10" 2'x 5'x 10" 10^ 

a X 2*^ 
greater than s, or = — ■ - , if n = * and if ^ be greater than r; 

the first of which is a decimal of r, and the second o£ s, plaoei* 
Such fractions ahne produce equivalent decimals of a finite 
number of places. 

Thus ? - - - 3 x 10* __ 3 X 2' X 5' _ 3 x 5» _ 75 _ 
"^ 4"2»'"2*xl0»~ 2'xlO" ~ "lO»~ " 10* "^ '^^ ' 
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7 7 X 10» 7 X 2» X 5' 7x2* 56 



125 5» S'xlO' 5'xlO' 10^ 10* 

1 10* 2*x5* 5* 25 



= .056. 



2* X 5* 2* X 5* x 10* 2* x 5» X 10* 10* 10000 



= .0025. 



159. Fractions, in their lowest terms, whose denominators Fractions 

not of the form 2' x 5% can always be converted into de- ^nvertiWe 

als which never terminate and whose diirits sooner or later »°*o indefi- 

, . , " nitedeci- 

ir by periods. malsonly. 

Let Y he such a fraction in its lowest terms^ whose deno- 
o 

ator is prime to 10 and therefore to its powers (Art. 112.), or 

ch contains factors which are so : it will follow therefore that 

10" divided by b, will never give a complete quotient, what- 

: be the value of n (Art. 158.); and since a is a whole number, 

i obvious that a x 10* will be expressed by the digits of the 

iber a followed by n zeros* : but r =t :r-> whatever n may 

^ box 10" ^ 

and we can therefore proceed to divide a x 10" by b, and 

tinue the process as long as we choose : if the order of the 

its of the dividend be raised n places, and if the remainder 

Q the division be r, the quotient will be a decimal number 

I places (Art. 158.), and the remainder will be expressed by 

--— . It is obvious that by the continuation of this process^ 

remainder j — — — , since r is less than 6, may be made as 

6 X 10" '' 

ill as we choose^ and that consequently the decimal quotient 
•f be made to approximate, as near as we please, to the true 

le of the fraction j- : but, however long this process may be 

tinued, this remainder can never disappear, and consequently 
finite decimal quotient can be obtained which is accurately 

lal to the fraction j, unless its denominator possess the pe- 

iar composition which we have noticed in Art. 158. 

160. Again, since the remainder r is always less than b, Theinde- 
i since the process of division, as soon as the dividend be- mals which 
IS to comprehend the zeros which arise from multiplying arise from 

by powers of 10, can, under no circumstances, produce cur by 

Deriods 
• Thus 37 xlO« = 3700: 14x10^ = 1400000. 
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more than b — i remainders different from zero and from b, it 
follows necessarily^ that the same remainders must recur at 
least within b- 1 operations^ and that they consequently must 
produce a similar recurrence, in the same order, of the divi- 
dends to be divided and of the corresponding digits in the 
quotient : it is for this reason that the indefinite divisors whidi 
arise from such fractions, must sooner or later become periodic 
or recurring, and that the number of places included in each 
period must always be less than the denominator of the frac- 
tion in its lowest terms. 

Examples. 161. The following are examples: 

(1) To convert - into a recurring decimal 

3 

3J 1.00000 

The decimal places commence with the first introduction of 
the new added zeros in the dividend, (Art. 1590* 

1 . 

(2) To convert - into a recurring decimal. 

1) 1.00000 

.U285714S857... 

The recurring period 142857 comprehends in this case 6 
places, which is less by 1 than the divisor : if we take the soc- 

ui rl ,23456 
cessive multiples of-, namely -, -, -, -, the recur- 
ring periods will consist of the same digits : and if we further 
suppose those digits placed round a circle, the successive pe- 
riods will be formed of those digits in the same circular* order 
as follows: 

^= .285714285714... 

1= .428571428571... 

4 

-= .571428571428... 

* Thb will be at once seen if the digits are arranged thus, 

1 

7 4 

5 2 

8 



I 
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^= .714285714285... 
7 

-= .8571428571*2... 



(3) 



(♦) 



(5) 
(6) 
(7) 
(8) 



(9) 



1- 


[. 


f- 


1.142857142857... 


1 

9" 


.1111... 


1 
99" 


.0101 . . . 


1 
999 


.001001 . . . 


1 
9999 


.00010001... 


8_ 
9" 


.oooo ... 


98 
99 


.9898 . . . 


47 


.00470047 . . . 



9999 



If the denominator of the fraction be 10*- 1, or be expressed Fractions 
by n times the digit 9 ^i^ succession, each period of the recur- of whose 
ring decimal will consist of n places, and the significant digits fo^^^g^g*],. 
in each of them will be those of the numerator, unless the 
numerator be greater than the denominator, in which case they 
will be those of the remainder which arises from its division by 
the denominator: we shall have occasion to notice this fact 
more particularly in the next article. 

(10) — = .941 1 764705882352 . . . 

The recurring period consists of l6 places. 

Fractions, in their lowest terms, whose denominators are 
19, 23, 29, 47, 59, 61, 97, 109, 113, 131, 149, 167, 181, 193, 
will produce recurring decimals, the number of places in each 
of whose periods reaches the extreme limit, namely, one lesa 
than the denominator d. 
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(n) 



41 



= .024S9024»9... 



To deter- 
mine the 
fraction 
which is 
equal to 
a given re- 
curring de- 
cimal. 
When the 
decimal 
comprises 
recurring 
periods 
only be- 

{ finning 
rom the 
decimal 
point. 



(12) g- = .014925373134S28S5820895522S880597. . .•- 
The recurring period consists of 33 places. 
(IS) ^ = .523809523809. . . 

(14) ^ = .020408163265306122448979591836734698877551. i 
49 

The recurring period consists of 42 places. 

162. The converse problem of determining the fractioo 
which will produce a given recurring decimal will admit of 

very easy solution: for if -- ; , (Art, l6l. Ex. 90 b* • 

proper fraction, it will produce a recurring decimal^ the signi- 
ficant digits of each of whose periods of n places express the 
number p: it will follow therefore, that the eqnlYalent fracCiom 
corresponding to such recurring decimals, will be formed hj 
placing the integral number, which each complete period ex- 
presses, in the numerator, and 10* - 1, or a number of ff* 
equal to the number of places in such periods in the denoni- 
nator: such fractions may be subsequently reduced^ when pne> 
ticable, to their lowest terms. 



Thus, 



**i f %j I • * . — - • 



.027027 . . . = 



99 
999 



37 



When the 

Fepetition 

does not 

commence 

from the 

decimal 

point. 



10989 I 
i)109890l0989 = ^z~- = — . 

999999 91 

163. Inasmuch as the multiplication and division of deci- 
mals by 10"* will remove the decimal point m places to the left 
or to the right, and consequently may place the commencement 

* There are many curious propositions connected with these conT«nioM «( 
fractions into recurring decimals, whose demonstration requires t knowMis «f 
some important propositions in the theory of numbers : thus if the denomiaakir 4 
be a prime number, the number of places in each period must be it ^ 1^ or a w^ 
multiple of it. The property of numbers upon which this propositioii diipca<i, 
is demonstrated in Art. 530, Chap. x. of this volume. See also i Memoir by 
John Bernoulli,, the younger^ iit the Berlin Memoim for 1771. 
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'peating period m places before or after the decimal point, 
How that the value of the circulating decimal^ which re- 

il be expressed by /^ in one case, and by j^ — nTrlTTN 
)ther. 

3 1 

; repeating period being removed 2 places to the right 
lecimal point. 

243Q 271 

.000024392439. . . = ,^. Z.^^ = . . . ;.ww^/^ * 

10*x9999 11110000 

t repeating period being removed 4 places to the right 
decimal point. 

10" X 125 12500 
12.5125 . . . = — -— =- = -~;r-, 

999 999 

St repeating period being removed 2 places to the left 

decimal point. 

In some cases the repeating period will commence at When the 
in pointy and the preceding part of the recurring ded- partly re- 
bether integral or not, will not partake of the repetition: ^^Sj^St!* 
case, we must add the number or equivalent fraction 
expresses this non-repeating portion, to the fraction which 
;es the value of the repeating portion of the decimal. 

.s, 13.076923076923... = 13.^ = 13.^ = ^. 

.636464... =i2.,_64=^. 

100 100 X 99 9900 

.3.94230769230769... = ?^.-J^2i^=^. 

100 100x999999 52 

the first of these examples 13, in the second .63, and 
third 13.94, forms no part of the recurring period. 

). In the three last Articles we have determined the A^^ repeat- 
n whose conversion will generate any assigned repeatifig mSls,whe- 
d : and it is obvious, from the process which we have J**®' ^^^' 
id, that there exists no such repeating decimal, which are genera* 
lot admit of being generated by an assignable fraction. fi,^^^j^. 
e also further authorized to conclude, that a decimal in*tions. 
ely continued, whose terms follow no assignable law of 

M 
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succession or which never recur^ willH[>e incapable of bein| 

generated by a fraction whose terms are any fuiite number 

Non-re- whatsoever : for if it were so^ the digits of the equivalent de 

chnais^in- ' cimal must be repeated within a number of places^ as an 

deEmtely extreme limit (Art l60.)> which is less than the denominator ol 

continued , , '\ 

express in- the fraction : such indefinite decimals^ whenever they occur, maj 
rab^rmag"- be considered as incommetuurabU, inasmuch as they express no as- 
nitudes. signable multiple of a subordinate unit, however small it may be. 

Thefrac- 166. The fraction which generates an assigned repeating 

generates a decimal^ may be also considered as its sum, or as the result 
decbia"^ of the aggregation of all its terms or periods ind^mldy con- 
may be tinued. When such terms or periods^ as in the case of repeat- 
as its sum. ^"g decimals^ diminish rapidly, it is very easy to shew that a 
Jiniie number of them may be determined, which will differ 
from the entire sum, as defined above, less than any fractional 
number (Art. 96, Note.) which can or may be assigned: thus if 
the repeating decimal be regular or consist of repeating periods 
only, commencing from the decimal point, (Art. l62.), and if p be 
the integral number, which corresponds to each period of n places, 
then the decimal may be replaced by the indefinite series 

£— + -i-=- + -^ + . . . tn infinitum ...•(!). 
10" 10*" 10*" ^ ^ ^ 

If we express the fraction which generates this series (l)i 

which is — ^ — by s, we shall also express the fraction whidi 

generates the series which arises from dividing each of its terms 
by lO'", or 



|Qr«-fn iQrN-fSa \Q^^^^ 

by —— (Art l63.): if we now subtract the second series (2) 

from the first (1), we shall get the value of the sum of its r 

first terms, or 

p p p 

10""^ 10'" "^ *" 10'" 
I 

* Thus the decimal .333... is equivalent to the series 

3 3 3 

... 

and the decimal .125125125 is equivalent to 

125 125 125 - . . ^ 
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lich is «— i-v^: <uid it is obvious that a value of r may 

s 
irays be assigned which will make — ^^ less than any fractional 

imber or than any subordinate unit which can be assigned: it 
Hows therefore, that the result of the aggregation of a finite 
imber of the terms of the series (I), and therefore of the decimal 
hich it expresses, may be made to differ both from s and from 
le result of the aggregation of all the terms of the series, by a 
actional number which is less than any that can be assigned : 

e therefore conclude that s or Jl correctly expresses its sum. 

167. We speak of quantities as being arithmetically equal, ^^^^^j. 
hich differ from each other by arithmetical quantities which cal equal- 
re less than any which can be assigned : in comparing mag- ^^^* 
itudes of the same nature, we consider them either as equal 

r as different, and we are incapable of conceiving a difference 
hich is less than any which is assignable : it is for this reason 
lat we consider the absence of any such assignable, and there- 
>re conceivable, difference as the test of arithmetical equality : 
r in other words, we assume all quantities in arithmetic to be 
pal, whose differences are less than any which are assignable*. 

168. It is in this sense also that we consider the results The results 

f operations, expressed decimally, whether repeating or not, Jions^Jx- 

is in the case of incommensurable quantities, Art. l65.) as con- p.ressed de- 

^ ' , cimalJy arc 

nually approximating to the true results and as ultimately capable of 
qual to them : for under such circumstances, if we assume any approxima- 
umber of terms as representing the result which is required, tlou. 
he sum of the remaining terms will be necessarily less than 
he next ascending unit, and probably less than half of it : in 
ither words, if r such terms be taken after the decimal point, 

iie simi of all the remaining terms must be less than jrr; , and 

is probably less than ~ — u^^' ^^ ^oWovr^ therefore, that the pro- 

t 

* Equality both in Geometry and Arithmetic is determined by definition, though 
^ach definitions are not arbitrary, but such as most accurately express our concep- 
ttoQ<; of their subjects, which have an existence in our minds antecedently to 
the definitions themselves. 

t Since - = .333 ... and therefore 1 = 3 x - = .91)9... it follows that ttt- will be 

<^^nwl to a scries of O*, with r zeros interposed between them and the decimal 

point : 



■{ 
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bable error^ or defect from the true result required, becmnes less ! 
and less the further the operation is continued, and may be 
made less than any arithmetical quantity which can be assigned 

Allmagni- 169. It thus appears that decimals, either definite or in- 
thercom- definite, are competent to express the values, not merely of 
OT^^^om^^^ ^^^^^'"^^^'^^^^^^ magnitudes, which are multiples of some assign- 
mensurable, able subordinate unit, but also of such as are incommeMurabltt 
hy nine di- (Art. l65.): for there are no magnitudes existing between limits 
Si^.^ of values which are expressible numerically, to which an inde- 
finite approximation may not be made : thus, if - and t be two 

such limits, expressible by means of decimal notation, we can also 
express by it 

1 J_ 1 A 1 » I 

where we may suppose - + —- to be less than t» «nd - +-rTr 

to be greater than •=-, or that the series is continued until we find 
two successive terms which are respectively less and greater than 
7 : it will follow therefore, that the incommensurable magnitude 
in question will differ from some one of those which are expressed 
by the terms of this series by a quantity less than — ^ : and by 

taking r as great as we please, we can make — less than any unit 

which can be assigned ; or in other words, we can approximate 
indefinitely to the numerical expression of incommensurable mag- 
nitudes: it is in this sense that we suppose it possible to express 

point : if therefore the first r decimal places be aggregated together, their tarn 
will differ from the sum of the digits of the result of the same operatioi 

indefinitely continued by an arithmetical quantity less than -r^ or the next as- 
cending unit : for it is obvious, that the sum of the terms of the remainiBS 
portion of the indefinite result will be less than the sum of an indefinite series 
of 9*, placed in the same successive places : and also since, if a nomber of 
digits be taken at random, the chances are, that the greatest number of then 
will be not greater than 5, it follows also that, if each of the digits of this re- 
maining portion of the result be replaced by 5, it is probable that the error 
committed by neglecting them will be less than the sum of such a series of d** 

4 1 

which is equal to r — r^ and is therefore less than ^""Vq^» 
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;very gradation of magnitude, whether continuous or not, by 
Deans of nine digits and zero. 

170. The operations of addition and subtraction in Arith- Operations 
netic, require that digits of the same order, or like digits, andsub- 
^hether superior or inferior, should be placed underneath each ^™*^^°°* 
)ther, preparatory to their being added together or subtracted 
Tom each other; for without such a previous arrangement, it 
irould be difficult to avoid, in performing these operations, con- 
bunding digits of different orders with each other : and inasmuch ,?**^*J5*? ®^ 
IS the decinud point determines the position of the primary 
inits, it likewise determines the position of digits of all orders. 

171. The identity of the units of the digits placed under- Operations 

earned on 
leath each other being thus ascertained, the operation of addition from right 

ir subtraction is carried on from right to left, beginning with ^ *®^- 

he extreme digit, so as to allow of the conversion of the digits 

>f one order into those of the order next superior or inferior : 

n addition, we transfer multiples of ten to the next superior 

irder: in subtraction, we borrow, when necessary, a unit from 

he next superior order, and convert it into ten units of the 

)rder next inferior to it : it is this mutual transfer of units from 

me order to another, which renders it necessary to carry on 

he process from right to left : if we should proceed from left 

o right, the digits of the sum or remainder could not be ab- 

olutely or finally determined, as the process proceeded, without 

«ference to those which succeeded them. 

172. The following are examples: Examples, 

(1) To add together 769.1234, .00024 and 24000. 

769.1234 
.00024 
24000. 

24769.12364 

In this example no transfers are required, and the result 
would be obtained with equal readiness, whether we proceeded 
from right to left or from left to right. 

(2) To add together 74.8495, .06947 and 365.000748. 

74.8495 

.06947 
365.000748 

439.91 97 18 
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In this example^ 5 transfers or conversions of 10 into a unit 
of the next superior order are required : if the process was car- 
ried on from left to right, it must stand as follows: 

74.8495 

.06947 
365.000748 

339.808618 
Add digits carried 1 1111 

439.9197I8 

(3) To subtract 4.32015 from 5.46427- 

5.46427 
4.32015 



1.14412 



In this example no digits are borrowed. 
(4) To subtract 71. 96405 from 100.24162. 

100.24162 
71.96405 

28.27757 



If the process had been carried on from left to right, it would 
have stood as follows : 

100.24162 
71.96405 

139.38767 
Subtract digits borrowed 111.11 1 

28.27757 

« 

Zeros are ^73. The use of zeros in arithmetical notation is merely 

suppressed subsidiary to the determination of the positions of the signifi- 

required for cant digits, and whenever such positions are sufficiently deter- 

^*^'*^ti(m' ''^'"^ ^y succession, by their known orders, or in any other 

oftheposi- manner, it is usual tb suppress them, in conformity with the 

niTcant**^ great principle which ought to characterize all processes in 

digits. Arithmetic and Algebra, of writing no sign or symbol whatever 

which is not required for the performance of the operation, or 

for the distinct and unambiguous exhibition of its result. Thus if 

it was required to add together a series of numbers 1234, 
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2345, 3456, 4567, whose final digits are known to belong to 
successive descending orders, it is usual to write them as follows: 

1234 
2345 
3456 

4567 
1507627 



and if the order of the first or last of these digits is known, 
the position of the primary units or the decimal point is deter- 
mined: thus if the final digit 7 be of the 10'^ inferior order, 
the required sum is .0001507627 : if the final digit be of the 
4^^ superior order, the required sum is 15076270000, and simi- 
larly in other cases: if the final digits of the numbers 1234, 
2345, 3456, 4567, were known to belong to successive ascend- 
ing orders, they would be written as follows: 

1234 
2345 
3456 
4567 

4937284 



and the position of the place of units or of the decimal point 
would be at once determined, as before, from our knowledge of 
the order of the first or last or of any other assigned digit in 
the sum*. 

174. In examining the theory of the arithmetical operation ^^^^ ^^ 
of multiplication^ our first object will be the determination of the the final 

digits of the 
• It may be very easily shewn how much superfluous writing is saved by ™^'tipli- 
tbe suppression of the zeros in the conduct of such operations : thus, if the last multiplier 
digit in 1234 was of tbe fourth ascending order, and if the several numbers to find the 
written at fall length were 12340000, 234500000, 3456000000, 45670000000, the ^H^^j^ ^\ 
process for their addition would stand as follows: digit oftheir 

12340000 product. 

234500000 
3456000000 
45670000000 



49372840000 



where all the leros, excepting those in the first and last line, are superfluous, 
and consequently such ai a properly framed arithmetical rule would necessarily 
exclude. 
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orders of the digits of the product, when the orders of the digits 
of the multiplicand and multiplier are given. 

Thus if a and b be the multiplicand and multiplier, and i£ 
their final digits be of the rri^ and n* superior orders, the final 
digit of their product ab will be of the (m + «)*** superior order. 
(Art. 151.) 

If the final digits of a and 6 be of the m^ and «*** inferior 
orders, the final digit of a 6 will be of the (m + »)*** inferior 
order. (Art 152.) 

If the final digit of a be of the tn^ superior order, and 
that of b be of the n^ inferior order, the final digit of ab will 
be of the (m — n)^ superior order, if m be greater than n, or 
of the (ti — m)^ inferior order, if n be greater than ifi. (Art 
151 and 152.) 

The following are examples: 

Examples. (i) .7000x80000 = 560000000, where 6 is of the 7th «• 
perior order. 

(2) .007 X .0008 = .0000056, where 6 is of the 7th inferior 
order. 

(3) 70000 X .008 = 560, where 6 is of the first superior 
order. 

(4) 70000 X .0008 = 56, where 6 is of the order zero, or in 
the place of primary units. 

(5) 70000 X .00008 = 56, when 6 is of the first inferior 
order. 

(6) 70000 X .0000008 = .056, where 6 is of the 3d inferior 
order. 

It thu^ appears that the order (or position with respect to 
the place of units or the decimal point) of the final digit, 
whether it be zero or a significant digit, of a product, is at 
once known, from the order of the final digits of the compo- 
nent factors. 

Process of l?^. If the operation of multiplication be carried on firom 
irJ c& right to left, the order of the final digits (including «cro) 
on from of the successive partial products will ascend regidarly by unity, 
left of the and we shall thus be enabled to write down their sum finom 
Snd!^** right to left, by transferring the multiples of ten to the next 
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superior places*: and if we proceed with the successive digits 
of the multiplier from right to \e(t, the orders of the final 
digits of the successive products which arise^ will ascend regu- 
larly by unity^ and their entire sura^ or the complete product of 
the multiplicand and multiplier, will be found by placing like 
digits underneath each other and adding them in the ordinary 
manner: thus the product of 23.45 and 642.9 will be found as 

follows : 

23.45 

642.9 

21105 
4690 
9380 
14070 



15076.005 



The final digit 5, of the first partial product, is of the third 
inferior order (Art 174.): there are, therefore, three decimal 
places in the product. 

176. It is usual to take the digits of the multiplier from The digits 
right to left, or in the same order in which we multiply the tipife^r may 
digits of the multiplicand : it would be equally convenient be taken 
however, to take them from left to right, in which case the to right, 
order of the final digits of the partial products would descend 
successively by unity : thus the example, given in the last Article, 
if treated in this manner, would stand as follows: 

23.45 
642.9 



14070 
9380 
4690 
21105 

15076.005 

177- This second form of the process of multiplication This second 

possesses some advantages above the one which is commonlv f*^™* of the 

^ ^ operation 

• If we multiplied the successive digits of the multiplicand from left to right, caSon leads 
*e should not be able to write down in one line the digits of the partial products, immediate- 
(corresponding to one digit of the multiplier) as the process proceeded, in con- 1^ ^ ^^^ 
sequence of the changes which they may undergo from the transfer of multiples of o^^on 
10 and their conTersion into simple digits of a superior order. ofdirision. 

N 
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followed, inasmuch as it leads more directly and obviously to 
the form of the process for the inverse operation of division, by 
presenting the several partial products, which are successively 
subtracted from the dividend, in the same order in the two open- 
tions: thus, let it be required to divide 15076.005 by 23.45: 

23.45 j 15076.005(^642.9 
14070 

10060 
9380 



6800- 
4690 

21105 
21105 



It is obvious that the sum of the partial products 14070^ 
9480, 4690, and 21105, considered with reference to their 
proper orders, is equal to 15076.005, which is therefore the 
sum of the same series of addends which forms the product 
of 23.45 and 642.9. 
Theory of 173, Thg process of division proceeds necessarily from left 

tionofdivi- to right, determining successively the digits of the quotient in 
the same order, and subtracting the partial products fitnn the 
dividend as they are formed, so as to leave a series of remain- 
ders, from which the highest multiples of the divisor by digits 
of descending orders in the quotient, which are contaiiied in 
them, are successively subtracted : if the result of these operations 
leaves no remainder, the quotient obtained is complete (Art 88.): 
if not, it may be continued until a complete period of the circu- 
lating decimal of the quotient is formed, (Art I60.) which must 
take place afler a finite number of operations : such a quotient, 
as we have already shewn (Art I66.), may be made to approxi- 
mate as near as we choose to its true value. 
Rule for j'Tg^ xiie order of the final or of any other diirit of the quo- 

deterraininK . * , < 1. 1 -ii . , 

the order of tient, may be determmed by attendmg to the following rule. 

of^the quo- If ^^ ^' ^^*g^ 2f '^ dividend, ificluded in any atsigiud 

tient. operation, be of the superior order m, and ike last digit cf tk 

divisor be of the superior order n, the corresponding digit of the 

quotient mill be of the superior order m-n, or of the ixferwr order 

n — m, according as m is greater or less than n. 



If the last digit of the included dividend be of the inferior order 
m, and the last digit of the divisor be of the inferior order n, 
the corresponding digit of the quotient will be of the inferior order 
m - n, or of the superior order n — m, according as m is greater 
or less than n. 

If the last digits of the included dividend and divisor be of the 
fame order, whether inferior or superior, the corresponding digit of 
ike quotient will be of order zero, or in the place of primary units. 

If the last digit of the included dividend be of the superior 
order m, and the last digit of the divisor be of the inferior order n, 
Ike corresponding digit of the quotient will be of the superior 
order m + n. 

If the last digit of the included dividend be of the inferior 
order m, and the last digit of the divisor be of the superior order n, 
tke corresponding digit of the quotient will be of the inferior order 

The proof of all these cases will follow immediately from 
considering the order of the final digit of the product of the 
last digit of the divisor and of the corresponding digit of the 
quotient, given by the preceding rule, as determined by the rule 
given in Art 174. 

180. An arithmetical rule, if it be properly framed, should ^Jf ^°^' °^ 
give the precise result required, without the introduction of super- ing arith- 
fluous terms and in the most simple and expeditious manner: p^c^g. 
thus in the multiplication and division of numbers consisting of 

many places, we may require in the product or quotient no 
digits below a certain order and we may adopt any process 
of abbreviation, which will give us the required digits either with 
perfect or with sufficient accuracy for our purpose. In a similar 
manner irreducible fractions may be required to be expressed 
approximately in lower terms, and rules can be given, not merely 
for determining such approximating or converging fractions, but 
also for estimating the course and degree of their approximation ; 
and even incommensurable quantities, which are not expressible 
by arithmetical notation, may be subjected to similar approxi- 
mations. We shall now proceed to explain some of the methods 
which have been adopted for this purpose. 

181. The conversion of multiples of 10 inferior digits into Abbre- 
simple digits of superior orders, which is the great principle of tiplication. 
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our arithmetical notation^ and the consequent dependence of tl 
superior digits of the product upon combinations of digits of th 
multiplier and multiplicand, whose order is inferior to those i 
the required product, makes it impracticable to determine it 
digits absolutely, without the complete formation and addition o 
all the addends, and, consequently, without the completion of tb< 
entire process of multiplication of all the digits of the muldplicaiK 
by all the digits of the multiplier : if, however, an approximaU 
result is considered sufficient for the purposes required, we ma) 
form the addends by multiplying together those digits only, th( 
final digits in whose products are within the prescribed orders 
for this purpose it is convenient to take the digits of the multi- 
plier from left to right (Art. 176.) : thus, if it was required U 
multiply 347.12567 by 14.0069, neglecting all digits below the 
4th inferior order, the process would stand as follows: 

347.12567 
14.0069 



34712567 

13885024 omitting 7 in the multiplicand. 

20826 do. 2567 do. 

3123 do. 12567 do. 



4862.1540 
The correct result, to the fourth place of decimals, is 4862.1 54« 

Abbre- 182. When the dividend and divisor consist of many place: 

or^ordiaate ^^ ^^ ®^^^ indefinite decimals, we may obtain, in most case^ 
divisio!!. with perfect accuracy, any required number of digits in th 
quotient, by taking a limited number of digits of the true 
as the approximate, divisor, and correcting the successive re 
mainders by subtracting from them the sums of those product 
of the successive digits of. the quotient and of the neglecte 
digits of the divisor whose final digits are severally of the sam 
order with the final digits of the remainders : by this means w 
shall obtain a series of corrected remainders which either coincid 
with, or approximate to, the initial digits of the real remainder 
if complete, and which consequently will enable us to determine 
tentatively at least, the successive digits of the real quotient 
thus, let it be required to find the quotient of 4862.15454712. 
divided by 347.12567: 
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il.l2567) 4862.154547123 (^14.0069000000 KxaiupU. 

34 = 1 X 34, making 34 the partial divisor. 

146 Ist remainder. [6 in 146. 

7 = 1 X 7, for this product is of the same order with 

139 Ist corrected remainder. 
136 = 4 X 34. 

32 2d remainder. 
29 = 4 X 7 + 1 X 1. 

3 2d corrected remainder, less than 34. 
31 3d remainder. 
6 = 0x7-1.4x1 + 1x2. 

25 3d corrected remainder, less than 34. 
255 4th remainder. 
13 = 0x7 + 0x1+4x2 + 1 x5. 

242 4th corrected remainder. 
204 = 6 X 34, taken in defect. 

384 5th remainder. 
68 = 6x7 + 0x1+0x2 + 4x5+1x6. 



31 6 5th corrected remainder. 
306 = 9 X 34. 

105 6th remainder. 

100 = 9x7 + 6x1 + 4x6+1 x7. 

54 7th remainder. 

49 = 9x1+6x2 + 4x7. 



57 8th remainder. 
48 = 9x2 + 6x5. 

91 9th remainder. 
81=9x5 + 6x6. 



102 10th remainder. 
96 = 9 X 6 + 6 X 7. 

63 1 1th remainder. 
63 = 9 X 7. 



The operation is in this instance complete, and an ex- 
nation of it will shew that we have subtracted from th(^ 
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dividend in their proper places the products of all the digits 
of the divisor and quotient: and inasmuch as there is no re- 
mainder^ the quotient which is obtained is complete: the last 
six subtractions give no additional digits to the quotient, and 
are merely required to exhaust the remaining part of the 
dividend 10547123. 

Corre- 183. If we should multiply the divisor and quotient, both 

mode of^ ^f them from left to right, considering the partial divisor which 
'^'^'"sthe ^g have employed as a single digit, and placing underneath 
of two each other in their proper places the products of the successiye 
num ers. ^[g{^ q£ ^jjg quotient, and also of 34 and of the successive 

digits of the divisor, we shall be enabled to obtain the product 

as follows: 

347.12567 

14.0069 

1 X 34 = 34 

1x7= 7 

4x34= 136 

4x7 + 1x1= 29 

4x1 + 1x2= 6 

4x2 + 1x5= 13 

6x34= 204 

6x 7 + 4x5+1 x6= 6S 

9x 34= 306 

9x7 + 6x1+4x6+1x7 = .... 100 

9x1+6x2 + 4x7= 49 

9x2 + 6x5= 48 

9 x5 + 6x6= 81 

9x6 + 6x7= 96 

9x7= 63 

4862.154547123 

In the reverse operation, the quotient is complete as bood 
as its last digit 9 is determined, but the product is not coiB- 
plete without the formation and addition of all the addends: 
this will explain the reason why this process may be a real 
abbreviation for one operation and not for the other. 
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184. Inasmuch as the successive corrected remainders, as Sources 

. I -, , ^1 . , . . of error. 

imished by this process, may be erroneous m excess, m con- 
equence of the omission of the subtraction of all the inferior 
ligits of each complete subtrahend in the operation at full 
ength, there will frequently be an uncertainty in the corre- 
sponding digits of the quotient: it is for this reason, when 
the correction is likely to be considerable (which is very 
easily seen from inspection of the digits which come into com- 
bination with each' other for this purpose), that we take, under 
such circumstances, the digit in the quotient less than its ex- 
treme value, as it would be determined in the ordinary process 
of division: if, however, we should take a digit which is 
too great, the error will always be detected in the next step 
of the process, unless the next digit be 0:* and if we should 
take a digit which is too small, the occurrence of 9 or of a 
succession of Q's in the quotient with continually increasing 
remainders, will sooner or later direct attention to its origin: 
as an example, let it be required to divide 10 by the repeating 
decimal 3.3343334... 

3.334S334J 10.000. . . (3.00 Example. 

9 



10 remainder. 
9 = 3x3. 



10 corrected remainder. 
9=^3x3, 

10 remainder. 

12 = 3 X 4 correction too large. 



It thus appears that the last remainder 10 is less than its 
correction : it follows, therefore, that the digit 3 in the quotient, 
preceding the zeros, is too great. 

* A rule might easily be framed to guide us in most cases (not in all) to 
^ selection of the digit in the quotient, whether it should be taken in defect 
^ not; but it is hardly necessary to propound it, inasmuch as it would encumber 
^ process which, when not complete and therefore not admitting of verification 
^om the result, is generally directed to the determination of an approximate 
^ult only. 
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Abbre- 
viated 
division 
when the 
ori^nal 
divisor 
is to be 
increased 
by the 
quotient 
obtained. 



Again, resuming the process: 

ississsi) 10.000 (^2.99909. . . 

6 



40 remainder. 
6 = 2x3. 



34 corrected remainder. 

27 



70 remainder. 
33 = 2x3 + 9x3. 



37 corrected remainder. 

27 



100 remainder. 
62 = 2x4 + 9^3 + 9x3. 



38 corrected remainder. 

27 



110 remainder. 
96 = 2x3 + 9x4. + 9x3 + 9x3. 

1 40 remainder. 
96 = 2x3 + 9x3 + 9x4 + 9^ 3. 

44 corrected remainder. 

27 

170 

If, in this and similar cases, we had taken a com^ 
period 3.334, of the recurring decimal, for the partial div 
no ambiguity could have occurred in the determination of 
digits of the quotient.* 

185. The same method is applicable to the solutior 
many other arithmetical problems of considerable import 
in different applications of mathematics: thus, if it was 
quired to find the quotient arising from the division of 
number divided by another, increased by the unknown ( 

* In the selection of the partial divisor, it is generally convenient to in( 
a large digit, if succeeded by zero or a small digit ; thus, if 79164321 be 
divisor, it is more convenient to take 79 than 7 for the partial divisor : by 
means the correctioDS of the successive remainders will be smaller num 
and there will be less danger of introducing erroneous digits into the quoti< 
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t 

tient which results, we may solve the problem in all cases 
where the initial digit of the quotient sought for is of a lower 
order than the final digit of the divisor* : thus let it be required 
to divide 1 1 by 12> increased by the quotient of the division. 

118'5'5'6'5'4'; 1 1 .000 . . . (^.855654 Example. 

96 = 8 X 12 : add .8 to the divisor. 

140 = first remainder. 
64 = 8 X 8. 



76 = corrected remainder. 

60 = 5 X 12, taken in defect: add .05 to the divisor. 

160 = 2d remainder. 
80 = 5x8 + 8x5. 



80 = corrected remainder. 

60 = 5 x 12,taken in defect: add .005 to the divisor. 



200 = 3d remainder. 

105 = 5x8 + 5x5 + 8x5. 



95 = corrected remainder. Qdivisor. 

72 = 6 X 12, taken in defect: add .0006 to the 



230 = 4th remainder. 

146 = 6x8 + 5x5 + 5x5 + 6x8. 



84 = corrected remainder. Qdivisor. 

60 = 5 X 12, taken in defect : add .00005 to the 



240 = 5th remainder. 

165 = 5x8+6x5 + 5x5 + 6x5 + 5x8. 



75 = corrected remainder. [the divisor. 

48 = 4 X 12, taken in defect: add .000004 to 

270 = 6th remainder. 

• • • 

The accentuated digits are those of the quotient, which are 
wccessively added to the divisor, in their proper places, as they 
ve formed: the value .855654, which is obtained, is the ap- 
proximate solution of the equation x = -- or jr*+ 12ar = ll. 

X/6 + *c 

* If we call X the unknown quotient, D the dividend and d the divisor, then 
' = •- : it is obvious therefore that x (x + d) = D, or x'+ dx = D, which is, as 

tt + X 

*ill be afterwards shown, one of the four algebraical forms of quadratic equations. 

o 
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We shall have occasion to pursue this subject furthei 
following Chapter on the extraction of roots. 

Import- 186. The conversion of ordinary into continued fr 

theory of ^^^ their subsequent reconversion into a series of fractio 
continued verging in value to the primitive fractions from whi< 
are derived^ forms, or rather ought to form, one of tl 
important departments of arithmetic, not merely as fui 
approximations to them in their most simple terms and th( 
of estimating their closeness, but also on account of their 
the solution of a great variety of interesting problems : i 
this reason, that we shall subjoin to the present chapter, 
theory of their formation and of some of their most useful 
ties ; an enquiry which will involve no algebraical or aritl 
operations or principles which have not already been sufi 
explained or established. 

Convernon 187. Let -j be any proper fraction*, whose terms ar 
of an ordi- A 

coSdnulwi* ^"^^ ^^ indefinite numbers, and let us apply to its 

fraction. A and B the process which ^ we have employed, (A 

for finding the greatest common measure of two nural 

follows : 

B)Ai^a 

'C)B(b 
D)C(c 

• « • 

B 
* If -^ be not a proper fraction, it may be reduced to an equivaU 
A 

number, (Art. 95.), and the process which follows may be applied to 
tional part; otherwise, the continued fraction which arises will corn 

■5- or the reciprocal of -7 . 

D A 

190 
t Thus, if the fraction be ^^rr > ^^ 8^^ 

130; 421 (3 
390 

"31; 130 (4 
124 

6; 31 (5 
30 



i;6(6 
where the quotients are the numbers 3, 4, 5 and 6, and there is no remaind 
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This process may be continued^ if required^ as long as a 

Temainder exists : if the terms of the fraction -7 be finite num- 

A 

bers, it must necessarily terminate^ sooner or later, the last 
dirisor being 1» in all cases where there exists no common mea- 
sure of A and By (Art 104.). 

It will immeiliately follow from the nature of division, (Art 95.) 

tbtt 

A C 

A = aB + C and therefore "5 = ^ + "5* 

B^hC^D ? = *^?' 

^ ^ ^ C E^ 

C^cD + E B'^^D 



Again, taking the reciprocals of the improper fractions 

ABC 

B' ?' D' ^^ ^^'^ ^^ ^^ mixed numbers (Art 9^*) corre- 

spondiog to them, we get (Art 109-) 

B 1_ 

A~ C 

C I 

bT^' 

c T' 



• Thus for the fraction joT » ^c get 

421 31 

421 >> 3x130 + 31, and therefore 135 = 3 + ^' 

l»>»^^31 + 6 f = ^4' 

31 = 6 X 6 + 1 ^ = 6 + i , 

6 = 6x1 Y = ^- 

. T« ., JB 130 ^ , 130 1 31 1 6 



3 + 130 ^ + 31 ^ + 6 



/ 
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1 B C 

If in the value ■ j^ of -j, we replace g by its value 



we shall get 

B 



A 1 y. 

B D 

and if in this second value of -? , we further replace tt 

1 
value , we shall get 



B 


1 








^_ :^ 




BiM 






^ 




1 








a + 


« 


1 


•v^ 






6 + 


c + 


£ 



It is now obvious in what manner this process may t 
tinued, as long as the quotients exists the successive qi 
forming the successive terms of the continued fraction. 

The same continued fraction will result whether the i 

-T be in its lowest terms or not^ inasmuch as the sue 
A 

quotients will be the same in both cases. (Art 110.) 
and if in ai , we replace ys. by a , we get 



^+130 '''*"31 

1^ JL 

^31* 
and if we further replace In this second value of ^oi > oT by its value- 

we shall get 

130 1 

which is a complete continued fraction, formed by the several quotiei 
5 and 6. 
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188. (I) Let the fraction be J^ , 

19) 135 
79_ 
56) 79 

23; 56 (^2 
46 

10^23(^2 
20 



Kxainples. 



S)\0(^S 

_9 

The quotients are 1, 1^ 2> 2> 3 and 3, and the correspond- 
ing continued fraction is 

I 

2^3 + 1 

601 

(2) Let the fraction be ggrg- 

The quotients will be found to be 10^ SO and 30 : and therefore 

601 ^ 1 

6040 " 10 + -- 1 

30 

(3) Let the fraction be nf^^^^ • 

The quotients will be found to be the numbers \, 2, 3, 4^ 
^' ^> 7> 8« 9 and 10 ; and therefore 

5225670 1 

7489051 = 1 + -^^! ^ 

6 + i 1 , 

9^ To- 
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189. If fl, 6, c, d, &c. be the several quotients of a 



The partial 
fractions 

which are tinued fraction, then the several fractions 
formed by 

omitting all ^ ^ | 

the quo- 
tients after 
the first, 
second, 
third, 
fourth, &c. 
are alter- 
nately 
greater and 
less than 
the primi- 
tive frac- 
tion. 



(1) 

(2) 



(3) 



Proof. 



(*) 



a 

i 1 , 

c + 5. 



which are formed by taking one, two, three, four, and so 
these quotients, and omitting all those which follow them 
be alternately greater and less than the primitive fraction ; 
which comprehend an odd number of quotients being gr 
and those which comprehend an even number of them bein^ 

(a) For it is obvious that the first partial fraction 

B 1 
greater than the primitive fraction -^= ^-t" (Art. 144.), 

W 

A 
a is less than -^ or than the complete quotient of the di 

of A by B. 

(6) The second fraction (2) 

i 1 

is less than --r, since a -t- r is greater than r=: for r is gr 
for the reasons just given, than the continued fraction 

d + &c. 
and therefore a + 7 is greater than the complete quotie 
the division of A by B, and consequently, 



Ill 



1 
- 1 



?ss than — ^ or than -7 

A 



® 



c) The third fraction (3) 



i 1 , 

a+ T 1 
c 



reater than -r, since 
if 



i 1 

6 + - 
c 



ss, as has been just demonstrated (6), than the continued 
ion which must be added to a^ in order to make up the 
e quotient of the division of A by B. 

i) The fourth fraction (4) 



1 1 , 



>s than -J, since 
A 

Li , 

3ater, as has been just demonstrated {c), than the continued 
Ion which must be added to a, in order to make up the 
3 quotient of A divided by B. 
he same process of reasoning (c) and (d) will be sufficient to 

that if any one partial fraction in the series is greater than -?, 

lext in order will be less^ and so on for ever: it follows 
fore, that since one partial fraction with an odd number of 

ents is greater than --7, that all other similar fractions 

b have an odd number of quotients are greater than —: 
also, that all the intermediate fractions, alternating with 
, which have an even number of quotients, are less than -j . 
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Conversion 190. The partial continued fractions^ which were the sub- 
of partial j^ct of the last Article^ may be successively reconverted into 
into ordi- ordinary fractions by a very simple rule : it is under this re- 

narv irac- •> w i 

tions. converted form that those properties of such fractions present 

themselves^ which give them their peculiar usefulness in a great 
variety of very important applications. 

In order to investigate this rule, let us represent the suc- 
cessive reconverted fractions by 

P I Pi f P" &c 
q' (f' ^" (f"' f'^' ^^' 

distinguishing the successive numerators and denominators by 
means of accents or by Roman numerals, when their number 
exceeds four, (Art 108, Note) • : we thus get 

P 1 

(1) - = -, or p = 1 and g = a : we shall continue to repre- 
sent the numerator and denominator of this fraction by p and qj 
in order to give greater symmetry to the results which folbw 
and to make the law of their formation more manifest 

(2) ^ = , which is derived from - by putting « + 7 *° 

the place of a : if we ^multiply its numerator and denominator 

by b, it becomes —, , which is the reconverted value of 

•^ ab + 1 

i 1 or of^. 
«+4 9' 



o" 1 
(3) §7 = ^,1 



H) 



^ b+- a[b + -J + l 

1 1 

for fl + 1 1 is formed from a + 1 , 



b+- "^b 

c 



by putting b + - in the place of * ; or from its equivalent 



* Roman instead of common numerals are used for the purpose of distinguisb' 
ing them from ordinary indices. 
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b 



Taction ^^^^ (2), by putting 6 + - in the place of ft : if we 

remove the brackets from [b + -J (Art. 24.), and replace 1 by 
p (1), a by y (1), hhy f (2), and aft + 1 hy (f (2), we shall 



get 

A + 1 p/^f 

c ^ c 
multiplying the numerator and denominator by the quotient r. 

d 

forit is obviously formed from - 1 . by putting ~ 1 in the 

c 

1 p" 

place of c, or by putting c + -1 in its equivalent ^ or 

-; — ^ (3), in the place of c : if we now remove the brackets 

from 



(c + ^j, we easily get 



replacing f/c+p by //' and ^c + q by 9^' (8): if we further 
iQultiply the numerator and denominator by the quotient d, we 

get 

tf" ^'d + V 
The same process of reasoning would shew that 

^dsoon successively until we arrive at the last of the quo- 
tients: it being merely necessary in passing from one fraction 

p 
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Rule. 



to the following, to advance the order of the numerators deno 
by p, of the denominators denoted by q, and of the final q 
tients of each fraction, by unity. 

191. The law of formation which is expressed algebraic 
in the preceding formula, if expressed in words, will form 
following rule. 

The numerator of any fraction, after the second, mil befm 
by adding the product (f the last quotient and of the ulUn 
numerator to the penultimate numerator. 

The denominator of any fraction, after the second, will 
formed by adding the product of the last quotient and of 
ultimate denominator to the penultimate denominator. 

It is only for the third and following fractions that 1 
law becomes applicable : the first is the reciprocal of the J 
quotient; the numerator of the second is the second qnoti 
and its denominator is the product of the two first quotu 
increased by 1. 

The last 192. The last of the successive fractions formed by 

reconverted ^^^ "* ^® ^*®* Article will be the primitive fraction in 
fractions lowest terms: for it is necessarily equal to the entire c 

will be the 

primitive tinned fraction, and the quotients from which it is fon 

i™fte?owe8t ^^ ^® ®*™® ^^^ ^^^•) w^®^®^ ^® primitive fraction be 
terms. its lowest terms or not. 



Formation 
of the two 
fintt 
fractions. 



The 

difference 
of two 
successive 
fractions 
in the series 
(the less 
being taken 
from the 
greater) is 
equal to the 
reciprocal 
of the 
product of 
their deno- 
minators. 



193. The series of fractions -, '-r,, — >... are we; 

q q ff^ 

than the primitive fraction, and the intermediate series 

^, ^i &C. are less (Art I89.): and it may be shewn i 

the difference between any fraction of the first series and 
inferior fraction of the second series which immediately precc 
or follows it, will be a fraction whose numerator is 1 and 
denominator the product of the denominators. 



Thus (1), 



£.g = £2jlS£: (Art 128.): 
q (f q(f ^ 



and its numerator pq[ - qp' = ab -h I - ab = I, replacing p, ^, 
and ^ by their values as given in Art 190, (1), (2). 
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Secondly (2), 

mi iiacep^=p'c+p, Ait.l90,{S), mdif'=^c + q, Art.I90,(8), 

we get 

pr'^=p'ifc + ^p, 

pY = P^^C + qj/, 
therefore, subtracting the second from the first. 



Thirdly (3), 
and since /" = jp"rf + p' and ^" = qf^rf + ^, Art. 1 90, (4), we get 

and therefore 

By successive repetitions of this process, we may shew that 

so on^ until the quotients terminate. 
It consequently follows that 

9 ^ H' 



p" 

9" 


p _ 


9'9"' 


P" 

q" 


p"'_ 

9"'" 


I 
9"9"' ' 


p" 


P'"_ 
9"'" 


1 


9" 


P'_ 
9' 


] 

9'Y' 



. The scries 

^d so on to the end of the series of fractions. of fractions 

formed by 

194. It appears^ therefore, that the difference of any two the rule in 
Consecutive fractions (the less being taken from the greater) is converge 
equal to the reciprocal of the product of their denominators: {^t^*"*/^^ 
^d inasmuch as these denominators, as we advance in the series, of the 
increase perpetually (and also very rapidly when the quotients Fraction? 
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are large numbers) as is manifest from the law of their forma- 
tion (Art 191.)/ it will necessarily follow that these successive 
fractions will approximate perpetually in value to each other^ and 
therefore also to the value of the primitive fraction^ which is 
always intermediate between them: it is from this property of 
such fractions that they derive the name of converging Jractums. 

Examples 195. The following are examples of the formation of con- 

of the for- . 4, . 

mationof verging fractions. 

fractioBs?^ (1) ^^ ^"^ ^ series of fractions converging to the fraction 

1193' 

From the rule in Art 187^ we get 

532 ^ 1 
^*9^%a 1 

The quotients are therefore 2, 4, S, 16. 

The converging fractions formed by the rule in Art 191f *>^ 

I 4 3S 532 

2' 9' 74' 1193' 
the last of which is the primitive fraction.t 

(2) To find a series of fractions converging to 3. HI 59^6 
or to the equivalent fraction 

31415926 
10000000' 

• For q"=q'c + q, q"'=q"d + q', q = 7 "« + 9", and 80 OD. whew the 
quotients e, d, e, &c. are necessarily either 1 or whole numbers. 

t The first of them ^ = i = i 

q a 2 

P b 4 4 

The second - = Tjrri = s — 7 — r = o • 
q aft+l 2x4+1 9 

TK- .K-^ P" P'<^ + P 4x8+1 33 
The third -n = ^/ . ^ = . — ;; — - = rr . 
q qc-\-q 9x8 + 2 74 

Tk f ^u P'" P"^-^P' 83x16 + 4 532 
The fourth Sr. = \. . ^ , -^ — i^T7» = TT7n:- 
q q d + q 74x16 + 9 1193 

In this case also 

q q*-\S' 7 ^'"'666' q" q"' ' M^' 

it hence appears how nearly the fraction rj converges to tt^* 
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• quotients of the equivalent continued fraction are 
3, 7, 15, 1, 243, 1, 1, 9, 1, 1, 4. 

J converging fractions inverted, (for the fraction is im- 
Art. 187, Note,) are 

22 333 355 86598 86953 173552 1648912 
T' 106' 113' 27565' 27678' 55243' 524865 ' 

1822463 3471375 15707963 
580108 ' 1 104970 ' 5000000 ' 

e final fraction ^-^^--^- is the primitive fraction in its 

5000000 

terms. (Art. 192.) 

Jie diameter of a circle be expressed by 1, its circum- Approxi- 

'' , "* mate 

! has been found to be approximately expressed by expression 
t)26, though its real value is incommensurable (Art. l65.) c^Jcum- 
ie diameter : it will follow, therefore, that the converging ference of 

a Circle lO 

ns given above, are approximate values of the circum- terms of its 
» of a circle, the primary unit being the diameter. diameter. 

ose converging fractions which precede large quotients Those frac- 
1 near approximations to the primitive fraction : for such very near 
ns differ much less from those converging fractions which ^^^" 
iiately follow, than from those which immediately pre- which pre- 

22 355 <^«^«.^*7^® 

lem : this observation applies to the fractions — and -— , q^o^®**"' 

severally precede the quotients 15 and 243*. 

224.7 
) To find a series of fractions converging to ^ ' or 

, which is equivalent to it. 

le quotients of the equivalent continued fraction are 
1, 1, 1, 1, 2, 30, 1, 15. 

or if three consecutive denominators of such fractions be denoted by 
/", the last of them q"-q'x-^q, will be much greater than q, if the 

t z be a large number : the difference of the two first fractions U — ; , and 

'erence of the two last is -r-r, , and the second is therefore much smaller 

99 

le first. 

first approximation -=• was given by Archimedes : the second tto by 

: they are both of them too great, but the second is accurate within 
rcc millionth part of the diameter. 
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The converging fractions are 

1 1 2 S ^ 243 251 1498 
1' 2' S' 5' 13' 395' iOS' 2435' 

the last of which is the primitive fraction in its lowest terms. 

The numbers 224.7 and 365.25 express^ in days, very nearly 

the periods of a complete revolution of the planet Venus and of 

the Earth in their orbits round the Sun^ and since the fraction 

8 
-- precedes the large quotient 30, it wDl furnish a very near 

approximation to the primitive fraction: it wiU be consequently 
founds that 13 complete periods of the planet Venus will be 
very nearly equal (within one day) to 8 complete periods of 
the Earthy or to 8 sidereal years^ an astronomical fact of no in- 
considerable importance*. 

8 243 

* The fractions -r- and ^ involve almost the entire theory of the recanence 

of those rare bat very important phoenomena, the transits of Venus over the disk 
of the Sun, the two last of which took place on the dth of June 1781 and on 
the 3d of June 1769, at an interval of 8 years, and the two next of which will 
take place on the 8th of December 1874 and on the 6lh of December 188S, at 
intervals of 113) years (121)-8) and 121} years (the half of 243) btm the int 
of the former: the two last transits will take place at a different node ton tke 
two first, which will explain the occurrence of half a period of Venus, and of 
half a period of the Earth, in addition to 184 and 197 complete periods of one 
planet, and of 113 and 121 complete periods of the other: the first appnniBt- 
tion is not sufficiently near to allow two successive transits to take plai% at inter- 
vals of 8 years each. 

The complete period of the planet Mercury is 87^ days nearly, and the fear 

87.97 
first fractions converging to the fraction .loeo^ ^^^ ^ found to be 

1 ^ 7^ 13 
4' 25' 29^^ 64' 

the transits of this planet o? er the disk of the Sun may be expected at inter- 
vals of 7 and 13 years, at the same node, and at intervals of 3} years at a different 
node : there were transits on the 7th of May 1799, the 8th of November 1803, the 
11th of November 1815, and the 4th of November 1822. 

The complete periods of the great planets Jupiter and Saturn are nearly 4333 

4333 

and 10759 days respectively : the three first fractions converging to imcq tre 

1 2 ^ 
2* 5' 72* 

and the second is therefore, with reference to the large numbers 4333 and K^SB, * 
near approximation ; we are thus led to observe that 5 periods of Jupiter tie 
nearly equal to 2 periods of Saturn, an important fact in physical astronomy, and 
connected with the explanation of the cause of what is termed the great vngmtSlf 
of Jupiter and Saturn : a similar effect, though comparatively very miaalf i> 
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(4) To find a series of fractions converging towards 

.2422638 . . . 
The first six quotients of the corresponding continued frac- 
tion are 

4, 7, 1, 4, 1, 7. 

The successive converging fractions are 

1 JL A ^9. iL _1}^ • 
4' 29' 33' l6l' 194' 1519 " 

196. The formation of converging fractions is applicable to the 
solution of the following problem^ which will be found to be one 
of the most important which occurs in the theory of numbers. 

Given two numbers a and b which are prime to each other. Problem, 
to find two others x and ^y, which will satisfy the equation 

ax— bif ^1-0. 

For this purpose it is merely necessary to form the whole 

series converging to ?> when ^ and x will be found to be the 

numerator and denominator of the converging fraction which 

precedes t' it having been shewn (Art I89.) that if - occupy 

m odd place in the series of converging fractions, that 

6y — a j: = 1, or ax — btf+ 1=0; 

and if ^ occupy an even place, that 

ax — btf=^l, or ax — b^ — l=0, 

quantity, resultg from the relation of the numbers 8 and 13 to the periods of 
Venus and the Earth. 

These obeerrations might be very easily extended, but what we have said is 
sufficient to shew the bearing of a very simple arithmetical process, upon some of 
the most interesting and difficult enquiries in astronomy. 

* The length of the tropical year, upon which the recurrence of the seasons 
depends, is 965.2422636 days....(le88 than the complete or sidereal period) and its 

V no^j u ,»_17839 47^. 

excftt above 365 days, may be expressed by 2 > ^» 33 » TgT* jgTf thepnmary 

^ being one day : if the first of these fractions be taken, it will give one day in 

four years, which is provided for by the leap year or the Julian correction of the 

47 
calendar: thiab too great : if we take the fraction jg^ (which is also too great, 

^gh very nearly accurate), it will give 47 days in 194 years, or 94 days in 
^ yean, or very nearly 94+3, or 97 days in 388 + 12, or 400 years: this is 
^e Gregorian correctioii of the Julian Calendar, and is effected by the omission 
^ the intercalary day in three centurial years out of four. Thus, of the years 
1^, 1900, 2000, and 2100, which would be leap years according to the Julian 
Calendar, the year 2000 alone is a leap year according to the Gregorian Calendar. 



Examples. 197- (l) Let a be 9 and h, 13: then the converging frac- 
tions are 

1 ? 9_ 
1 ' 3' 13' 
and therefore 

9 X 3- 13 X 2-1=0. 

(2) Let a be 77 and b, 344 : then the converging fractions are 

1 2 15 77 

4' 9' 67' 344' 
consequently 

77 X 67- 344 X 15 + 1=0. 

We shall resume the consideration of this problem, when wc 
come to the Chapter on the solution of indeterminate problems. 

Every finite 198. The process by which the quotients of a continued 
leads to fraction are deduced from the primitive fraction^ shews that thej 
a finite must always terminate, inasmuch as every successive remainder 

continued "^ •' i i-i • • 

fraction, is less than that which precedes it : and conversely likewise it 
will follow, that every finite continued fraction will lead to a 
finite equivalent fraction in its ordinary form. If therefore we 
should meet with an interminable continued fraction in whatever 
manner formed, we should conclude that it does not originate 
in any fraction with finite terms or in any commensurable nnm- 
ber : and conversely likewise that the continued fraction whieli 
is equivalent to any incommensurable number, (if such a phrase 
may be used) must be necessarily interminable*. 

Different 199. There are various other modes of resolving firactioos 

resoWing ^^^ * series of rapidly converging terms, which either tenni- 
fracuons ^ate or not, and one of these constitutes the method, which 

into a 

series of we have already explained at considerable length, of converting 

rapidly ^ 

converging ^ fraction into an equivalent decimal. Thus, let x ^ & fWiction* 

terms. ^ o 

and let us multiply a and its remainders successively by the 

series of numbers q, q', <(', 9^", &c. and divide the successive 

results by &, when we shall find 

aq c 'I y n a P c 

-^ = p + j,andtherefore.^=^+^, 

* The square root of a number not a complete square, such as 4, 9, 16, &^* 
is incommensurable, and will be ezprewible (as we shall shew in the next Cbapttf) 
by a continued indefinite fraction with quotients recurring in periods. We ihtU 
discuss the subject of incommensurable quantities or numbers at some length in ^ 
Chapter on Ratios and Proportions. 
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and therefore , = ^ + -g—. , 

b q q 



h ^P ^ b '" h q" bq"' 



and consequently 



T = - + - . y (and replacing , by its value), 

= 2 + -^ + — - . . ^and replacing f by its value), 
q qq' qqf h ^ ^ b ' 



q qq'^qq' \^' bqfO' 



q q(f qqfq" 



200. If we make <y = i/' = ^' . . . = 10, we get [hew^'of 

a p p' p" decimals. 

J^io^io^^Io''^ •• 

where p, p', p'\ &c. are the digits of an ordinary decimal*. 

201. If we make q=njf =^qf' = . . . = 12, we get 

a p p' p" « 
6 12^12'^12»^*'''' 

forming a series of ordinary duodecimals, where p, p', p" ... are I'heory 
« « ,. . ,. of duo- 

some one of the digits 0, 1, 2, 3, 4, 5, 6, 7, 8, 9, 10, 11, derimali. 

snd where the numbers 10 and 11, considered as digits in the 

decimal scale, may be denoted by X and ]Kt. 

* Thus the fraction 

13 ^^ 10 ■*" li^ "*" u? "^ i(> + lo^ + To* + W + ^^'^ = ••^^'^•••' 

^tieo expressed by tlie ordinary decimal notation. 
t Thus the fraction 

if • be Uiied to denote the duodecimal point. 
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Of other 202. If we make 9 = 9' = 9" = . . . = 2, we get 

forms ot 

resolution. « £ ^ g ^ £l' ^ /JZ^ &e.. . . 

6 2 2' 2' 2* 

where p, p\ p", p'" ... are either 1 or zero *. 

If we make 9 = 2, g'=3, g"=4, 9"' = 5, and so on, fc 
ing the series of natural numbers, we shall get 



.// -,'// 



?=e + -£-+-2_+— ^ — -+&c.t 

b 2 2.3 2.3.4 2.3.4.5 

If we assume successively such values of q, q', 9", ^ 
will make p = p' = p''= . . . = 1, we shall get 

b q q^ qtjfq'' 

Certain 203. In the last case, the remainders from* each divis 

^^Msaiily on diminishing, and the factors 9, q', 9", &c. of the den< 

represent ^^ increasing 5, and consequently the resulting series 
mcommen- ^ ^' ^ *' n - i* - 

surable sooner or later terminate : in other words, no finite tracti- 

numbers, p^^^^^j^ ^ interminable series of such a form : conversel 
wise we may conclude, that no interminable series of 
form can originate in a finite fraction, which, consequently 
in all cases be considered as the representative of an ina 
surable nimiber. 

Example. Of this kind is the series 

1 1 1 « • • i? 

1 + 1 + _1. + + + &c tn tnfin. 

^^1 .2 1.2.3 1.2.3.4 ^ 

• Thus, ^=^4+^, + |+|* + l^ + ^^+^^-=>''''^^' 
if the binary point be denoted by the line | . 

t Thus, 

142. 1 2 . 2 . 3 2 2 

■73 " '*"2'*'2x3'''2x3x4'^2x3x4x5'^2x3x4x5x6 2x3x4x5x6> 

13 1 _1_ 1 

t Thus, ^-3+gj^g + 3j^g^jj, 

101 11^ 1 ^ J . 1 ^ 

T47"2"^273'*"2x3x9'^2x3x9xl0^2x3x9xl0x4i 

$ For, if 9 be the multiplier and ^ = 1 + ^' , then if a be not le 
a less value of q may be taken. 
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whose law of formation is manifest, which is the representative 
of an incommensurable number of very great importance in 

analysis •. 

204. Another very simple mode of resolving fractions into Another 

mode of 
a terminable series of terms, whose numerators are 1, originates resolving 

in dividing the denominator of the fraction by the numerator and f^c^^o*"' 
the successive remainders : thus if the fraction (supposed proper) 

be - , we proceed as follows : 

c)aW 

e)a{<,"' 



We thus get 



, , a c ^ b I c 

a-oq-^c, 0= and - = , 

' q q a q qa 

, . a d J c I d 

a = ccr + d, c = -. - -, and - = - - -7- , 
^ q q a q qa 



consequently, 

bile . c . 

- = . - (and replacing - by its value) 

q q W ^V 

= > + — 7- (and replacinir - by its value) 

q qcf qqfa ^ ^ ^ a ^ 

l_J_ _l_ /I e\ 
'q q<t^qq''V f^' 

_1_J_ 1 1_ r 

~ q qtf^ qcld' qH' ' « ' 
^d 80 on, until the quotients terminate. 

* It is the base of Napierian logarithms, which enters very extensively into 
^yniholical expressions, and is usually denoted hy the symbol ^. 



124 

Example Thus let it be required to resolve in this manner, the j 

fraction : 

111* 

769; 1114(^1 

769 

345^ 1114(^3 
1035 



79>) 1114(^14 
79 

324 
316 



h) 1114(^139 
1112 



2) 1114(^557 
1114 



Therefore, 
769 , 1 1 1 1 



1114 3 3x14 3x14x139 3x14x139x557 

I^lution 205. The expression of concrete magnitudes in terms of 
of concrete units of different denominations^ which neither follow the de- 
into equi-^* cimal nor any regular scale of subdivision, will furnish immen- 
▼alent surable examples of the resolution of fractions similar to those 

which we have been considering in Art. 199- Thus if a, 6, c... 
be the successive divisors of the primary unit, the several sub- 
ordinate units will be expressed, with reference to it, by the 

several fractions - , — ? , —7- &c. : if the primary unit be f !• 

a ao aoc '^ ^ 

sterling, its subordinate units, which are a shilling, a penny and 
a farthing, will be expressed by ^. j^. 4x12x20 = '^ 

the primary unit be 1 lb. Troy, its subordinate units which are 
an ounce, a penny weight and a grain, will be expressed by 

TT » :^ — 77. a"^ ;ri — 7:7: — 77; ' i^ the primary unit be 1 yard in 
12 20x12 24x20x12 ^ ^ ^ 

length, its subordinate units, a foot, an inch and its successive 

duodecimal parts, will be expressed by.-, — — -, —5 — ^> 

3 12 X 3 12^3 

—3 — - &c. : if the primary unit be 1 week of time, its subor- 

1 .w X «J 
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unitb, which are a day, an hour, a minute, a second and 
cessive sexagesimal parts, will be expressed by -, 

-; , ^.— i — ~7- - - and so on: and in every case, 

()() X 24. X 7 ' (lO" X 24 X 7 ^ 

*re]y necessary to know the successive divisors which con- 

e successive subordinate units with each other, in order 

I the corresponding series of equivalent fractions, whose 

1 primary unit is the primary unit of the series. 

The expression of a composite concrete number by Resolution 
of fractions of the primary unit, is immediate, whenever po»ite 

isors which connect it with the several subordinate units concrete 

. . number 

)wn: thus £244. Ms. S\d, becomes, in terms of the pri- intoequi- 

17 8 1 valent 

nil or £l. sterling, 244 4--^+— -+ ,^ ^ . fractions. 

^ 20 12 X 20 4 X 12 X 20 

a similar manner 1 ton 11 hundred weight 3 quarters 
nds and 10 ounces avoirdupoise, becomes 

n 3 15 10 

^ 20 "^ 4 X 20 ^ 28 X 4 X 20 "*" 16" X 28 X 4 X 20 ' 

meeting divisors being 20, 4, 28 and l6: and in a simi- 
mer 3 hours 17 minutes and 35 seconds become 

^ 60 60^' 

subdivisions proceeding regularly according to the sexa- 

scale. 



Fractions, whether proper or improper, of any primary Resolution 
e unit, may be converted into the equivalent composite of™i*mj[lt 

rs by resolving them into a series of subordinate fractions concrete 

unit into an 

heir appropriate divisors : thus the fraction -~ of the cSmpS^ 

. .. ,. . , number. 

y unit i^l. sterhng is equal to 

10 7 2 

20"*" 12 X 20"^ 4 X 12 X 20' 

erefore equivalent to 10*. 7^^'. : in a similar manner, the 
1 -^ of a week is resolved into the series of equivalent 



IS 



3 8 5S 20 

■_ + — : = + ~7^ ^. + r.- -.- 



24x7 60 X 24 X 7 60* X 24 X 7 ' 
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Recon- 
version 
of a com- 
posite 
number 
inlo an 
equivalent 
fraction. 



and is equal therefore to 3 days, 8 hours, .53 minutes and 20 
j^econds. 

208. A composite concrete number is immediately expressi- 
ble, as we have seen, in terms of a series of equivalent fractions; 
and such fractions are reducible to a simple fraction of any pri- 
mary unit, whose denominator is the continued product of the 
successive divisors, which may or may not admit of further re- 
duction : thus, 1 oz. 3 drams 2 scruples and 14 grains (apothe- 
caries weight) becomes, the primary unit being 1 ounce. 

3 2_ 14 

'^8'^3x8^20x3x8' 



which is convertible into 



The con- 
version of 
composite 
concrete 
numbers 
into deci- 
mals of the 
primary 
unit. 



480 180 46 
480 "^ 480 ^ 480 



lA 714^ 119 
480 "*" 480 ~ 80 



of one ounce, when reduced to its lowest terms. 

209. The expression of the values of composite concrete 
numbers, or of their correspondent series of fractions, by means 
of the ordinary decimal notation and the reconversion of sudi 
expressions into composite concrete numbers, constitute two of 
the most common and most useful operations of commercial 
arithmetic: thus if it be required to express £3. l?** 8}d. by 
means of the ordinary decimal notation, the primary unit being 
«£l., we proceed as follows: 

4^1 



.25, the decimal expression for one farthing, the primary 
unit being one penny : it follows therefore that 8^ d. is equivalent 
to 8.25r/. 

12 J 8.25 



.6875, the decimal expression for 8\d. if the primary 
unit be 1 shilling: it follows therefore that 17^. 8i(i. is equi- 
valent to 17.6875.T. 

20 j 17.6875 



.884375, the decimal expression for 17*. 8jrf. the pri- 
mary unit being £l. sterling: it follows therefore that £3. 17'' 
Sirf. is equivalent to £3.884375. 



210. The regular and ordinary arithmetical process for this ^^JJJjJf* 
conversion o€ £3. 17 s. Sid. into an equivalent decimal of <£l. lical 
would stand as follows: procete. 

4 j 1 
12) 8.25 



20^ 1 7.6875 

3.884375 

The rule which is followed in this and all similar cases, is to l^"*®- 
place in succession underneath each other the numbers which 
compose the composite concrete number, beginning with the 
lowest, and to divide them and the several resulting decimals 
placed after them by the successive divisors which connect the 
vsuccessive units of different denominations with each other : the 
result in the last line is the equivalent decimal required. 

Thus let it be required to express 17 yards, 1 foot and () 
inches by an equivalent decimal of 1 mile. 

12; 6 
3J 1.5 
I76OJI7.5 



.0099*318, 

the equivalent decimal required. 

Let it be required to reduce 1 1 gallons 3 quarts and 1 pint 
of wine to an equivalent decimal of a hogshead. 

4j 3.5 



6Sj 11.895 

.188492063492063... 

^hich is the equivalent decimal required. 

211. The decimal of a concrete unit may be converted into Convereion 
m equivalent composite concrete number, by simply reversing of a con- 
the steps of the preceding process ; namely, multiplying those f^f^an"*^ 
psrts of such expressions onlif which follow the decimal point, by equivalent 
the divisors which successively connect the superior 'with the coDcrete 
"Jferior units: thus the decimal 3.884375 of £l. may be re- n^""^*^- 
inverted into an equivalent composite number as follows: 
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S.884S75 
20 

17.687500 
12 

8. 2500 
4 

1. 00. 

The successive integers which present themselves to the 
right of the decimal point form the successive parts of the 
composite number required, which is £3* 17'- 8ic^. 

Again, let it be required to convert .42857 of a month into 
an equivalent composite concrete number. 

.42857 

4 weeks in 1 month. 



1.71428 

7 

4.99996 
24 



days in 1 week. 



hours in 1 day. 



399984 
199992 



23.99904 
60 



59-94240 
60 



minutes in 1 hour. 



seconds in 1 minute. 



Conversion 
of a deci- 
mal into a 
series of 
equivalent 
fractions of 
the same 
primary 
unit. 



56.54400 

Consequently 1 week 4 days 23 hours 59 minutes 56 

68 
seconds, and the decimal .544 of a second, or the fraction —-r of 

a second, is equivalent to .42857 of a month : if the name of 
trines, quatrines and quines, were applied to the subsequent 
sexagesimal sub-divisions of time, the decimal .544 would b^ 
convertible into 32 trines, 38 quatrines and 24 quines. 

212. The same process which converts a decimal of any 
assigned primary unit into an equivalent composite number, 
effects its conversion into a series of equivalent fractions of the 
same primary unit, where the successive multipliers become the 
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factors of the denominators/ and the successive integers become 
their numerators : thus the last example gives the decimal .4S857 
of a month equal to the series of fractions 

4 23 59 56 



] 

- + 



4 4x7 24x4x7 60x20x4x7 ()0'x24x4x7 



32 



38 



+ -5^ -i — . 



24 



60*x 24x4x7 60*x24x4x7 60*x 24x4x7' 
213. These conversions of composite concrete numbers into ^^,y^^°? 

• « -1.1 «i . n t » -i r> ofallanth- 

eqmvalent aeamal8> and the reconversion of deamals of an metical 
assigned primary unit into equivalent composite numbers^ bring ^^^^°^ 
all the relations of concrete magnitudes^ which the customs and system, 
laws of nations have established^ however arbitrary and irregu- 
lar^ immediately under the dominion of the same uniform nota^ 
tion, by nine digits and zero, and consequently under the same 
r^ular and uniform system of arithmetical operations. It will 
by no means follow, however, that the practical processes which 
thence arise, are the easiest or the most rapid which can be 
formed, or that they may not be superseded in the real trans- 
actions of life by other methods, which, though less general 
and systematic, are much better adapted to the ordinary habits 
and acquirements of those who are required to use them. In 
the preceding chapter, however, we have considered arithmetic 
rather as a speculative than a merely practical science, with a 
view to the complete theoretical establishment of its rules, and 
to shew the dependence of the forms of its fundamental opera- 
^oQi upon the principles of arithmetical notation. 



CHAPTER III. 



ON THE THEOBY OF THE BXTRAOTION OF THE ROOTS 
NUMBERS AND THE PROPERTIES OF 80BD8. 

Meaning of 214. The square root of a number is that number^ v 
root^fT* ©^pressed by a finite series of digits or not, which mul 
number. into itself will produce the primitive number: thus the 
root of 4 is 2, since 2x2 = 4: the square root of I06i 
S2.7, since 32.7x32.7 = 1069.29: the square root of 10 
terminable, but its first seven digits are 3.162277, the p 
of which approximate root or number into itself difieri 
the primitive number 10 by .000004175271 only. 



Formation 
of the 
square of 
a + b. 



Orders of 
its digits. 



215. The rule for the extraction of the square root of 
bers is derived from the rule for the formation of their sq 
thus if the symbols a and b represent two numbers, the : 
of their sum, or 

(fl+6)«=a«+2fl6 + 6«, (Art 62.): 

and if we further suppose a to represent a number whosi 
digit is of the r* superior order and b to represent a d 
the (r-1)*^ or next inferior order, then the final digits 
2ab and 6« will be of the 2r*, (2r-l)'*' and (2r-2)*^ 
rior orders respectively * : and also if the final digit of a 
the r^ inferior order and if the digit 6 be of the (r + 1 
next inferior order, then the final digits of a', 2ab and / 
be of the 2/^, (2r+l)^ and (2r+2)*^ inferior orders re 
ively. In both cases therefore, the orders of the final 
of the three terms a', 2ab and b', of which the square oi 

* This follows at once from Art. 174 : in the view which we have { 
arithmetical notation by nine digits and zero, we have assumed the e: 
of successive orders df units determined by their position with respect to tt 
of primary units or of the decimal point : and whenever the relative order 
final digits of any numbers are in any way determined, we can place them 
neath each other, add them together, subtract them from each other or fi 
other number, without any immediate reference to the absolute orders of th 
themselves : it is this principle which is the source of so much abbreviatio 
exhibition and conduct of arithmetical operations. 
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is composed^ will be successive and descending ; and the distance 
of the last digit from the decimal pointy whether to the right or 
to the lefl> will be double the number which expresses the order 
of the last digit of the root 

216. Again (a + 6)« = a« + 2a6 + 6« = a* + (2fl + b) b, since f^^fj^^, 
{Za + b)b = 2ab-hb^; and inasmuch as the final digit of a and fonnofthe 
the digit 6 are of successive orders, the digital expression for ^^^ ° 
2a + & will be found by writing b immediately after the digit 

or digits of 2a. 

Thus, if II = 3 and 6 = 2, 2fl + 6 = 62 : 
if a = 32 and 6 = 4, 2a + 6 = 644, 

if a = 324 and 6 = 6, 2a + 6 = 6486, 
and similarly in all other cases. 

217. After this preparation, it will be very easy to exhibit ^pjj^ews 
the formation of the square of a number in that form in which for fonning 
it immediately leads to the inverse operation of extracting the of a?^^ 

square root prepaiatory 

to the in- 

Thus let it be required to form the square of 3246. J^ P™" 

3246 
3246 



fl =3. 9 =a', 

2a =6, i^ = 2, 2a + 6 = 62x2 124 =(2a + 6)6, 

a' = 32. 1024 = (32)*, 

2a' = 64, A' = 4> 20^+ 6'= 644 X 4 2576 = (2a'+ 6') 6', 

fl" = 324. 104976 = (324)*, 

2a"= 648, 6^=6, 2a"+ ^'= 6486 x 6 3891 6 = (2a"+ 6") 6", 

10536516 = (3246)'. 

The preceding proems furnishes successively the squares o€ 
the number ezpresaed by the first, two first, three first, &c. digits, 
and so on until all the digits are exhausted : it is analogous to 
the method of multiplication proposed in Art 183, upon which 
the inverse process of ordinate division, given in Arts. 182 and 
184 was founded. 

218. The arithmetical rule for performing the operation. Rule, 
whose scheme has been exhibited in the last Article, is as follows : 
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Explana- 221. The preceding Rule has been adapted to the scheme of 

rule. the operation which is given in Art. 219> and which is that which 

is most convenient and most rapid in practice. Its principle is 
very obvious : supposing that we have subtracted a' from the 
square^ and that we wish to subtract (a + 6)* or a* + 2 aft + 6* from 
it, where h is the next digit inferior to the last digit in a, we 
observe that the order of the last digit of (a + by is lower by 2 
than that of the last digit of a'^ and consequently that its signifi- 
cant digits can only embrace two more digits of the original 
square : we therefore bring down the digits of one additional 
period only, to form the remainder or resolvend from which 
the subtrahend 2 a 6 +6' is to be taken, a* having been already 
subtracted by the previous operations : we first determine h tetUa^ 
lively by dividing the resolvend, omitting its last digit, by 2a*; 
when b is thus found, we form 2a-hb by writing the digit b after 
the digits of 2a, (Art. 21 6): we multiply 2a + 6 by b and sub- 
tract the product from the resolvend : we then form a new 
resolvend and a new divisor as before^ and so on until the 
operation is concluded. 

Examples. 222. The following are examples: 

(1) Extract the square root of 119550.669121. 



3 
3 

64 
4 

685 
5 


119550.669121(^345.761 
9 

295 Resolvend. 
256 Subtrahend. 

3950 
3425 


6907 

7 


52566 
48349 


69146 
6 

691521 


421791 
414876 

691521 
691521 



* There are two places in 2ab + b' below the last digit in a': in diviM 
2a6+6* by 2a, we should gei generally two places in the quotient: by omittiDf 
the last digit of the dividend we reduce the quotient to one place only. 
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(2) Extract of the square root of 10. 



3 
3 


10.000000(^3.16227 
9 


61 
1 


100 
61 


626 
6 


3900 
3756 


6322 
2 


14400 
12644 


63242 

2 


175600 
126484 


632447 

7 


4911600 
4427129 


632454 


48447100 



The process is interminable. 

(5) The square root of .1 is .316228 

The process is interminable. 

(4) The square root of .00000256 is .0016. 

f^\ Tk * ^582169 763 

(5) The square root of ^3g^= — . 

In this case we extract the square root of the numerator and 
(denominator respectively to form the numerator and denominator 
of the root of the fraction : for it is obvious that the square root of 

the fraction ts ^* r* 

(6) The square root of - is 1.32287... and is interminable 
without repetition. 

(7) The square root of 3^, or of 3.333 ... is 1.8257> and 
IS interminable without repetition. 

223. The sign J is usually placed before a number or al- Sign of the 
gebraical quantity, to indicate that its square root is to be taken : ^^^^^ ^^ ' 

*^8 J^» $JlS9, ,y(fl*+ 2a6 + 6*), ^^r, denote the square roots 
^^*» 189, a*+2a6 + i* and t respectively. 



136 

I'he square 224. Another mode of denoting the square root by means of 
root deno- i. i 

ted by the a fractional index ^, is derived from the principles of symbolicil 

index ^. algebra^ and therefore involves higher and more general views 
than we are yet authorized to refer to : we shall thus find that 

(4)*, (189)*, ia'-h2ab + b'y, (j\ , will denote respectivdy 

the square roots of 4, 189, €^+2ab-hb' and r* 

Casein 225. Whenever a remainder continues to exist, after all the 

process for periods of the number, whose root is required, which involve 
the^*^^a°r^ significant digits, are exhausted, so that the corresponding re- 
root is in- sol vend and all those which follow it have necessarily two zeros 
terminable. ^^ ^^j^ lowest places, the digits of the root will be interminable: 
for the last digit of the subtrahend, being the last digit of the 
square of one of the nine significant digits, is necessarily dif- 
ferent from zero, and therefore when subtracted from a number 
terminated by zeros, will necessarily leave a remainder: it will 
follow therefore that such a remainder can never disappear, and 
consequently by writing after it one or more pairs of zeros, the 
process may always be continued, so as to furnish for ever 
significant digits in the root. 

The digits 226. Such interminable roots will never form recurring de- 

square roots cimals : for such a root, if it existed, would be convertible into 

of finite an equivalent fraction, and its square would also be a firaction 
numbers ^ ^ . , j • 

never form which would not be reducible to a finite number, wheth^ deo- 
pe^HodB!^ mal or not * : it follows therefore, that no finite number, whether 

decimal or not, can possess an interminable root which is a 

recurring decimal. 

What re- 227. If the root of a recurring decimal be required, whid 

ciJ^afs^have '^ convertible into an equivalent fraction whose numerator and 

roots which denominator are complete squares, it will be found to present 
are recur- .,«.« ^,i i. i.i/» % 

ring deci- itself, if extracted by the ordinary rule, m the form of a re- 
™*'s- curring decimal t: the roots of all other recurring dedmals, 



* If the root be the fraction r- in its lowest terms, or the recurriDg dedmal 

which is equal to it, its square will be ~ , which is also in its lowest tenns, and 

not convertible therefore into a finite number, whether decimal or not. 

t The root of the recurring decimal .444 ... is the recurring decimal .666 ..- v 
will appear upon the application of the common rule. 
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will not form recurring dedmals and will therefore be incom- 
mensurable numbers. 

228. The square roots of numbers^ which are not complete Reduction 
squares, may be exhibited in the form of continued fractions^ gqua^ root 

which will be found to possess some remarkable properties. ptanum- 

*^ ^ ^ «^ I ber, not a 

Thus^ let it be required to exhibit in this form the square square, to a 
, /. -^ continued 

«»t of 19. fraction. 

3 S 

For(yi9-4)x(7l9 + 4) = 3»: and -^j|^ x ^^i^= 1, 

3 1 

3 
5 5 

^' 5 ^ 5 71973 -and — ^=1+ -^— -^ 

2 2 

3 8 

(6) n/'9 + 2 3^ s/19-4 ^1_.. J Vl9 + 2 _ 1 

^ 3^-3 -719 + 4-""'* 3--^'-JT9Tl- 

il) ^19 + 4-8=719-4=-^: and 7,9+4 = 8^-^. 

8 3 

We have thus arrived at the same complete quotient as 
"> (1) : the same series of quotients, after the first, will therefore 
''cur and in the same order, for ever, the series being 
4 I 2, 1, 3, 1, 2, 8 I 2, 1, 3, 1, 2, 8. 

' For generallr (a + fr)(« - fc) = o«- 6« (Art. 66.; ; and if we replace a by 
*'"• »e shall get 

(V«i + ft)(V»i -*)-«-*•. 
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The continued fraction is therefore 
V19 = * + ^ 1 , 

2+-+... 

CMS exhi- ^^' ^® ^^'^ '^^^ exhibit the same process in general symbols, 

bited in ge- with a view to the deduction of the general rule for conducting it 

neral sym- 

^^'' Let n be the number, Jn its root, (Art 22S.), a the great- 

est whole number which is less than \/n; b, b\ h", &'"... the 
several quotients which follow the first quotient a: then 

Jn-a->r Jn-a — a-^ , , where r^n- «*.• 

r 

>L = ft + v?_^Z!L = 5 + _ J. where a'=r6-a, 

r r Vn + fl „ ^/t 

"S^ f'^'^^^t 

r 

^^^—-7 — = 6' + ^^ -7 = 6' + -7—77, where a' = rb -a, 

r' r' Jn + a „, 

'^ ^ = ^ +' 

and so on, until we arrive at a value r which is equal to h 
which gives the last quotient (Art. 232.) of each period. 

Rule 230. The examination of these results will make the law of 

formation ^^^^^ formation sufficiently manifest, 
of the 

quotients. 

• For n — a'= (Vn - a) (Vn + a) = r, and therefore 

r 1 



's/n — a — 



Vn + a Vn + « 



t For^^^^±^~6 = ^"'^°""'^ = ^"""^''^""'^ = ^^^^^^(if«^ = rfc>a) 



r 
./a 



= -;— , rr (multipliring its numerator and denominator by V» + tf') 

r(vn + a ) ^ r ^ o 






n — a 



^n-\-a'* r ' 

X The values of r are necessarily whole numbers, for 

„ n - g"« n - (r'b' -a')' n- a'«+ 2a y/ -b'*r'' r/ + 2aV/- fr*^ 
f — - ^ _ __ _- — 



n — a 



r 

'S 



(for /= !!^^1^ or rr' = n - a'«) = r + 2a'6'- 6'«/ = r + 6'(«'- a"), 
for «" = r'fc' a', and therefore a' - a" = 2o' - r'b\ 
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he several quotients are the greatest whole numbers which 
ess than the mixed fractions or complete quotients 



Jn + a Jn + a! Jn -¥ a" ^ 
^9 y/ > r" ' 



The several integral portions of the numerators of, a", a'", 

are formed by subtracting the preceding integral portion of 

numerator from the product of the preceding denominator 

integral quotient, as expressed by the formula a! = rh — a. 

The several denominators r, /, r", &c. are formed by di- 
ng the excess of the given number above the square of the 
gral portion of the numerator just formed by the denominator 
he preceding complete quotient, as expressed by the formula 

r = . 

r 

231. Thus let it be required to deduce the quotients of Examples. 
\ by the aid of the preceding rule : 

/io Q 1 o 13-3* ^ J13+3 

J13 = 3 + -: a = Si r= — —- = 4: x-^ -— . 

ar 1 4 

-— = 1+— ,: a' = 4xl-S = l: /= — - — =S: x'^^ --. 

4 x' 4 3 

— _ = !+--: fl"=Sx 1-1 = 2: r"= — - =3: af'^^ — - — 
3 J?" S S 

--— =l+-77;: a =3x1-2 = 1: r"= — - — =4: xf"=^ -— . 

3 Jr"' 3 4 

-— -=l+-5-: fl" = 4xl-l = S: r^= — - — =1: x^^=^ — -—. 

4 x" 4 1 

3 + 3 ^ 1 

= 6 + — . 

1 X' 

The quotients 1, 1, 1, 1, 6, which succeed the first quo^ 
It S, recur perpetually, in the same order. 

It follows, therefore, that 

*M+1 1 

.0 + . . • 
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(2) The quotients corresponding to \/3S are 5, 1, ^, 1, 
10, 1, 2, 1, 10, &c 

(3) The quotients corresponding to ^48 are 6, 1, IS^ 1/ 
12, &c. 

(4) The quotients corresponding to ^50 are 1, 14^ 14. 

(5) The quotients corresponding to ,yi50 are 12^ 4^ 24^ , 
4, 24, &c. 

The quo- 232. The quotients, which succeed the first, in the pre- 

the^first are Ceding and in all other cases, are periodical, the final quotient in 
periodical. ^^^ period being double of the first, or of the greatest whole 
number which is less than the root: the proof however of this 
proposition, as well as of some others which are connected with 
it, of great importance in the theory of numbers *, is not suffi- 
ciently elementary to allow of its introduction at this stage of 
a student's progress in Algebra, and we have therefore reserved 
it for a Note at the end of this volume. 

Formation 233. The rule for the extraction of the cube root is founded 

of cubes. 

upon that for the formation of the cube : thus, (Art. 670> 

which may be put under the form «*+ (3a' + Sfl6 + 6*)i: and 
it appears, therefore, that in order to pass from the cube oft 
General number a to the cube of the sum of two numbers a and h, »t 
""•• muH add to the ..be of tke Jlrst, tke product of tke .eca^ i^ 

the sum of three times the square of the Jirst, of three times tke 
product of the Jirst and second and of the square of the second, 

Arithmeti- 234. In the preceding rule for the formation of the cube, 
for the "w^® ™*y suppose a + b to represent a number of two or more 
formation digits, where b is the last of them, considered in its proper 
augment order: but inasmuch as in the actual process for the formation 
sponding °^ ^^^ cube, we advance progressively from one digit to two, 
to an addi- from two digits to three and so on, it becomes important to 
of the root, propose a proper arithmetical rule for the formation of the com- 
pound factor of the product which forms the augment in passing 
from the cube of a to that a + b. 

* Of this kind are the propositions which furnish the solution of the equation 

i«-ai/*= 1, 
when X, a and y are whole numbers ; and which also enablt us to judge of the 
possibility of the solution of the equation 

under similar circumstance?. 
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this purpose, we write down the new digit (b) after three Rule. 
ejirst digit or number (3 a) {since the order qfthejirst is su* 
\if unity to that of the second Art. 21 6.) and we multiply their 
the new tligit b : we add the resulting product (Sa + b)b to 
mes tJie square of the first digit or number (3 a*), the fined 
f (3a + b)b being two places lower than the final digit 
: the product of the new digit (b) and of the resuU- 
n {3 a' + 3 a,h-hh') forms the augment of a*, it being kept 
I that the final digit of (a-^ b)* is three places in advance 
ing from left to right) of the final digit of &\ 

we include an additional digit (b^ in the root, calling the 
of the root (a+b), whose cube is already formed, a', we may 
e new augment (3a"+3a'b'+b'')b' in the following manner: 
a'*= 3 (a + b)'= 3 a' -H 6 a b + 3 b", it exceeds the compound factor 
preceding augment by 3ab4-2b*, or by (3a + 2b)b: we 
*e add h to 3a, + h, which is already formed, we multiply their 
b and we add the result to 3a"+3ab+b*, which gives us 3a!*: 
n add b to 3a + 2b already formed, and after their sum 
3 or 3a! we write b', making 3a'4-b', which multiplied 
and added to 3a^, gives us 3a'"+3a'b' + b'', or the corn- 
factor, which multiplied into h', gives the augment connect^ 

+ by with (a'+b')'. 

repeat the same process for every additional digit of the root 
ley are all of them exhausted, when the sum of a' and of all 
essive augments will be the complete cube of the root required. 

Thus let it be required to form the cube of 765. 

= 7 

. 21 147=3a' 343=a» ij65 

-- 6 

= 216 x6 1296=(3a+6)6 

6 15996x6= 95976=(3a'+3a^+6«)6 



222 x6 1332=(Sa+26)6 



6 17328=3a 



/9 



-. 2285x5 lU25=(3a'+6')6' 



1744225x5 8721 125=(3a'*+3fl'6'+6'«)A' 

447697125 



142 



prw:^ of ^ 236. The process for extracting the cube root is the reverse 
extracting of the preceding, requiring us, from the given cube, to find the 
root. digits of the root, and to subtract successively from the former the 

cube of the first digit of the root and also the successive augmaU 
Art 234, (which now become subtrahends,) corresponding to tbe 
successive digits of the root as they are successively determined: 
these digits are discovered tentatively , by dividing the sucoessife 
remainders which result from the subtraction of the cube of the 
first digit and of the succeeding subtrahends, the quotients beiog 
taken in defect, when necessary, and due regard being paid to the 
orders of the digits in the divisors and dividends employed: before 
however, we proceed to the formal statement of the rule to be fol* 
lowed, we will exhibit the process for extracting the cube root of 
the cube of 765, which was formed in the last Article. 



21 


147 


216 x6 


1296 




15996 x6 


6 




222 x6 


1332 


6 


17328 


2285 X 5 


11425 




1744225 X 5 



447697125 

343 
104697 
95916 



(J65 

first resolvend. 
first subtrahend. 



8721125 second resolvend. 



8721125 second subtrahend, i 



Rule. 



Method of 
pointing. 



The firet 
digit of the 
root and 
the first 
resolvend. 



237. The following is the general rule for performing thif 
operation. 

Divide the number whose cube root is required into periods, hjl 
marking off every third digit to the right and left from the plsce 
of units : the number of periods to the right or to the left of Ik 
decimal point will determine the number of places in the root l9 
the right or to the left of the decimal point *. 

Find the greatest number mhose cube is less than thejlrst period: 
this is the first digit of the root : subtract its cube from ikefa^ 

• The final digit of the cube of a digit of the n* superior or inferior order will i» 
of the Zn^ superior or inferior order : thus, the order of the final digit 3 of the cub* 
of 7 in the example just given is 6, which is the number of places which succeed* 
it ; and similarly in other cases. 
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iriod, and after the remainder write down the second period: 
us Jbmu thejirst resolvend. 

m 

To the right of the cube, write three times thefrst digit of the root Mode of^ 
md also three times Us square, which becomes thejirst divisor: divide fint divisor 
he resolvend (omitting its two last digits •) 6y the divisor and the ^^J^^^ -. 
fuotieni {taken in defect if necessary) will form the second digit of the root. 
f the root. 

After three times the first digit place the second : multiply the Mode of 
resulting number by the second digit and add the product to the subtrahend. 
irst divisor, advancing its last digit two places to the right f: 
wmUiply their sum by the second digit to form the subtrahend. 

Subtract the subtrahend from the ' resolvend and after the re-- Mode of 
nuiinder write the next period of the cube : this forms the new thes^ond 
resolvend. resolvend. 

To the last number formed in the first column add the second Formation 
digU, multiply their sum by the second digit, and add their product second sub- 
to the last number placed in the second column, forming the second ^endand 
dmsor; divide the second resolvend by it {omitting its two last of the third 
«%i/#) and the quotient {taken in defect if necessary) is the third thTrcwt 
<%»/ of the root. 

To the last number placed in the first column add the second Formation 
^*^ of the root, and after their sum write the third digit : multiply second 
the resulting number by the third digit, adding their product to the h^njf ' 
ucond divisor, its final digit being advanced two places to the 
right : multiply their sum by the third digit of the root, and the 
resulting product is the second subtrahend. 

We proceed in a similar manner to form the third resolvend, 
tnd so on until there is no remainder, or until it is thought proper 
!o terminate the process, which is necessarily interminable if the 
remainder does not disappear when all the periods of significant 
Ugits in the number whose cube root is required, are exhausted. 

* For the order of the final di(pt of 3 a' 6 is higher by two places than the final 
^t of (a + 6)', which i» of the same order with the final digit of the resolvend. 

t For the order of the final digit of 3 a' is higher by two places than the final 
i^tof(3a + 6)6 or 3ab-^h^. 
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Examples. 



238. The following are examples. 
(1) To extract the cubeToot of 41278.24fi8l6. 

4i278.2428l6 . . . (3U 



9 




27 l8t divisor. 


27 


94 


x4 


376 




14278 1st resolve 


4 


x4 


3076 X 4 
392 


^ 


12304 Istsubtrah 


98 


1974242 2d resolve 


4 




3468 2d divisor. 




1025 


x5 


5125 


5 




5 


351925 X 


1759625 2d subti 


1030 


x5 
x6 


5150 


3d divisor. 

t 

1 

1 X 6. 


214617816 3dresol 


5 


357075 
62136 




10356 

• 






35769636 


214617816 3dsubti 


(2) 


To extract the cube root 


of 12. 




6 




12 


12.006... (2.289 




62 > 


: 2 


124 


8 






4000 




2 
64 > 


c2 


1324 X 2 
128 


2648 








2 




1452 


1352000 




668 


X 8 


5344 






8 

676 

8 


X 8 


150544 X 8 
5408 


1204352 




147648000 




155952 






6849 X 9 


61641 






15656841 X 


9 140911569 



6736431 
The process is obviously interminable*. 

* The rule for extracting the cube root might be framed so as to ex( 
repetitious of digits which do not forward the operation: thus, in th( 
column of this example, we find 24 in the second and third line, 44 in t 
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(3) The cube root of 270540S6008 is 3002. 

(4) The cube root of .01 is .2154... 

(5) The cube root of 102.875 is 4.68565... 

(6) The cube root of | is .87358 . . . 

239. When the earlier diirits of the root have been formed Abbre- 
j .11 . 1 1 viatedform 

and many more are not required^ the operation may be ab- of the 

breviated^ by omitting all those digits of the resolvends and ^P*™**®"* 
subtrahends which are below an assigned order^ and conse- 
quently likewise all those digits of the partial and complete divi- 
sors which form digits in the subtrahends below the prescribed 
orders: thus^ let it be required to extract the cube root of 
147, admitting no digit into the resolvend below the 6th in- 
ferior order. 



15 

9 


75 


147... (^5.277626 


152 X 2 


304 


125 


2 


• 


22000 


154 X 2 


7804 X 2 


15608 


2 


308 






8112 


6392000 


1567 X 7 


10969 




7 


822169 X 7 


5755183 


1574 X 7 


11018 


636817 


7 


83318 




15817 X 7 


110 






83428 X 7 


583996 




7 






8350 


52821 




7 






8357 X 6 


50142 
1679 




835 X 2 


1670 



^d seventh line, 41 in tbe tenth line repeated twice : this might be easily avoided. 
>^ the first three lines were written as follows, 

12 
1 



1324 



Pacing the two last digits of 124 at once in the third line, and similarly for the 
'^ cases : the operation under this form, however, would lose more in the distinct 
^ibition of the numbers which form the divisors, whether complete or incomplete, 
''^n it would gain in brevity. 

T 
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The ex- 240. The extraction of the square root of a number n 

roots is niay be considered as equivalent to the arithmetical solution 

tion of an «^ — w, 

til "same ° where X, or the square root of «, is an unknown quantity, until 

order with ^jj^ operation is concluded : for it is obvious that x is equal to Jn 
the root. *^ . « , . ., i. 

or to the square root of n. In a similar manner the extrac- 
tion of the cube root of a number n is equivalent to the 
arithmetical solution of the equation 

where x, or the cube root of n, is an unknown quantity, until 
the operation is concluded. 

This unknown root, which we have denoted by x, may be re- 
quired to satisfy more complex conditions than those which we 
have hitherto considered : thus, it may be such that the sum of 
its cube, of (a) times its square, and of (b) times the unknown 
quantity or number itself, may be equal to a given number m 
a series of conditions which would be expressed algebraically hj 

the equation 

a^+ aa:'+ bx = n*, 

a and b being any assigned numbers : it remains to assign an 
arithmetical rule by which such roots of n or values of x may be 
determined in this and similar cases. 

tSn^of the ^^^' ^^^ ^ ^ ^^^ greatest whole or decimal number, of an as- 
rule for the signed order, such that r^+ar^+br shall be less than n, and which 
of a com- "^*y b^ found by making x successively 1, 2, 3...» or .1,.2, .Sy 

pound or .01, .02, .03, . . . &c., until we arrive at two successive subrti- 
cubic root. . . 

tutions, one of which gives r^ + ar^+br less and the other greater, 
than n: if however in consequence of the small value of r or 
from other causes, any one term of r^ + ar^+br, such as ft r, be- 
comes very much greater than the others, a more or less near 
approximation will be made to the value of r by dividing n by &• 

Let us now suppose x^r + x*, and therefore 
(r + x')3+ fl(r -J- xy + b{r + x') = n, 
or, (r»+ 3/^4?'+ Sraf^ + a^ -f- fl(r'-i- 2rx'-i- x'*) -»- 6r + ftx'= », 
or, x'^-f (3r -f- a) x'» + (3r*+ 2ar + b)x'^n-R, 

• Any equation which involves the cube of an unknown quantity or number * 
and no higher power of it, when freed from fractions, is called a cubic equtlioo : 
such equations admit of a great variety of forms. 
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(if /2 = r» + ar«+6r), 

or, x^ + fl'x'* + 6 V = »', 

if a'=3r + a, b'=3r^+2ar + b and n'=n-R. 

It remains to exhibit the formation of a\ h' R, and it', under 
uch a form as may become the foundation of a simple arithme- 
ical rule. 

a h n ... (r 



{r ■\- a) xr t^ + ar 

r {r' + ar + h)xr r*-\-ar^+br 



r" n' 



Sr^-a or a' St^ + ^ar + h or b' 

We place at the head of three successive columns a, b and n : 
we write down r + a in the first column and multiply it by r, 
placing the product t^+ar in the second column underneath b: 
beneath r*+ar we again write the sum of the same product r^+ar 
and b, which multiplied by r, gives f^+ ar^+br, or the first 
subtrahend R : underneath r + a in the first column, we write 
down r twice and form the sum which is 3r+a or a': underneath 
r'-^ar + b in the second column, we write r* and the sum of the 
three numbers r' + ar, r^ + ar + b and r", which are placed un- 
derneath each other, gives ST^+2ar+ b orb*: we also subtract 
the subtrahend R from n, which gives n': we now repeat the 
same operations with a', b' and n', and so on, as long as a value 
of n remains, or until we choose to terminate the operation. 

Since the successive values of r will be decimals of descend- 
ing orders, the term br will sooner or later become much greater 
than T^ and ar*, and consequently under such circumstances^ 
approximate values of r (taken in defect) will be found by 
dividing n by b, considering n and b as the representatives of 
any of their successive values w', »" &c. and 6', 6", &c. 

242. Thus let it be required to find the value of x in the Example. 

equation 

x3+i0ar*+6a:=120. 
The root is included between the numbers 2 and 3. 
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120 ...(^2.8330 1 
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12x2 

2 


24 

30 x2 
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60000 ] 


168x8 


58 
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7144 x8 


57152 
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64 


2848000 
2582187 




8552 


1843 X 3 
3 


1 5529 
860729 X 3 

9 
j 866267 


3 


265813000 




18493 X 3 


I 55479 
86682179 X 3 


262046537 




9 


3766463 




86737667 


. 



By referring to the scheme of the operation in the preceding 
Article^ replacing in the first instance a, b, n, r by 10^ 6, 120, 
and 2 ; in the second by 16^ 58^ 60 and .8 ; in the third by 
1 8.4> 85.52, 28.48 and .03^ and so on, the course of die proeeM 
will be made manifest: and if we should successively replace 
in the equation whose root is required, a, h and n by their 
successive values, we should get the following series of trans- 
formed equations corresponding to them; 

j:»4-10j^+6a:=120...(l), 
jr''4- 16a:" + 58x' = 60. . .(2), 
jr"» + 18.4ar"* + 85.52 or" = 2.848 . . . (3), 
x"" + 18.49ar'"« + 86.6267a:'" = .265813. . . (4). 

243. We might easily frame rules for the extraction of 
eenem/w^** compound roots in cases much more complicated than those 
presuppose which are comprehended in the two last Articles : but the en- 
fedgeofthe quiry would be somewhat premature, inasmuch as it involves 
theory of ^^ determination of the numerical limits between which roots 

equations. 



I 
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laced; and consequently a knowledge of some of the most 
tant parts of the theory of equations: we shall therefore 
the further consideration of such compound roots, until 
ome to that part of our subject *. 

14. The extraction of the fourth and higher roots of num- Rules for 
will be found to be dependent upon the rules for the tionofthe' 

ition of the fourth and higher powers of their roots : the fo^^** ^^ 

. I 1 . , 1 , f ^ ^ T higher roots 

metical processes which would be found to result are ex- of numbers. 

?ly operose and difficult, and are almost entirely superseded 
he use of logarithms, which enable us to determine a 
derable number of digits of such roots with very great 
ty: it is for this reason that we shall not attempt the 
itigation and illustration of the rules for finding any roots 
h are higher than the cube. 

45. Those roots which are incapable of beini? exhibited Meaning 
finite form, and which are therefore incommensurable for surd, 
reasons assigned in Article l65, are commonly called surds, 
are differently denominated according to the denomination 
he root to which they correspond: thus, quadratic, cubic, 
biquadratic surds are those which originate in the extrac- 
of the square, cube, and biquadratic roots respectively: 
generally a surd of the n'** order will be that which 
nates in the extraction of the n^ root 

!46. Quadratic surds are denoted by prefixing the sign J ^^?^x}^^ 
re the number or base whose root is to be extracted : they are 
c surds are denoted by the sign ^, biquadratic surds by dei'io^d' 
sign ^, surds of the fifth order by ^, and surds of the 
3rder by ^, the number which accompanies the sign (the 

of quadratic surds excepted) denominating the order of 
root: thus, J3 is a quadratic surd, ^14 a cubic surd, 

a biquadratic surd, and ^124 is a surd of the n^ order. 

in symbolical algebra we shall replace the signs J, ^, ^' ^ Denoted 
the indices i, 1, 1, 1, denoting Js by (S)*, ^14 by i"^^^^* 

I, C'27 by (27), and ^124 by (127) ": there are, how- 
', no principles which we have hitherto assumed or esta- 

These methods, which enable us to subject the actual numerical solution of 
lioDs, when the limits of their roots are determined, to uniform arithmetical 
esses, are chiefly though not entirely due to Mr Horner; see a very clear 
sition of them in Professor Young's Theory of £quations, Chap. v. and vi. 
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blished which are competent to explain and justify the use ol 
such indices with such a meaning. 

Surds of 247. Surds of the same order are comparable with each 

order other like finite numbers^ when their bases have a common 

rll^^^^^bA measure different from unity and when the roots of the proper 
multiples order of their other factors are finite or rational numbers: thus, 
surdf ^^'"^ n/2 ^^^ J^ ^® reducible to J2 and 2^2, involving the same 
quadratic surd ^2 : ^45 and ^80 or Jg x 5 and Jl6x5 are 
reducible to 3j5 and ^J5, or are multiples of the same qua- 
(batic surd J5: ^/lOS and J^IS72 are equivalent to\y27x4 
and ^343 x 4, and are therefore reducible to 3^4 and 7/^4, or 
to multiples of the same cubic surd ^4: 4/224 and ^1701 are 
equivalent to ^32 x 7 and ^243 x 7, and are therefore reduci- 
ble to 2^7 and 3^7, which are multiples of the same surd 
^7: and generally ^a"c and ^6"c are reducible to a^c and 
b>^c, which are multiples of the same surd ^c, if c be not 
a complete n^ power. Such surds are called like surds. If, 
however^ the bases of surds of the same order have no conunon 
factors or if their other factor be not a complete power of 
the same order with the denomination of the surd> they wfll 
be incapable of reduction to multiples of a common surd, and 
will not admit therefore of comparison with each other like 
ordinary numbers. 

The pro- 248. The product of two unlike surds of the same order 

irreducible ^^^^ ^^ a surd of the same order, whose base is the pro- 

surds of the jyct of the bases of the factors : thus, if Ja and Jb be two 

. same order / /? mi i n 

will be a quadratic surds, their product J a Jo will be equal to Jab, 

same orde^ which will not be reducible, under any circumstances, to the 
ii reducible same surd either witli Ja or Jb, nor to a rational number, 
factors. unless Ja and Jb are like surds: for, in the first place, 
since the square of the product Ja Jb is ab, which is 
also the square of Jab, it follows that their roots Jajb and 
Jab are equal to each other: and in the second place, if ve 
suppose Jab = ra, where r is a finite number, whether fractional 
or not, then we get ab=r'a', and therefore 6=r*a and Jb^rjd) 
which shews that Ja and Jb are reducible under such circum- 
stances to a common surd : it will follow therefore generally that 
Jab will be a quadratic surd different from either of its factors ^/<» 
or Jb. The same reasoning may be extended to the products o( 
cubic, biquadratic, and other surds of higher orders. 
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Thus, ^3x^/5 = ^/15: ^7v^lO = ;V70: but ^/18 x ^98- 4i2, 
'^ce JlS = 3j2 and ^^98 = 7^/2, and arc therefore Uke surds. 

249. Quadratic surds cannot differ from each other by a Two qua- 

nite number^ whether fractional or not : for if we suppose cannot 

» _ , I differ from 

fja — o + ijc, gacji other 

where J a and Jc are quadratic surds and h a finite number, number. 
hen the squares of these equal quantities will be equal, or 

a = b'+ 2b Jc + c: 

and if from each of these equal quantities we take away the 
same number b* + c, we get 

a — b'- c = 2b Jc: 

if we further divide these equal quantities by 2 b, the quo- 
tient<i will be equal, or 

a-b'-c 



2b 



= Jc: 



It appears, therefore, that Jc is not a surd, but a finite 
number, whether fractional or not, which is contrary to the 
hypothesis which we have made: it will follow, therefore, that 
two quadratic surds cannot differ from each other by a finite 

number*. 

250. One quadratic surd cannot be equal to the sum of two A quadratic 

others which are irreducible with it : for if possible, let us suppose be equal to 

the sum of 
Ja = Jb + Jc, two other 

surds 

where Jb and Jc are irreducible with each other and with Ja : which are 

then taking the squares of these equal quantities or numbers, wUhh? 
we get 

a = b + 2jhc -^c: 

and subtracting 6 + c from both these equal quantities, we get 

a-b-c = 2 Jbc, 
and also 

^ JL ^ 

= Jbc. 



a-b — c 



* h will follow from this proposition, that no two quadratic surds, when 
fedaced to the form of continued fractions, can possess the same period of recurring 
<)uotientfi : for if so, they would differ from each other by a finite number only, or in 
^Mr first quotients only. 
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It appears therefore that Jbc is a finite number^ and tl 
therefore Jb and Jc are reducible to common surds^ such 
r Jx and r' Jx ; (Art. 247.) and consequently 

Ja^rJx + r'Jx 
= (r + r)Jx, 

or Ja is reducible to the form {r + r^ Jx, and therefore to 
common surd with Jb and Jc, which is contrary to the hjpc 
thesis which we have made : we therefore conclude that a qut 
dratic surd cannot be the sum of two others which are im 
ducible with it. 

The pro- 
perties of 251. More generally it might be shewn, though not with 

su^s'^are^ out the aid of principles of reasoning and methods of invest! 
distinct gation which we are not yet authorized to use, that a quadrati 
municable. surd cannot be formed by the addition, or subtraction of an 
number of quadratic surds, which are not all of them equail 
reducible to the same common surd with it: but even withoii 
the assistance of this more general conclusion, we have suffi 
ciently shewn that the properties of such surds are alu^^ethc 
distinct and incommunicable with each other, and that they ai 
therefore incapable of reduction unless approximaiively, by mear 
of the arithmetical processes of addition and subtraction to equ 
valent results, in which all traces of the elements of which sue 
results are composed have disappeared in the course of tl 
operation, as in the case of ordinary and finite numbers. 

pertierof ^^' ^ubic surds, considered with reference to each otbe 

cubic and will possess no properties which are communicable with ea( 

similar to Other, unless in those cases in which they are reducible to tJ 

those of same cubic surd : and the same remark may be extended 

surds. the series of surds which belong to any assigned order wlu 

soever, as we shall afterwards have occasion to shew. 
Surds of 253. Again, in considering surds of different orders, it m 

always ^ easily shewn that a surd of one order cannot be equal 



are 



equal to a surd of any other, unless the order of the second surd be 
inferior entire multiple of the first : thus Ja cannot be equal to Jb, for 
^^h^"^* d ^^^^ ^®® ^® should have a =Jb', or Jb' a rational number, whi 
nomination cannot take place unless 6 be a perfect cube, and therefore Jb r 
pie of Uie * surd. But Ja may be equal to Jb, if 6' be equal to a : in 
♦irat. similar manner Ja may be equal to Jb if 6* be equal to a, a 

also Ja may be equal to Jb, if b^ be equal to a : and genera 
J a may be equal to ''Jb, if 6** be equal to a. 
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254. If we write down a series of the n*** roots of the na- ^jj^^ ^^^ 

tural numbers^ all of them will be surds except those whose order, 

whose DSLses 
bases are perfect «* powers : and all those surds will be irre- are the 

ducible to a common surd^ unless their bases have a common Q*^^[,g„ 
factor, multiplied by perfect n^ powers. In a similar manner, or surds of 
if we write down the series of successive roots of a number a tage, the 
from the quadratic downwards, all those descending roots will denomma- 
be surds unless a be resolvible into two or more equal factors, whose 
in which case there will be as many whole numbers in the series, ^^^ ^tural 
as there are different ways in which is a resolvible into equal numbers. 
Actors. 

255. Again all powers of a surd will be surds except those All powers 
whose denominations are equal to or multiples of, the denomination whose 

of the root: thus the successive powers of l/a, will form a series *^e*f^ 

yfl> ::/a\ IJc^, Ija^^ fl, aila, aya\ , the first «-l oftji^Uie^ 

which are surds irredudble with each other, and all the other tion of the 
terms of the series are whole numbers or multiples of the first -"j^^ui^ 
(»-l) terms: and if we could conceive the existence of a root surds, 
whose denomination was an incommensurable number, such as 
we shall afterwards be called upon to consider, then all its powers, 
however far continued, will be surds irreducible with each other. 

256. The theory of surds, under the form in which we have J"»pcrfec- 

... . tions m the 

just presented it, is necessarily very imperfect, in consequence preceding 

of our not being able to avail ourselves of many propositions ^^^' 

in algebra, which are essential to its more complete develope- 

ment : those properties of them however which we have noticed 

in the preceding articles will be sufficient to point out their 

general relation to each other, and also the extent to which they 

are capable of being compared with each other by means of 

the ordinary processes of arithmetic. 
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CHAPTER IV. 



ON RATIOS ANA PBOPORTIONS. 



The term 
rmtio. 



In what 
manner re- 
presented. 



Geometri- 
cal repre- 
sentation 
of ratio. 



^io geo- 
metrical 
definition 
of ratio 
properly 
so called. 



257- Ths term ratio in OTcynary language, is used to express 
the relation which exists between two quantities of the same kind 
with respect to magnitude : thus we speak of the ratio of two 
numbers, of two forces, of two periods of time, and of any other 
concrete quantities <^ the same kind, the relation of whose mag- 
nitude to each other admits of being estimated or conceived. 

258. A rmlh (the tarm is here used absolutely) consists of 
two terms or members, which are denominated .the antecedent 
and the consequent , from the order of their position: it may 
be denoted in arithmetic as well as in geometry, by writing the 
antecedent before the consequent, with two dotS;, one above the 
other, between them : thus the ratio of 3 to 5 is written 3 : 5* 

In a amilar manner, if a and b denoted any other two nttin- 
bers, lines or other magnitudes of the same kind, dieir ratio, 
whatever meaning it may possess or receive, would be denoted 
by a : b. 

259. Such a mode of representing a ratio, merely exhibits 
its terms to the eye, in a certain order, as objects of oomparisoD, 
and consequently conveys to the mind no idea of absolute mag- 
nitude : it may be called the geometrical representatioD of ratio, 
being the only one which is used in that science. 

Whatever modes, however, we may adopt in geometry for 
the representation of ratios, they must all of them be equaDy 
arbitrary and independent of each other: for there is, properly 
speaking, no definition of ratio in geometry, by whidi the equi- 
valence of diflferent modes of representation may be ascertained 
as necessary consequences of it : for ratio is said to be (Euclid, 
Book V. Def. 3.) the mutual relation of two magnitudes of the same 
kind to ofie another, with respect to quantity, a description of its 
meaning much too vague and general to be considered as a proper 
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definUioM^ inasmtidi as it cannot be made the foundation of anj 
propositions respecting it It is for this reason that ratios in 
geometry are only considered when placed in connection with 
each other^ as constituting or not constituting a proporiwtL 

260. A little examination however of some of the conditions PepniaT 
which ratios^ taken according to the popular usage of the term^ SbTteim 
must satisfy^ will lead to an arithmetical mode of representing '^^* 
thenij by which their absolute magnitude may be ascertained, 

and which will thus conduct us to an aridimetical definition of 
ratio^ which will be independent of the connection of ratios with 
each other : for it is perfectly conformable to our common idea 
of ratios, to consider them in the first place, as necessarily the 
iame for the tame magnitudes, in whatever manner they may 
be represented ; and in the second place, as independent of the 
specific affections or properties (of the same kind) of the mag- 
nitudes themselves. 

261. Thus, if two lines admitted of resolution into S and Change? 

5 parts respectively, which were equal to each other, the lines terms of the 

themselves miirht be correcdy represented by the numbers 3 and **™® ^^ 

, , may un- 

^) and their ratio therefore by 3 : 5. But their common primary dergo. 
unit is itself divisible into 2, 3 or m equal parts, and the numbers 
of these successive parts which the original lines, under such 
circumstances would contain, would be severally 6 and 10, 9 
and 15, Sm and 6m, which might denote them equally with 
the original numbers 3 and 5; their ratio therefore, which re- 
mains the saine, in conformity with the principle referred to, 
would be equally represented by 6 : 10, 9 = 15, and Sm : 5fn, 

Again, this mode of representing lines and their ratio, which 
possess this particular relation to each other, is equally applicable 
to any other magnitudes of the same kind which possess the 
same relation to each other: thus two areas, two solids, two 
forces, two periods of time, may be so related to each other, as 
to admit of resolution into 3 and 5 parts or units respectively, 
which are equal to each other: under such circumstances they 
must admit likewise of resolution into numbers of parts or sub- 
ordinate units equal to each other, which are any equimultiples 
o£ 3 and 5 : such pairs of numbers therefore, will equally repre- 
^nt those magnitudes, and will likewise equally form the terms 
?f the ratio which expresses their relation to each other. 
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Conclu- 262. The precedinir observations will conduct us naturally 

sions . . 

thence to the following conclusions : 

(1) Magnitudes of the same kind^ which admit of resolution 
into any numbers of parts or units^ which are equal to (each other, 
may be properly represented by such numbers, or by any equi- 
multiples* of them. 

(2) The numbers which represent two magnitudes of the 
same kind will form the terms of the ratio, which expresses their 
relation to each other : and this ratio remains unaltered, when its 
terms are replaced by any equimultiples of them. 

(3) Such ratios are dependent upon the numbers only, which 
form their terms and are the same, whatever be the nature and 
magnitude of the concrete unit of which those numbers may be 
respectively composed. 

(4) The ratios of two magnitudes of the same kind, whidi 
have no common measure with each other, and which are thcare- 
fore incommensurable with each other, may be approximaldy 
represented by such numbers of common units of those magni- 
tudes as approximate to them in value. 

263. All these conditions will be fully satisfied, if we agree 
to denote a ratio by means of a fraction, of which the antecedent 

a frTcUon^^ is the numerator, and the consequent the denominator : for the 
value of this fraction is determined solely by the numbers whidi 
form its numerator and denominator, and is entirely independent 
of the specific value or nature of the units of the same kind, of 
which they are respectively composed : and it remains unaltered, 
when its numerator and denominator are multiplied or divided 
by the same number, that is, when the terms of the ratio cor- 
responding, are replaced by any equimultiples of them. 

In arithmetic, therefore, and also in arithmetical algebra, a 
ratio may be defined, as the fraction whose numerator is the ante- 
cedent, and denominator is the consequent of the ratio. 

It will follow, therefore, that both in Arithmetic and Arithme- 
tical Algebra, the theory of ratios will be identified with the 
theory of fractions. 

264. The symbols of arithmetic represent geometrical as 
well as other quantities, and the lines, areas and solids of geo- 

• We shall generally give an enlarged significaUon to the term muUipU, is 
denoting the result of multiplication by fractions as well as by whole numbers. 
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, are thus brought within the range of this definition : it 

be kept in mind however, that it is only by considering 

;try as thus connected with arithmetic, that such quantities 

of the mode of representation which that definition renders 

$ary : for there is no geometrical mode of representing the 

Dn of one line by another, or the result of such a division : Reason 

whv toere 
lis result can bear no analogy to the quantities which pro- bnodefini- 

it, being essentially numerical and consequently not capable |JJ*™,^V^ 

ng represented by a line, unless in a symbolical sense, which try. 

- such circumstances must be different from that in which 

>ther lines are used. It is of great importance to attend 

s distinction, as it serves not only to explain the reason why 

is no independent definition of ratio in geometry, but also 

in comparing different ratios of geometrical lines or areas 

each other, with reference to their identity or diversity, we 

ot at liberty to avail ourselves of the algebraical definition 

do, unless we first change the mode of representing the 

dties which are the objects of the investigation, and resort 

le use of the symbols of arithmetic or algebra. 

165. We shall now proceed to the statement of some of the 
i common propositions concerning ratios, which, though 
dy properties of arithmetical and other fractions, require, 
I custom, the use of a new and peculiar phraseology, and 
!onnected with the formation of some important theories. 

'Ratios are compared with each other, by comparing the Ratios: 
ions by which they are denoted." pared. 

Thus, the ratios of 3 to 5 and of 5 to 8, are denoted by the 

3 5 . 24 

ions - and ~: these are identical with the fractions 7;; 

00 w 

25 

-— (Art. 127.)= it is the second of these ratios, therefore, 

;h is the greater of the two. 

\66. A ratio of greater inequality is one, whose antecedent Ratios of 
reater than its consequent : a ratio of less inequality is one, or less 
8e antecedent is less than its consequent : a ratio of equality loequality. 
e, whose antecedent is equal to its consequent : the first cor- 
3nds to an improper fraction, the second to a proper fraction, 
the third to unity. The following proposition, connected 
ratios which are thus denominated, is frequcntiy used. 
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Proposition 267. *' A ratio of greater inequality is diminifihed and ttm 

liieau of less inequality increased^ by adding the same number * to boCk 

its terms." 

Let T be the primitive and y the secondary ratio, £anaiei\ 

by adding the same number x to botii its terms: tiiese fractioiif: 
reduced to a common denominator, (Art. 124.) become 

ab + ax , ab-^bx 
hJfiTx)' 6(6 +x)' 

respectively : if a be greater than b, or if the primitive ratio be 
one of greater inequality, the first fraction is die greater <if the two, 
which is diminished, therefore, by the addition of the same nun-^ 
ber to both its terms: but if a be less than 6, or if the primitive 
. ratio be one of less inequality, the first fraction is the less of die jj 
two, which is increased therefore by the addition of the same^ 
number to botii its terms. 

Meaning of 268. If there be several ratios, whose antecedents are mal- :\ 

two or tiplied together for a new antecedent, and thar coosequenti | 

more ratios. ^g^\^^^ £^ ^ new consequent, the resulting ratio is called Ae | 

sum of the component ratios : in other words, the sum of t«t < 

or more ratios is the product of the fractions which denote them. 

Thus, the sum of the ratios o£ a : b and c z d is ac : bi» 

When the 269. If the consequent of one ratio become the antecedent of 

of one ratio the next, the sum of any number of such ratios is the ratio of the 
redent^or* ^^^^ antecedent to the last consequent 
t e next. j^. ^j^^ ratios he a : b, b : c, c : d, and d : e; then their snm 

_a b c d^abcd a 
b c d e bcde e ' 

A duplicate 270. The sum of two equal ratios, or the double of any nlio, 
is the ratio of the square of the antecedent to the square of the 
consequent 

For the sum of the ratios a : 6 and cr : 6 is 

a fl_ a' 
h^'b-b'' 

* By number is meant any numerical quantity, whether fractional or ifile- 

pral. 



I 
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271 . In a siroilar manner, the triple of any ratio is the ratio A triplicate 
* the cube of its antecedent to the cube of its consequent. 



For the sum of the ratio of a : b, added thrice together, is 

a a a a* 



a a « _ «' 



272. More generally^ the sum of n times any ratio;, such as n times 
I : b, is the ratio of a" : 6*. 

For the product of t into itself^ repeated as a factor ft 

. or 

bmes^ IS ?-. 



a" 



In the same sense a* : 1 or — or a* simply^ is called n times 
ihe ratio of a : 1. 

273. It is in this sense^ that the powers of numbers may Logarithm, 

. .,• ,., 1.1 . -1 .1 Its pnmitive 

be considered as muUtjues of the ratios of the sunple num- meaning. 
hen to 1; thus 10* : 1 or --- cnr 10*, may be termed the 

10* 
tkMe of the ratio of 10 : 1 ; 10* : 1 or — or 10^^ the qHin- 

litple of that ratio, and similarly in other cases, the index of 
the power being the measure of the ntunber of simple ratios 
whose addition forms the compound one: the term logarithm 
means the number of ratios, and is therefore equivalent in sig- 
nification to the index of the number^ which forms the funda- 
menial ratio. 

Thus if the fundamental ratio be a : 1 or - or a, then 2 

a' 
is the logarithm of a* : 1 or of y ^^ ^^ ^' • ^ is ^^^ logarithm of 

a* a" 

fl*: 1 or of — or of «*: and n is the logarithm of a" : 1 or of — 

or of fl". 

274. The ratio of Ja : Jb is called the half or the subdu- A sub- 
f^e ratio of a : 6 : for the double of this ratio is ratio. 

Ja Jaa 

275. The ratio of ^a : ^b or ^ is called the subtriplicate ^^"^^^^ 



of the ratio of a : 6 or of r : for the triple of that ratio is 



ratio. 
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276. The ratio of ^fl* : ^&» or ^ is aDcd die 

cale * (or ratio sesqyialiera) of a i h ot q€ -rz fiat die sum d 
simple and mibduplicate ratio of a : 6 is 

277- The ratios of surds and inoommeDsanble 
generally^ admit of being represented equally witii dioae of 
mensurable numbera: thus the ratio c€ J5t z JS i» 

by ^ in the same manna* that the ratio of 2 : 3 

2 
sented by - : and if we replace J2 and J3 in this ntio 

approximate finite numbers, the ratio which resnhs will 

it is only however, wboi 

surds which form the antecedent and consequent of a ntio 
reducible to a common surd, that it can be replaced Ij 
equivalent ratio in rational terms: thus the ratio JS : Ji% 

H-T is equivalent to ^^7-, and therefore to -: the ratio jfSl s 

^375 or ij^^ is equivalent to t^, and therefore to-: mi 

conversely, a ratio whose terms are rational may be oonfcrtrf 
into an equivalent ratio whose terms are surds, if its termt In 
multiplied by any common surd, whether we suppose thiC Al 
rational factors are brought under the sign of the root or not; 



/2 
proximate to the ratio ^: 



or 



^ ^245 , 2 . . 



7 1 J5 

thus YY ^* equivalent to J^y 

2^7 , 11^6 
lent to , -%,- or to ,/ • 

* The periodic times of any two planets round the Sun are in the mmngiktA 
ratio of the major axes of their elliptic orbits or of their mean dirtuices 6ob tk 
Sun, a circumstance which gives to this ratio some degree of interest aad ia 
portance. 

The use of fractional indices, which the principles of symbolical algebra «i 
authorize, will enable us to treat ratios which involve the roots of the antecedent ti 
consequent, or powers of them, with much greater clearness and generality tbaa 
practicable when mere signs of such surds are allowed to be used. 
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278. Numbers^ whether rational or surd^ are essentially Numbers, 
lisoontinuous, and in strictness of language, are incapable of ex- ]!||Ltion^'or 
■essing as symbols the properties of continuous magnitude : it surd, cannot 
• true that if two numbers can be found which represent magni- [he'i^ftda- 
ades less and greater than the one assigned^ others can be found ^^^ o^ 
vhich differ from the representative of the magnitude required continuous 
lets than any number which can be or may be assigned^ (Art ™*8*"'"d«« 
169*) and which in this sense therefore become arithmetically 

equal to it ; but there is an essential distinction between arithme- 
tical equality, as thus defined, and arithmetical identity, and con- 
sequently no number can become the absolute representative of an 
JBoommensurable magnitude : and though the surd roots of nuin- 
bers, which are themselves incommensurable, can represent sym- 
boiicaUy incommensurable magnitudes, yet any succession of such 
nurd roots must be equally discontinuous with commensurable 
onmbers, and therefore equally incapable of becoming the repre* 
KDtatives, except approximately, of every gradation of value of 
a continuous magnitude included between any assigned limits. 

279. Geometrical maimitudes, being subject to the law of ^i°^ ^^y 

, - ^ , If... represent 

eoDtmmty, are capable of representing tymbolumly any mag- continuous 
nitades of the same kind, and therefore also their ratios to each ™^"^^u<^<^- 
other; but when lines are thus used, as symbols merely, we have 
BO means of ascertaining whether the actual lines which are 
itnuned for this purpose and exhibited to the eye, possess the 
■me relati<m to each other with the magnitudes which they 
represent, and under such circumstances, therefore, they are 
OMrely equivalent to any other general symbols, whether alge- 
braical or not, which are employed for the same purpose : it is 
Mily when they are not used symbolically, but are themselves 
die magnitudes which they represent, that they become the 
proper objects of enquiry with respect to their commensurability 
irith each other, or with respect to any other properties which 
iiey possess when considered with reference to each other. 

280. The process for finding the greatest common measure Process for 
if two linies is identical with that for finding the greatest com- ing the 
non measure of two numbers : for it merely requires us to cut con?f?«n«»u- 
•ff the less of two lines (the divisor) from the greater (the divi- two lines. 
lend), as many times as is possible, and then to repeat the 

ime process with the remainder and the last divisor and so 
n continually, as long as the remainder exists: if the process 
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terminates^ the lines are commensurable and the last divisor is 
the greatest common measure required: but if the remainder 
never disappears, however long the process may be continued^ 
the lines are incommensurable with each other. It may be ol^ 
jected, that this process would not enable us to pronounce two 
lines to be incommensurable with each other, ¥rithout an infinite 
number of operations: but when lines are connected with esdi 
other by some assignable geometrical properties, it is generallj 
possible to shew that the process will sooner or later terminit^ 
or that the same relations will recur between the remainder md 
the divisor, and consequently that the process is interminable, and 
that the corresponding lines are incommensurable with each other*. 

* If it was required to assign a line, the square upon which shall be dtrabls 
of the square upon a given line, it would be easy to shew that such linet woakl 
be incommensurable with each other : for if ilfi 
be the given line, and if we make BC equal to 
AB and perpendicular to it, then the square upon 
AC will be double of that upon AB : from AC 
cut off ilD-ilB, join BD and draw DE perpen- 
dicular to AC meeting BC in £ : then it follows 
that BE, ED and CD are equal to each other : if 
the remainder CD or JB£ be taken from the last 
divisor CB (equal to AB) the remainder CE is 
greater than CD and bears the same relation to it 
that AC bears to AB : if CD be taken twice from 
BC, the remainder CF is less than CD, and also 
CF will bear to CE the same relation that CD 
bears to ^C, however often this process is re- 
peated : therefore the same relations of the remainder and dividend will be rapis- 
duced and consequently the original lines are incommensurable : and as the fint 
quotient is I and all those which follow it 2, the ratio in question will be equal to 
the recurring continued fraction 

*+l+i 1 

which represents the square root of 2 : in a similar manner, the line, the square 
upon which is triple of that of a given line, may be shewn to be incommensaiable 
with it, and the ratio to be represented by V3 : the same remark applies to the 
parts of a line divided in extreme and mean ratio : for if ^ 

AB he divided in extreme and mean ratio in C, and if » 

we make CD= CB, then since ' ^ t ^ 

AB : AC :: AC : CB, 

AB-AC : AC :: AC-CB : CB, 

or CB : AC :: AD : CB, 

or AC :: CD :: CD : AD, 

and therefore ilC is again divided in extreme and mean ratio in D ind so ob 

continually : it will follow therefore that the ratio 
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281. The quotients of the division of lines by lines> whether The quo- 
., , , , , - , tientsofthe 

onsidereci as symbols or not, are abstract numbers and are divisioa of 

berefore neither homogeneous in form^ nor in meanings with the ||°^ ^ 
lividend and divisor ; but the quotients of numbers divided by nambera. 
Lumbers^ whether their component units are abstract or con- 
crete^ so long as they are the same in both^ are necessarily 
abstract numbers and are therefore homogeneous in form with 
the dividend and divisor^ though they may not be identical in 
agnification: and inasmuch as the processes of arithmetic are 
equaUy applicable whatever be the nature of the specific units 
Off the numbers subjected to them^ though the interpretation of 
the results may be different, we are not called upon to change 
the form or character of our operations, when we pass from the 
temis of a ratio to the abstract number which we have defined 
to be its value. 



282. The case however is altogether different in Geometry, There is no 
where we have no means of representing geometriccdly the value of ratlo^hi 
of a ratio, and consequently no means of reasoning concerning geometry, 
its value when considered absolutely and without reference to as its value 
other ratios: it is for this reason, as we have before observed, gj-n^y,!^" 
(Art 264.) that there is no independent definition of ratio in geometri- 
Geometry, and it is only by referring them to other ratios, when ^^ ^' 
they constitute or do not constitute a proportion as defined 
geometrically, that we are enabled to consider them and to 

reason concerning their relative values. 

283. We shall now proceed to the definition of Proportion in Arithmetic 
Arithmetic, as founded upon the arithmetical definition of ratio, ^onofpro- 

" Proportion consists in the equality of two ratios." portion. 

A proportion (the term is here used absolutely) is composed 
of four terms, the first and third of which are the antecedents/ 

^ = 1 + 1 1 

AC 1 + -j 1 

"*■ 1 + &c. 

If it was required to assign a line, the cube constructed upon which as an edge 

M double of that which is constructed upon a given line as an edge, we should be 

able to assign no geometrical properties which connect two such incommensurable 

Hoes with each other and whose ratio is equivalent to v2: neither are the quotients 

^liich result from the dirision of one line by the other recurrent in the same order 

though interminable, for if they were so, V2 would be expressible as a quadratic 

i&ni, which is impossible. The problem for the duplication of the cube was cele- 

t^Tited amongst the Greek Geometers, and its solution was known to exceed the 

PQ^n of plane geometry, as it has been commonly defined and limited. 
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and the second and fourth the consequents^ of the ratic 
are required to be equal to each other. 

Mode of re- 284. A proportion in Geometry is expressed by coi 
apropor^* the two ratios, written geometrically, with the sign ::, 
tion m ]g ug^ iQ denote their identity with each other ; thus, 
and c : d be the ratios which constitute a proportion, t 

written thus, 

a : b :: c : d. 

Used also The same method of exhibiting a proportion is ver 

metic aod monly used, both in Arithmetic and Algebra, whatever 
Algebra, nature of the quantities which compose it 

Algebraical 285. The definition of a ratio which is iriven in Ari 

test of 

proportion- and Algebra, will necessarily lead to a mode of exhil 

*lity- .... . a 

proportion which is appropriate to those sciences : for if j 

denote the ratios respectively which constitute a proporti 
proportion itself must be expressed by the equation 



b'd' 

It is the equality of these fractions which is the test 
portionality, or of the equaUtif of the ratios, which is e 
to their forming a proportion : it may be ascertained, th 
whenever the values of these fractions can be calculated 
termined. 

Product of 286. There is another form of this equation, which 
iremesi ducible from it, and which expresses therefore the same 

equal to of the quantities involved in it, and which is, firenerally sp 
product of ^ . ^ 1 «,,..«,!. 

the means, more convement for the purposes of calculation : if the fi 

fl c 

J- and -^, be reduced to a common denominator, the eqi 

a c . ad be 

T = -j becomes 7— , = y-i , 
o d bd bd 

or, omitting the common denominator. 

It appears^ therefore, that if four quantities constitute 
portion, the product of the extremes is equal to the pro 
the means. 
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287. Conversely, if the product of any two quantities be l^^^' 
equal to the product of two others, they will be convertible into 
a proportion, by making the terms of one product the extremes, 
and the terms of the other product the means. 

For i£ ad = bc, we obtain, by dividing these equal quantities 

by bd, 

a _c 

which is the algebraical mode of expressing the proportion 

a : b :: c : d, 
or c : d :: a : b; 

in the first of which, a and d are the extremes, and b and c the 
means ; and in the second, c and b are the extremes, and d and a 

the means. 

288. If the two mean terms of a proportion are equal, or Continued 
if the consequent of one ratio be the antecedent of the next, the proportion, 
product of the extremes is equal to the square of the mean : for 

in this case, 

a __ 6 ac ^ b' 

b^c' °' bi-bi' 

and therefore, 

ac = b'. 

In this case, the numbers a, 6, and c are said to be in con- 
tinued proportion. 

289. The following Propositions are demonstrated in the ProixMitions 
fifth book of Euclid, m conformity with the geometrical defini- Proportion 
tion of Proportion : they will admit of a much more simple de- ^^® ^^ 
monstration as will be seen from what follows, from the arithme- Eiiclid. 
tical definition of proportion employed in the preceding Articles. 

The Propositions in Euclid are frequently quoted in a tech- 
nical form, as when four quantities are proportionals, they are 
said to be proportionals also invertendo, aliemando, componendo, 
^videndo : we shall refer to these terms and others, in the fol- 
lowing Articles, when we are enunciating the propositions which are 

Hich are thus designated. the same 

^ . to the same 

290. '^ Ratios which are the same to the same ratio, are the same 
^c same tq one another. (Euclid, B. v. Prop, xi.) inother. 



Ratios 
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Let a : h :i € : f and also c : d v. e i f, then 

a I h i: c : d. 

For if r =7 and ^ =7-> then also r ~^> snd^ therefore^ 

a : 6 :: c : (f. 

^ver- 291. " If four magnitudes be proportionals, they shall be 

proportionals also invertendo, that is, when the terms of the 
respective ratios are taken in an inverse order." 

Let a I h v, c I d; then also 

h I a II d I c, 

o c 
For if T= ji and if we divide 1 by each of these equal 

quantities, we shall get 

rr=7-r> or - = -, ...(ArtlOg.) 
o\ ic\ a c ^ * 




and, therefore, 

b : a :, d : c. 

This is Proposition (b) in Simson's Euclid, Book v. 

Alter- 292. " If four magnitudes be proportionals, they shall be 

^^^ °' proportionals also aliernando, or when taken alternately." 
Euclid, B. v. Prop. xvi. 

Let a : b :: c : d, then also 

a : c :: b : d, 

u c 
For if T = j> then also ad = bc, (Art 109.) and dividing 

each of these quantities by dc, we get 

ad ^bc a b 

and, therefore, 

a \ c :i b I d, 

Compo- 293. *' If four magnitudes be proportionals, they shall be 

nen o. proportionals also componendo, that is, the sum of the first sod 
second shall be to the second as the sum of the third and fbuitb 
is to the fourth. (Euclid, B. v. Prop, xviii.) 

Let a : b :: c : d, then also 
a 4- 6 : b :: c + d : d. 
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a c a c 

For i^ T =3* then also j+ 1 =2+ 1, .and, therefore, 

a+b c+rf . , , , 

— ¥— = — ^— , or a + 6 : 6 :: c + a : fl. 

294. " If four magnitudes be proportionals, they shall be I^ividcndo. 
roportionals also dividendo, that is, the difference of the first 
nd second shall be to the second as the difference of the third 
nd fourth is to the fourth " (Euclid, B. v. Prop, xvii.) 

Let a : b :: c : d, then also a — b : b :: c — di d, 

o c c 

For tf T = T, then also x "" ^ = 3 ~ 1 i '^^ therefore 

a—b c- d 

or a — 6:6::c-rf:d 

2d5. " If four magnitudes be proportionals/ they shall be ConTer- 
)roportionals also convertendo, or the first shall be to the dif- 
erence of the first and second as the third is to the difference 
if the third and fourth." 

Lei a : b :: c : d, then also a : a-b :: c : c-d. 

For if J =5, 

, a-b c-d . b d , . ^ ^ 

then also ~t— ="j~ "*^ -=-; ••• (Art 29 1.) 

. ^ a-b b c—d d 
therefore — ,— x - = --j— x - , 
bade 

or = , and invertendo, . . . (Art 291.) 



a-b c-d' 
or a : a — b :: c : c — d. 

This is Proposition (e) in Simson's Euclid, Book v. 

296. '^ If four magnitudes be proportionals, the sum of the 
^ and second is to their difference as the sum of the third 
h1 fourth is to their difference." 

Let a : b :: c : d, 
then also a + 6 : a^b :: c-^d : c — d. 
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a c 



For if J =3, 



> 



. 1 a+b c+d , a—b c—d 

then also — , - = — t— , and — r— = —r- 

a+b c+d 

-^ b d .. a+b c+d 

therefore v = l , and also 



a— 6 c—d' a—b c—d* 

or a + 6:fl — &::c + £i:c — li. 
Ex aequali 297* '' If there be three or any number of magnitudes of 
tione^J^^' ^^ same kind^ and as many others^ which taken two and two 
recti. in the same order^ have the same ratio: then (ex ccquo or ti 
asquali in proportione directd), the first shall be to the last of 
the first set of magnitudes as the first is to the last of the 
second set of magnitudes." Euclid^ B. v. Prop. xxii. 

Let a, b, c be the first, and of, b^, d the second set of 

magnitudes; then, if 

a \ b i\ a' I b'i and 6 : c :: 6' : c/, 

we shall also have 

fl : c :: a' : c'. 

-, ,^ a a' J b b' 

For if j-g7, and- = ^, 

, , a b a' b' 

then also r ^ - = >-; x -7 , 
o c b c 

and therefore - = -; , 

c c 

or a : c :: a' : &. 

A similar demonstration will apply when there are more tbsn 
three magnitudes in each set. 

Kx equali 298. " If there be any number of magnitudes and as many 

m proper- others, which, taken two and two in a cross order, have the sime 
tiooe per- ^ , 

turbaU. ratio ; namely, if the first be to the second of the first set cr 
magnitudes as the last but one to the last of the second set cf 
magnitudes, and the second to the third of the first set of mag- 
nitudes as the last but two to the last but one of the second set of 
magnitudes, then (ex asquo perturbaio or ex asquaU in proparif0^ 
periurbatd), the first of the first set of magnitudes shall be to 
the last as the first of the second set of magnitudes is to the 
last." Euclid, Book v. Prop, xxiii. 



^ 
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let a, h, c be the first, and a', b', c' the second set of mag- 
les; and let 

a : b :: b' : </, 

and b : c :: a* : 6', 

then a : c :: a^ : c'. 

^ ,^ a b' , b a' 
For .f j=p and -=j;, 

then also t ^ - = t7 ^ t7 ; and therefore, - = -» , 
6 c ir 6" ' c c 

or a : c :: fl' : c/. 

V similar demonstration will apply when there are more 
I three magnitudes in each set. 

299. "If there be three magnitudes in continued proportion Duplicate 
I 288.), the first shall have to the last, the duplicate ratio Geometry. 
t. 270.) of the first to the second." 

Let a : 6 :: 6 : c, then also a' : b* :: a : c. 

For if f=-, 
o c 



a a b a 



then also t x ^ = - x -r 



a' 



therefore a' : b' :: a : c. 

In Geometry, where there is no independent definition of 
0; it is the enunciation of this proposition which involves the 
oltion of duplicate ratios. Euclid, B. v. Defin. x. 

300. '^ If there be four magnitudes in continued propor- Triplicate 
, the first shall have to the fourth, the triplicate ratio, G^,^try. 
t 271.) of the first to the second." 

Let a : 6 :: 6 : c :: c : {f, then a^ : b' :: a : d, 

-, .^ a b c 

k ^ ^ / A _^ «-rw> X ■, a' a a c a? a 

hengj=-, (Art 299.) andjjxj=-x3, or^^^^ 

therefore a" : 6' :: a : ^. 
Y 
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It is the enunciation of this proposition which involves tb 
definition of triplicate ratio in Geometry. Euclid^ B. v. Def. zi 

tion°Sd*" 301. " If there be four magnitudes, a, b, c, d, which an 

reaolation proportionals, and four others, a^, h\ d^ &^ which are propor 
tioiMr^^^'* tionals also, then their corresponding products or quotients. 



flfl', &6', cdi dd', 

abed 
a' 



®' -" b^' c" df' 



shall also be proportionals." 

For if J=|. .nd ^ = ^. 

^, y a a! c d 

then also ^^-=-^^^; 

or fla' \ bb' \\ cd \ dd\ 

a c o! d 

Again, if t^t, and t7 = 3»> and therefore (Art. 291.) 

a V c d! a bf c a 

and therefore replacing t hy 77 and 7 ^7 j> 

abed 
°' a' ' b'" d' d'' 

Proportions when thus combined with each other, are saidf 
in geometrical language, to be added together in the first ctfS 
and subtracted from each other in the second : in the first caffi 
however, they are more commonly said to be oompcunded tt>- 
gether. 

It is obvious that this proposition may be easily exteodul 
to any number of proportions. 
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" If four quantities, a, b, c, d, be proportional*, then If four 
•, d", shall also be proportionals." S^'p^r- 

tionalfl, 
•^ .« a c their w* 

i^ot 11 T=~39 powers are 

" " proportbn- 

all. 
a" c" 
then also 73=1:, 
6" (T 

or fl" : 6" :: c* : rf". 

'' If there be any number of ratios which are equal to If any 

ler^ then as one antecedent is to its consequent, so shall ^^ 1^ 

ntecedents together be to all the consequents together.'' ^"*^ *"J 

. V. Jrrop. xu. then zb one 

antecedent 

Let a:6::c:rf::e:/, '^^^^^^ 

then also, a : 6 :: a + c + c : 6 + (i +/. Se^tece- 

dents toee- 
v^m ;r ^ ^ ^ thcrtoall 

l^d^T' theconae- 

^ quentfl to- 



ff a 



then we have t=t* or ab-ba 

b 



gether. 



^ = ^, or arf = 6c (Art. 287.) 



a e 



l = jy or af=be, 



isequently 



ab + ad-^ af= ba-\-bc + be; 



or, a(b-^d +/) = 6(fl 4- c + c). If any 

number of 
roportions 



/I /I 4. r 4. #> proportioi 

and therefore ? = , / \ ., (Art 28?.) ^*^« ^« 

6 6 + rf +y^^ ^ ' same ante 

or, a I b :i a + c + e : b -{-d ■\-f. 



cedents re- 
spectively, 
as the first 
antecedent 
same demonstration may easily be extended to any num- ^ ^ ^^^ 

atios which are equal to each other. fint con- 

sequents, so 

*^ If there be two or more proportions, which have the Jecond an- 
tecedents respectively, then the first antecedent shall have *ec«dent be 
, , , , to the sum 

um of all the first consequents, the same ratio which the ofthese- 

uitecedent has to the sum of all the second consequents." Mquenu!' 



For if 



then we have 



consequently 



and therefore 



172 

a : b :: c : d, 
a I h' :: c : df, 
a : b":i c : d" ; 

ad =■ cb, 
adf = cb', 
adf' = cb" ; 

fl (rf + d' + rf") = c (6 + 6' + ft'O ; 
a '. b + b'+b" II c : rf + rf'+d". 



In a similar manner it might be shewn, that ** if there be 
two or more proportions, which have the same consequents 
respectively, then the sum of the first antecedents shall have 
to the first consequent, the same ratio, which the sum of the 
second antecedents has to the second consequent." 

Self-evident 305. There are many propositions in the fifth book of 
queues of ^^^lid, where hypotheses are made concerning ratios as gretter 
the arith- and less than, as well as equal to, each other, and the drcum- 
finition of stances under which they are so, which are either self-evidenti 
proportion q^ gQ nearly self-evident, consequences of the arithmetical de- 
ways self finition of ratio, that it will not be necessary to notice them in 
coi»e°^ this place, as distinct propositions to be demonstrated. The ctie 
quences of however is very different in a system of Geometry, where the 
tricd^dSf- ^^^^ ^^ * definition of ratio, as disconnected with Uie definitiai 
nition. of proportion, makes it necessary to consider such properties 
of ratios, as much the objects of demonstration, as any of tbe 
properties of proportions or proportionals : thus when it is said 
that '' of unequal magnitudes, the greater has a greater ratio 
to the same than the less has," (Euclid, B. v. Prop, viii.) it ii 
required to bring this proposition within the operation of the de- 
finition of quantities which are not proportionals, and to shev 
that the conditions are such as coincide with the circumstanoei 
under which the first of four magnitudes is defined to have to the 
second a greater ratio than the third has to the fourth, wliidi 
is in this case identical with the second: if however we repre- 
sent algebraically the same three magnitudes by a, 6, and c. 
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rhere a is greater than c, then the first ratio is represented 

)y 7 y and the second by -? : and it is a necessary consequence 

)f the meaning attached to the term Jraclion, which is synony- 
mous with that of ratio^ that the first fraction under such cir- 
camstances is greater than the second : no formal demonstration 
could add to the evidence of such a proposition. 

The same observation would apply to the following pro- 
position : " if there be six magnitudes, and if the first has to 
the second the same ratio which the third has to the fourth, 
but if the third has to the fourth a greater ratio than the fifth 
to the sixth : then the first has to the second a greater ratio than 
the fifth to the sixth." (Euclid, B. v. Prop, xiii.) 

If the six magnitudes be severally denoted by a, h, c, d, e^f, 
then the three ratios which are the objects of the proposition are 

ice o c c 

r, -3 and J, respectively; if t be equal to -j, but if -z be 

greater than 7, then we infer immediately that j- is greater 

ban ^, and no demonstration can add to the evidence of such 

I conclusion : in the absence however of any geometrical mode 
if defining, independently of each other, the values of these 
atios, it becomes requisite to shew that there are some equi- 
Dultiples of the first and fifth, and also of the second and sixth, 
rhere the multiple of the first is greater than that of the second, 
mt the multiple of the fifth is not greater than that of the sixth : 
I conclusion by no means self evident, but requiring the authority 
if a formal demonstration. 

306. The contrast, with respect to brevity and clearness, 

rhich is presented in the demonstration of the preceding pro- 

lositions, as founded upon the arithmetical and geometrical de- 

initions of proportion, is so remarkable, as to suggest at once a 

(oestion with respect to the necessity of adhering to the latter 

lefinition in a System of Geometry : to this question we shall 

low endeavour to irive an answer. 

_ . 1^. , Thearith- 

The same reasons, m fact, which prevented the transfer of metical 

he arithmetical definition of ratio to Geometry, will likewise propo^on 

prevent Uie similar transfer of the definition of proportion : for ]?*** ^^'^' 

it is impossible to ascertain the identity of the fractions which Geometry. 
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constitute a proportion^ if we have no geometrical means of !•• 
certaining the values of the fractions themselves, (Art. 281): ft 
is no answer to this observation to say that the identity of tfaeie 
fractions exists, when their numerators and denominators form 
the terms of a proportion,, in the case of geometrical as well ai 
other quantities : for if geometry be considered as a practicdt 
as well as a theoretical, science, we can avail ourselves of no 
properties of the quantities which are the objects of its investi- 
gation, which are only discoverable by the aid of another sdenoe, 
and which cannot be verified by any geometrical test. 

The 1^0- 307. But the arithmetical definition of proportion compr^ 

^finition of ^^"^ geometrical as well as other quantities, and whatever may 
proportion be therefore the geometrical definition of proportion whidi we 
coDse- ™Ay adopt, it must coincide with the arithmetical definitioa in 
^e af ^e- ^ its consequences at least, if not in its form : it is for this reason 
braical that it will be expedient to examine the consequences of die 
arithmetical definition of proportion, in order, if possible, to find 
some one, which admits of the application of a geometrical testy 
consistent with the prescribed forms of geometrical reasoning, 
and which is equally applicable to every species of geometriail 
quantity. 

Proposed 308. One of the most immediate and remarkable of these 

fh^ r*'^7an- consequeuces is the equality of the products of the extreme and 
gle formed mean terms of the proportion: if the quantities which were 
means ^^ objects of comparison were geometrical straight lines, die 
*?"^^ ^t products in question would correspond to rectangles of which 
gle formed these lines were the adjacent sides respectively (Euclid, B. vi. 
extremes. Prop, xvi.) : and such lines would properly form the terms of t 
proportion, if those rectangles were equal to each other : and in- 
asmuch as the equality or diversity of such rectangles could be 
ascertained by practical geometrical means (by their oonversioD 
into equal squares), we should thus be put into possession of 
a geometrical test of proportion, which would necessarily coin- 
cide with the test supplied by the arithmetical definition. 

Objections 309. Without noticing however other objections to the use 
of such a geometrical definition of proportion, there is one whidi 
is fatal to it : it is not applicable to every species of geometricil 
quantity : for if the terms of the proportion, two or all rf 
them, were areas or solids, the test in question^ would no longer 
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kdmit of application : it does not present itself> in short, under 
i form which is independent of the specific nature of the quan- 
tities whidi constitute each ratio of the proportion; and it is 
obvious that the same objection would more or less apply to 
die adoption of any definition, which was founded upon any 
eonsequenoes of the arithmetical definition of proportion, which 
are independent' of, or not immediately connected with, the frac- 
tional form of the ratios which compose it. 

310. It is for this reason that we shall again recur to the 
original forms of the fractions which constituted the arithmeti- 
ctl definition of proportion, namely, 

a _c 
I'd' 

tnd examine whether there is any modification of their terms, A second 
which geometrical quantities could admit of in a system of auenceof 
feometry, which is essentially connected with their equality or u**-^ j' 
dirersity: among those might be reckoned any multiples what- finitionof 
loever of the terms of the ratios, whether lines or areas : thus if ej[^n^? 
we take any equimultiples whatsoef)er (m) of the first and third 
tams of the proportion, and any equimultiples whatsoever (n) 
of the second and fourth, we should get 

ma tnc 
nb nd' 

tnd it is obvious that if ma be greater than nb, mc is also greater 
dum 911^, and if ma be equal to nb, then mc is also equal to 
ni, and if ma be less than nb, then mc is also less than nd: for 
if not, let us suppose mc greater than nb, at the same time that 
•c is not greater than nd, and it will follow therefore that a 
utio of greater inequality (Art ^66.) may be equal to a ratio of 
equality or to a ratio of less inequality ; or in other words, that 
m improper fraction may be equal to unity or to a proper frac- 
tion : and it may be readily shewn that any other conclusion re- 
specting the relation of the terms ma, nb, mc, nd different from 
those we have mentioned, will lead to similar contradictions. 

311. It will follow therefore if a and b, c and d are pairs Geometri- 
of {^metrical magnitudes of the same kind respectively, whe- ^^^ ^f *' 
ther lines, or areas, or solids, which form the terms of a pro- proportion, 
portion, and if any equimultiples whatsoever be taken of the 

firtt and third, and any equimultiples whatsoever be taken of 
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the second and fourth, then if the multiple of the first be 
than the multiple of the second^ the multiple of the thinl 
be greater than the multiple of the fourth : if the mvH^ 
the first be equal to that of the second, the multiple of the 
will be equal to that of the fourth: and if the multi|de ef i 
first be less than that of the second, the multiple of the 
will be less than that of the fourth. It is this propodtioii 
is deduced as a necessary consequence of the definition of; 
portion in arithmetic and algebra, including geometrical 
as other magnitudes, which may be legitimately converted 
the definition of proportion in geometry, and which is given 
that purpose in the fiflh definition of the fifth book of Eudii 

312. But this definition is incomplete, unless it can be 
that it enables us to ascertain not only when four geometriol] 
magnitudes form a proportion, but also when they do not: it] 
follows however as a parallel conclusion, that such 
do not form a proportion, which do not, under all drcui 
fulfil the conditions which the definition prescribes: or, in other | 
words, four magnitudes do not form a proportion, if, when 
equimultiples whatsoever are taken of the first and third, 
any equimultiples whatsoever of the second and fourth, it 
shewn that Uiere exists any multiple of the first 
greater than that of the second, but the corresponding mi 
of the third is not greater than that of the fourth ; or that dv'] 
multiple of the first is equal to that of the second, but At 
multiple of the third not equal to that of the fourth : or Ail 
the multiple of the first is less than that of the second, M 
the multiple of the third not less than that of the fourth. 

313. In order to shew that this definition of quantities whidi 
are not proportionals, is likewise a consequence of the aridi- 
metical definition of proportion, we will suppose the four qiuui* 

tities a, h, c, d, to he so related to each other, that f is eidior 

6 

greater or less than -i : in the first case, if we make 

a — x c , ad — be 



we shall also have 



m(ja — x) mc 
nb ~ nd' 
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ire now suppose mc = nd, we shall also have ma — mx = Hbf 
1 therefore ma is greater than nb, at the same time that mc 
equal to nc: or, in other words, equimultiples of the first 
i third of four quantities are taken and other equimultiples of 
B second and fourth, and the multiple of the first is greater 
m that of the second, but the multiple of the third is not 

eater than that of the fourth. If again, we suppose t less 

m -^, then we may make 

a + x c , be — ad 

—J— = T, where x = — t — , 



d we shall also have 



m(a-^x) ^mc 
no nd ' 



we now suppose mc^nd, we shall also have 

tna-^mx = nb, 

d, therefore, ma is less than nb, at the same time that mc is 
t less than nd: or in other words, equimultiples of the first 
i third of four quantities are taken, and equimultiples like- 
le oi the second and fourth, and the multiple of the first is less 
m that of the second, but the multiple of the third not less 
m that of the fourth : it thus appears that the geometrical 
Snition of quantities which are proportionals, as well as of 
se which are not proportionals, are equally consequences of 
; algebraical definition of proportion. 

314. The geometrical definition of proportion is adapted not l'^^ $^' 
ardy to the peculiar nature of the quantities which are con- definition 
Icred in geometry, but likewise to the form under which the fhe forms^ 
isonings concerning their relations present themselves : for of geome- 
sre are no processes in Geometry, beyond the formation of gonings. 
iltiples and submultiples, which correspond generally to arith- 
>tical multiplication, and none whatever to arithmetical division : 
e operations of Geometry, as far as they can be called so, and 
e reasonings connected with them or which are founded upon 
e definitions, are confined to the comparison of quantities with 
di other, whether as regards their equality or inequality, or 
I forming or as not forming the terms of a proportion : the 
ccoliar definition, therefore, of proportion in Geometry has 

z 
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been adopted as much from necessity as from choice, a 
only one which was adapted to the form and nature of th( 
cesses and reasonings of that science: for we have shewi 
there is no other modification of the arithmetical definiti 
proportion^ which possesses the necessary conditions. 

General 3^5^ w\ (general propositions conceminir ratios and 

tionscon- portions may be considered as equally necessary consequ* 

SosTjmS ^ ^^^^ ^^ ^® arithmetical and geometrical definitions ; for 

proportions are both of them equally applicable to every species of qua 

conse- and one of them may be considered as a proposition dedi 

tGe^tw^ ^^^ ^® other. If the only object proposed, therefore, in n 

definitions, matical investigations, was the most speedy establishment o 

covery of truths, without any reference to the form o 

demonstrations, we should naturally make use of that defir 

which conducted us most rapidly and most easily to the 

elusions sought for: but such investigations commonly pi 

themselves as parts of some general system, the completen 

which would require consistency in the form of the d( 

stcations, and consequently a uniform reference to the 

system of definitions as the basis of them : it is for this n 

that we ought to adhere uniformly to the arithmetical definit 

proportion in a system of Arithmetic or Arithmetical Algebi 

to the geometrical definition in a system of Geometry. 

Examina- 316. Having established the relations with respect to 

Uonofthe , , , " , . % 1. . . 

conformity other and the appropriate character and applications oi 

finition of arithmetical and geometrical definitions of proportion, we shaJ 

proportion proceed to explain, at some length, the general agreement ( 

popular former definition with the notions which we attach to the 

te h^ *^' proportion and to other equivalent phrases, in ordinary lang 

the term, we shall then conclude this Chapter with the examination of 

of the most important processes in Arithmetic which invob 

formation and properties of proportions. 

The terms 31 7« In the first place, it may be observed, that we t 

p^opo^rtion the habit of confounding in ordinary language, the terms 

confounded and proportion with eaqji other : thus it is equally common t 

other. that two lines or other quantities are in the ratio of 3 to 

that they are in the proportion of 3 to 5. Both these for 

expression are elliptical, though in different degrees: the 

is equivalent to saying, that the ratio of the two lines or 
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ities is equal to the ratio of S to 5, and leaving it to be inferred 
rem thence, that they constitute a proportion : the second may 
» considered as an abbreviated mode of asserting, that the two 
ines and the two numbers form the terms of a proportion. In 
both cases there is the same tacit reference made to the con- 
ditions requisite to establish a proportion. 

318. The adjective proportional is still more variously used. Usage of 
though in all cases it will be found to be equivalent to the as- pnpo^ 
sertion of a proportion between certain quantities, either ex- tional. 
pressed or understood: thus, when we say that the interest of 
money is proportional to the principal^ we merely express in a 

▼ery elliptical form the following proposition : '' The rate of 
interest and the time for which it is due being the same, any 
two principals and their corresponding amounts of interest will 
constitute the terms of a proportion." Thus, if £lOO. in one 
year will produce £5., £700. in the same time and at the same 
rate will produce £S5»; or in other words, 100 and 700, 5 and 
35, will form the terms of the proportion, 

100 : 700 :: 5 : 35. 

319. Another mode of expressincr the same proposition will l/sage of 

the phrase 
serve to illustrate the efforts made in ordinary language to avoid "in the 

the tediousness which statements, strictly conformable to the ^^Qn'°' 

arithmetical definition, would render more or less necessary. 

When speaking of the dependence of the interest upon the 

principal, when the rate and time are given, we should say, that 

^In whatever jpropor/ioit the principal was increased, the interest 

would be increased in the same proportion ;" a proposition which 

might be applied to the preceding example in the following 

manner: ''K there are two principal sums of money, £lOO. 

mid £700., which form a proportion with the numbers 1 and 7 : 

then the amounts of interest, 5 and 35, of those two principals, 

will likewise form a proportion with the same numbers 1 and 7 •* 

mid also the two principals and the two amounts of interest will 

form a proportion with each other." 

320. There is no proposition which is more frequently re- The effect 
lerred to, or which is pregnant with more important conse- fj^^'to 
quences than the following : '^ The effect is always proportional its cause. 
to its cause." As this proposition is intimately connected with 

the subject of our present discussion, we shall endeavour to 
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explain and illustrate its meaning and applications at some 
length. 

When the 321. When the connection between cause and effect is phy- 
u physical, sical, and therefore not necessary^ the proposition expresses tlie 
great law of the permanence and uniformity of the operatioiis 
of nature, our conviction of the truth of which is the foundation 
of all our reasonings concerning them : thus, if a given force siq>- 
port a given weight, then the double of that force will support 
the double of that weight, and any multiple of the same force will 
support the same multiple of the same weight : the ratio between i 
any two forces, therefore, will be the same as the ratio between tbe 
corresponding weights supported; and such forces and weiglitt 
will form, consequently, the terms of a proportion. It is in tiiif 
sense that the force would be considered as proportional to tlie 
weight, the force corresponding to the cause and the weif^ ^ 
to the effect in the general proposition we are illustrating. 



Cause and 
effect con- 
vertible 
terms. 



322. The ratios, however, which form the proportion, are 
convertible, and the terms which correspond to them in the pro- 
position must be convertible likewise. In the particular ca$t, 
therefore, which we are considering, if the force be oomsidnel 
as proportional to the weight, the weight must likewise be oon- 
sidered as proportional to the force: in whatever sense, dioe- 
fore, the proportion may require to be interpreted, in order to 
answer to this change in its form, a corresponding change muit 
take place likewise in the connection between the terms of die 
proposition. 

323. When the connection between the terms of the pro- 
position is mathematical, and therefore determined by ddbu- 
tions, the proposition may be considered as merely an abbro* 
viated form of expressing the corresponding proportion: di8% 
when we say that the area of a triangle, whose altitude is given^ 
is proportional to its base, we merely assert that the ratio of 
the area of one triangle to the area of any other triangle poi- 
sessing the same altitude, is the same as the ratio of the but 
of the first triangle to the base of the second. 

When the 324. When, however, the connection of the terms of die 

is^Cvpo-^^ proposition is neither physically nor mathematically necessarj) 
theucal. yrc must invent them with a necessary connection by means rf ' 
hypotheses, either expressed or understood, which will be eqtu- 
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to definitions: thus, when we say that the ''Work done 
Durers is proportional to their number/' we take it for 
I that each individual labours with the same effect. It is 
le of such hypotheses^ that we conclude^ as if with mathe- 
certainty, that twice or any multiple of the work will 
le by twice or the same multiple of the number of men, 
nsequently, that the quantities of work done in any two 
jid the corresponding numbers of men, will constitute the 
of a proportion. 

». The relation of cause and effect, expressed by saying The effect 
ne is proportional to the other, is more frequently de- the cauae. 
d by an equivalent phrase, which is, that the effect varies 
cause, or conversely : in both cases, an equally enlarged 
ation is given to the terms cause and effect, and the con- 
i between them is rendered necessary, either by definition 
hypothesis, or by inferences drawn fi'om observation of the 
I laws of the physical world. 

». When the causes or agents which produce an effect are Or as the 
iian one, the effect is said to vary conjointly with the agents con- 
which produce it It remains to consider the law of the jointly, 
ience of the effect and agents in such cases, particularly 
eference to the proportion which they form. 

Thus we should say, that the work done would oat^ ^Example of 
itly as the number of men employed and the number of ition.^*"" 
ley worked: for if the number of days during which the 
orked remained the same, m times the same work would 
e by m times the same number of men : and if the number 
I remained the same, n times the same work would be 
n n times the same number of days : it would follow, 
re, that mn times the original work would be done by 
*s the original number of men, working for n times the 
1 number of days: and in a similar manner, m'n' times 
ginal work would be done by m! times the original num- 
men working for nf times the original number-of days : 
io, therefore, of the quantities of work done under these 
It circumstances, would be that of mn to m'n', which is 
itio of the product of the number of men into the 
r of days in the first case, to the product of the num- 
men into the number of days in the second; and 
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these four quantities, therefore^ would form the terms of 
proportion. 

independ- 328. It is obvious, likewise, that the existence and value < 

nature and ^^ ratios which form this proportion, are perfectly independei: 

magnitude of the particular value or peculiar nature of the primitive effec 

primitive and agents: for if we denote the original work done by w, thi 

^Into*^^ original number of men by My and the original mmiber of dayi 

by N, the terms of the first ratio would be mnw and m'li'r 

and those of the second mitMiSTand m'n'MN, whidi are dearlj 

identical with each other, inasmuch as fv is a common measun 

of the terms of the first ratio, and MN a common measure d 

the terms of the second. 

Where the 329. Other conditions or other agents might be introduced 
morethim ^^ ^^ question we have just been considering, contributing 
tv^o* to the effect produced: we might consider, for instance, varia- 

tions, not merely in the number of men and number of days, 
but likewise in the number of hours during which they should 
each of them work, and also in the intensity of their labour: the 
effect produced or the work done would vary as all these canta 
or agents conjointly : for if we double or otherwise increase the 
number of hours of labour during each day, we should dooUe 
or increase at the same rate the work done: and if we should 
double or otherwise increase the effective industry of the work- 
men, we should double or increase at the same rate the work 
done under the same circumstances. If, therefore, m : ik' ex- 
presses the ratio of the number of men in any two cases, n : » 
the ratio of the number of days, p : p' the ratio of the num- 
ber of working hours each day, and q : q' the ratio of the 
effective industry of the men under such circumstances, then 
the ratio of the work done in the two cases would be that 
o£ mnpq to m'n'p*([. 

Law of 330. We have hitherto considered the law of dependent 

of ^e *°^^ o^ ^® effect upon its several agents or causes ; and it very rare!) 

agent upon happens that they are not sufficiently distinguished from ead 

agents and other by the nature of the question proposed. It is frequently) 

effect. however, a matter of equal importance, to ascertain the law oi 

dependence of one of the agents upon the other agent or agents, 

when the effect is the same, or upon the other agents and effect; 

when the effects in different cases are different from each other. 
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Thus, the same work is done by different numbers of men Example : 
different numbers of days : what is the nature of the relation 
rtween the number of men and the number of days ? 

Let the numbers of men in any two cases be m and m^, or let 
leir ratio be that of nt to nt' : let the corresponding numbers of 
lays be n and n^. Then, since the effect or work done varies when the 
xnjointly as the number of men and the number of days, and ga^eV** * 
once the ratio of the work done under these circumstances, is 
Lhat of 1 to 1 : it follows that 

1:1:: mn : m'n', 
and therefbre 

mn = mV, and — , = — ; (Art. 287.) 

m' n ^ ' 

and consequently, 

m : nt' :: It' : II ; 

or the ratio of the numbers of men in the two cases is the Inverse va- 
mtm of the ratio of the numbers of days : in other words, 
the number of men is said to vaty inversely as the number of 

days. 

If, however, we should suppose the work done in the two When the 
cases different, and in the ratio of it to it/, the first proportion different, 
would become 

win/:: mn : nt'ii'; 
and therefore 



w W \n) 



tv mn jt ^ '" «• 

-5=— r7> and-7=-7x— = 
nr mn m w n fw 



and consequently 




, n> m 
m : to' :: — : -7: 
It It 



under such circumstances, the number of men in each case 
is said to vary as the work to be done directly and as the 
number of days inversely. 

331. In the innumerable questions which present them- Principle of 
•elves as examples of the Rule of Three, direct and inverse, ^^^n^jn 
^ple and compound, and in most of the applications of ^^ Rule of 
Arithmetic, it is required to determine the value of one un- 
^wn quantity from its connection with three or more known 
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quantities^ when there exists amongst all of them a relatic 
of cause or agent or agents and effect, such as we have 
considering: the common principle of solution in all si 
questions is^ to reduce all the quantities to the form of 
proportion^ of which the unknown quantity shall form oi 
term: and if three terms of a proportion be given, the foi 
may always be determined: thus, in the proportion 

a : b :: c : d, 

we have 

be' J be , ad . ad 

and therefore either of the extreme terms of the pro] 
may be found by dividing the product of the means by the: 
other extreme; and either of the means may be found by, 
dividing the product of the extremes by the other mean. 

meoTof the ^^' ^^ order to arrange the quantities in the q 
terms of the in the proportion which is necessary for its solution, we mtut 
propo on. ^Qjjgjjgj.^ jjj ^jjg g|.g^ place, whether the unknown quantity 

can be considered as an effect or an agent; and also, whether 
it expresses the entire effect or a part of it only: if it be 
an effect, it must vary as the agent, or jointly as the agents: 
if it be an agent, it must vary directly as the effect: but if 
it be one amongst several agents, it must vary as the eflect 
directly, and inversely as the other agents. 

Primary 333^ file effect may, in some cases, have a separate 

dependence upon its own agents, as connected with the esti- 
mation of its magnitude: thus, the effect may be an ares, 
dependent upon its length and breadth; or a solid, dependent 
upon its length, breadth and height: and the object of the 
problem may sometimes require the determination of one of 
Subordi- these subordinate agents of the entire effect produced by the 
'***®^®°^' primary agents: it will vary directly as the primary agentSi 
and inversely as the other subordinate agents. 

334. The following are examples: 

Examples. (i) If 3 guns in a battle kill 21 men, how many men 
would 11 guns kill in the same time? 

The effect is the number of men killed: the agent is die 
number of equally efficient guns. 
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The effect varies as the agents and therefore Simple 

proportion. 
Umu MeiL Ouns. Ouns. 

21 : X :: S : 11; 

A 11x21 ^^ 

and X = — - — = 77. 

(2) An elephant consumes 400 lbs. of rice in 3 days: 
dw many lbs. of rice would an elephant, which is ^th greater 
1 every dimension, consume in 5 days? 

It is assumed as a mathematical hypothesis, that the con- 
impdon of rice by the elephant will vary with his bulk 
ad the number of days, and also that his bulk will vary 
rith hia length, breadth and height 

The effect is the consumption of rice, and the unknown 
(oantity is one of the effects. 

The airents are the lenirth, breadth and heiirht of the Compound 
^ o ' o proportion. 

lef^iant and the number of days. 

na. na. 1. b. h. days. L b. h. days. 

5 5 5 

400 : X :: IxlxlxSr-x-x-xS, 

4 4 4 

md therefore 

192 12 

(3) How much in length which is 4 inches in breadth, 
win make a yard square? 

The effect is the area formed, which is the same in both 



The agents are the length and breadth and one therefore Inverse 
vines inversely as the other. proportion. 

Consequently, 

litkagth. 9d length. 9d breadth. Itt breadth. 
X : 36 :: S6 : 4; 

.«. X = — ; — = 324 inches. 
4 

(4) If 132 men can dig a trench wl^ich is 100 yards 
^^, 3 deep and 2 wide in 7 days, working during 10 hours 
Cich day, how many men will it require to dig a trench 320 
yvds long, 4 deep and 3 wide in 11 days, working during 
12 hours each day ? 

A A 
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The effect is the trench, whose subordinate agents are iU , 
length, depth and breadth. 

The primary agents are the number of men^ the number 
of days and the number of hours in each day. 

It is the number of men in the second case which is the 
agent to be determined. 

The number of men varies as the subordinate agents of 
the effect directly and as the other primary agents inversely. 

Therefore, 

100x3 x2 320 X 4 X 8 
7 X 13 11 X 12 

:: 33 : 112; 

_ 112 X 132 _ 
33 

(5) If 10 men can reap a field in 3 days, whose lengA 
is 1200 feet and breadth 800 feet, what is the breadth oft 
field whose length is 1000 feet, which 12 men can reap in 
4 days? 

The effect is the area of the field, the subordinate agenti 
of which are its length and breadth: it is the breadth in die 
second case which is the unknown term of the proportion. 

The breadth varies as the number of men and the number 
of days directly and inversely as the length: 

ann . .. 10 x 3 . 12 x 4 
1200 1000 

:: 25 : 48: 

The want . ^ ^00^4^ , ^«/; 
of homogc- . . or = ^ = 1530. 

neity ia the 

terms 

which form 335. In the form of solution of the preceding exanqpH ■■ 

ofapro-^ the terms of the ratios are homogeneous and the valoci of : 

portioii will the ratios are therefore expressible as abstract numbers: bil 

not neceS' • 

sarilylead ^ the Ordinary form of solution which is followed in sock 

neoJ«*re- ^^*^®* ^^ *®""® ®^ ^® ratios, whether simple or compomidi 
Wilts. are placed in the order of effects and agents, or convo^> 
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Eld consequently the component ratios are not necessarily 
ormed of homogeneous terms. The values of such incon- 
gruous ratios are not expressible as abstract numbers^ and the 
urangement which leads to the employment of them is a mani- 
fest violation of propriety : but when it is considered that such 
an arrangement changes the order of succession of the mean terms 
of the proportion only^ it will be at once manifest that the 
numerical result, which expresses the value of the unknown 
tenn, will be precisely the same as if all the terms were placed 
in their proper and logical order. 

336. Thus the statement of the following question, " if Example, 
the wages of 7 men for 1 week be £lO. 10*., what will be 

the wages of 12 men for the same time and at the same 
nte?" would be, according to the ordinary practice, 

M«D. £. *' Men. 1*. 

7 : 10 . 10 :: 12 : ar: 

^whilst the correct and logical statement, in which the terms 
of the component ratios are homogeneous, would be 

Menu Men. ib*. <. £. 
7 : 12 :: 10 . 10 : x. 

The resulting value of x or £l8. would be the same in both 

cises. 

337. Inasmuch as the magnitudes which form the several J^™®"^ 

terms of a proportion are expressed by numbers, the nume- ratios 

ncal value of the unknown term will be the same, whatever ^f,Qg j^^ 

those numbers represent : and whenever the units which com- °®* homo- 

, , , geneous. 

pose the numbers which express homogeneous magnitudes in 

4 proportion are the same, the numerical result will express 
units of the same kind with those of the term which is homo- 
geneous with it. As far, therefore, as the determination of the 
numerical value of the unknown term is concerned, we may 
nte the numerical values of the other ratio or tatios, which 
form a proportion, whether simple or compound, precisely in ^ff °'^ 
lie same manner as if their terms were perfectly homogeneous. ra%%, 
mch a practice will be found to be extremely convenient in 
lany cases, inasmuch as the terms of such ratios assume a 
xed and standard character in extensive classes of questions. 
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and such standard ratios are expressed in ordinary lang 
by the term rate. Thus we are accustomed to speak oi 
rate oi* interest, of commission, of insurance, of exchang 
loss or of gain. In other cases, we use the term absok 
as in speaking of parochial raies, labour rates, and so 
where it is equivalent to the term tax, and becomes 
standard ratio which enters into all the proportions ys 
present themselves in the solution of those questions in w 
they are concerned*. 

Various 333. When all the terms of such proportions are sun 

modes of 

ezpressiog money t> we generally assume the second of the terms of 

interest, Standard ratio or rate, to be either £l. or £lOO. In the first < 

&c.:inean- the antecedent of the ratio is the allowance (by whatever r 

jter centage, called, whether interest, commission, brokerage, &c.) upon 

in the second case, it is the corresponding allowance i 

£100. and is therefore called the per centage. It is this 8e< 

mode of expressing the rate, which is most commonly u 

as being best adapted to the popular expression of its meai 

and to the ordinary arithmetical processes, which are empl< 

for solving questions in which it is involved: the folloi 

table will exhibit the values of this standard ratio or rate 

various cases of its occurrence. 



* The phrase, which is so commonly used, in questions of proportions, 
the same rate'' merely expresses the mathematical character of perman* 
(Art. 324.) which becomes the basis of their solution. 

t In such a case, the terms of the standard ratio are homogeneous, tii 
differently designated: thus one term is interest and the other principal 
otherwise denominated though similarly connected with each other) and tb 
they are expressed by identical units, are essentially distinguished from 
other, when considered with reference to the question to be solved. 
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SteiMbi 


d Ratios. 


PcrCcntafe. 


1 : 


100 


1 


2 : 


100 


2 


S : 


100 


3 


4 : 


100 


4 


5 : 


100 


5 


10 : 


100 


10 


H- 


100 


14 


2i: 


100 


24 


H- 


100 


34 


4i: 


100 


■H 


] 

• 

8 ■ 


100 


I 

8 


S 

m 

4 * 


100 


3 
4 


105 : 


100 


105 


92i : 


100 


92i 



Rate 

1 _ 

100 "■ 

2 _ 
100"" 

3 ^ 
100" 

4 
100" 

5 
100" 

10 ^ 
100" 

100" 
2.5 ^ 
100" 
3.5 __ 
100 " 
4.5 
100 " 
.125 






100 
.75 
100 
105 
100 
92.5 
100 



(r). 

01 

02 

03 

04 

05 

1 

015 

025 

035 

045 

00125 

0075 

1.05 

•925 



Table of 
rates. 



339. If the proportion, one of whose ratios (r) is such a Rule for 
ndard ratio, be simple, and if a and c express the ante- tionof 

lent and consequent of the second ratio which involves the fl««^9ns 

*■ involving 

known term, then we shall find rata. 



1 therefore 



a 

- = r. 



a 
a = cr or c - - , 

r 



ording as the antecedent or the consequent is the unknown 
in. If the value of r be expressed as a number, and not 
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as a ratio with both its terms^ we at once multiply c b 
to obtain a, or we divide a by r^ to obtain c: but if / 
expressed as a ratio, and not as a number, we find the 
known term by the ordinary arithmetical process: the follov 
are examples. 

(1) To find the commission on £l87. 10«. 6d. at 2^ per a 
c = £187. 10*. 6d. = £187. 525, 
r = .025, 

a^cr^ 187.525 x .025 
= 4.688125 = £4. 13/. Qi^d. 
Or, otherwise. 



£. £. 1. 


d. 


t. 


f. 


a : 187 . 10 


. 6 :: 


2i 


100 


20 






20 


3750 


2000 


12 






12 


45006 


24000 


2i 








90012 








22503 


.688125 






24.000; 112.515 (^4 




96 


20 






165 


13.7625 




144 


12 






211 


9.15 




192 








195 








192 








30 








24 








60 








60 








120 








120 









or £4. ISs, 9Jrf., the answer. 
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To find the value, in sterling money, of £650. consols 
per cent. 

c = 650, r = .90375, 
a=^cr = £587.4375 = £587- 8*. 9*^. 
rdinary statement is 

a : 650 :: 90! : 100. 

I What will the rates of a parish, whose rental is 
. 10^. 6d., amount to, at 6j(^. per pound .^ 

c = £1764.525, r = -r^—r = .028125, 

12 X 20 

a = cr =^ £49.6273... 

= £49. 12*. 6j£/., nearly. 

multiplying 1764.525 and .028125 together, it will be 
convenient to take the digits of the multiplier from right 
't, and to put down no digits in the several partial 
:ts which are lower than the fourth place of decimals* : 
ocess would stand thus; 

1764.525 
.028125 



352905 

141162 

1765 

353 

88 

49.6273 
20 

12.546 
12 



6.552 
4 

2.208 



'or I farthing = .00104166, and consequently decimal digits in places 
he fourth can very rarely influence the lowest denomination of units in 
ult. 
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Computa- 

tiODOf 

simple in- 
terest for 
periods dif- 
ferent from 
that with 
respect to 
which the 
rate is es- 
timated. 



Example. 



(4) To find the interest of £230. lOi. for 1 year at 4 

per cent 

c = £230.5, 

r = .04, 

a = cr= 9.22 = £9- 4#, 4f rf., nearly. 

The ordinary statement is 

£. t. 
a : 230 . 10 :: 4 : 100. 

340. When simple interest is required to be determined 
for any period different from that upon which the per ceoiMgi 
or rate is estimated, we may consider both the per ceiiiap 
and the time as agents of the effect or interest, and proceal 
as in ordinary cases of compound proportion: but inasnrach 
as a period of cne year or unity forms generally one of the 
terms of the ratio of the times and the number of years (Q 
(number being taken in its most general sense) the other, it 
will follow that this number (f) will express the value of tUi 
ratio, and therefore 

- =rt and a = crt, or c = — : 
c rt 

it follows therefore that we must multiply the interest of one 
year by /, in order to get the interest for t years, a con- 
clusion which is deducible likewise from more simple con- 
siderations. 

Thus, let it be required to find the interest of £427. 10^' 
for 24 years at 4| per cent 

c = 427.5 
r = .0475 

cr= 20.30625 
/= 2.5 



a = crt= 50.765625 

= £50. 15*. 3f rf., 

which is the amount of interest for the period in question. 
The ordinary statement would be 

£• i£. 5. 

a : 427 . 10 :: 4f : 100 



:: 2^ 



: 100 I 
: 1 ) 



£. £. i. 
or a : 427 . 10 :: 4} x 2^ : 100 x 1. 
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341. The interest upon money generally becomes due yearly .^^JE?**^** 
r half-yearly; and in ordinary cases it is either paid when 
iue^ or added or presumed to be added, to the principal, 
rhose increased amount becomes the agent of the interest for 
lie next succeeding period: the interest, which thence arises, 
is greater than the simple interest, which is estimated upon 
die original and unaltered principal, and is therefore denomi- 
nated compound interest The calculation of the amount of ^?^<^°^ 

, , relating to 

compound interest, at least for periods which are entire mul- compound 

tiples of the subordinate periods, whether years or half-years, ^bcount 
at the ends of which interest becomes due, depends upon the &c. most 
nmple composition of given ratios and is entirely within the culated by 
domain of arithmetic : but inasmuch as the questions connected ^o"°ul®- 
with the anticipated or deferred payments of money and the 
consequent deductions (discount) or additions (interest) which 
Bmst affect the original principal concerned, belong to a very 
extensive class, involving in many cases very complicated re- 
latioiis, where algebraical formulas of solution are more convenient 
ibr use and their deduction and application more easily un- 
derstood, than the rules which are given in books of Arith- 
metic, we shall reserve the further consideration of them for 
a subsequent chapter: it would, in fact, be quite impossible 
to treat this very important subject, with sufficient generality, 
without the aid of the principles of Symbolical Algebra. 



342. In the examples considered in the preceding articles, Qucf^o*" 

. * . 1 involvmg 

we have been requured to determine one unknown quantity, two or 
wUch formed one of the terms of a proportion, whether simple k^no^n" 
or compound: but many questions will present themselves, in quantities, 
wUch two or more unknown quantities are involved, which, solved bv 
though connected with each other, require to be determined proTO*- 
hy different proportions: and others, in which one unknown ^^°*« 
quantity only is required to be determined through the medium of 
others, which, by presenting themselves both in the antecedents 
and consequents of ratios which are compounded together, dis- 
appear altogether from the final result Questions which, in Two great 
books of Arithmetic, are referred to generally under the head gudi^Jes- 
of Single and Double Fellowship, belong to the first of these ^iona. 
dasses; and those relating to Exchanges and other analogous- 
sabjects, belong to the second. 

B B 
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Examples. 343. The tbUowing are examples of the first class : 

(1) '<A and B have gained in trade £l82: A put in £800, 
and B £400: what is each person's just share of the profit?" 



Question 
in Single 
Fellow* 
ship. 



Question 
in Doable 
Fellow- 
ship. 



Reducible 
to one in 
Single Fel« 
lowship. 



Question 
in Double 
Fellowship* 



The hypothesis, implied in the use of the term jmi, k, 

that the joint will bear to the separate profit, the same ratio 

which the jaint will bear to the separate stock: if we odl 

therefore x the profit of A and y the profit of B, we liiiD 

find 

£.£.£. 
700 : SOO :: 182 : x, 

700 : 400 :: 182 : y. 

Consequently, we obtain from the first propcntion x - £78, ssl 
from the second y = £104. 

This is an example of Single Fdlowship. 

(2) '' Two troops of horse rent a field, for which they 
pay £82: one of die troops sent into it 64 horses fiir 25 
days: the other, 56 horses for 80 days: what portion of the 
rent must each troop pay?" 

If we call X the portion of the rent whidi should be paid 
by the first troop, and y the portion which should be ptid 
by the second, we shall find 

£. 
64 X 25 + 56 X 30 : 64 x 25 :: 82 : x, 

64 X 25 + 56 X SO : 56 x SO :: 82 : y. 

Consequently, x = £40 and y = £42. 

The hjrpothesis is, that the consumption of grass is jomdj 
proportional to the number of horses and the number of dsji: 
or otherwise, if we consider the unit of consumption to be 
the foed of one* horse for one day, the quantity consumed ty 
each troop would be represented by 64 x 25 and 56 x 80, or ty 
l600 and l680, respectively, and the Joint or entire ooDSomp* 
tion by their sum or 3280: the question, when thus analysed, 
becomes a case of Single Fellowship. 

The following question is of a similar kind : 

(8) '^A ship's company take a priae of £l000, which ii 
to be divided amongst them, according to their pay and to At 
time during which they have served: now the ofiicers, four in 
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umber, have 40«. each a month, and the midshipmen, 12 in 
umber, have SOs. each a month, and they have all served 
• months: the sailors, who are 110 in number, have each S2«. 
. month, and have been on board 3 months. What will be 
he share of each class ?" 

The pay due to each class of claimants for the period of 
their service, will be found by multiplying together the num- 
ber of persons, the monthly pay (in shillings), and the number 
of months of service: the resulting sums will be 4 x 6 x 40, 
12x6x30, and 110x3x22, or 960s., 2l60#., and 7260f. re- 
spectively, and the sum of the whole of them 10380^. : if we 
now designate the unknown shares of prize-money due to each 
^^ hy X, tf and z respectively, we shall find 

u I. £. 

10380 : 960 :; 1000 : x, 

10380 : 2160 :: 1000 : y, 

10380 : 7260 :: 1000 : z. 

We thus find x = £92. 9^. S\d. 

^ = £208. U. I0\d. 
z = £eg9. 8s. 5\d. 

It will necessarily follow that jr+^ + z = £1000, inasmuch The lepa- 
as the antecedents of the ratios in the three proportions are ^^bJt^ 

the same ; and therefore (Art 304) will toge- 

ther a- 

10380 : 960 + 2160 + 7260 :: 1000 : x+^ + z; Se"whi?e 

md since 10380=960 + 2l60 +7260, therefore also 1000=«+j^+«: iXibuted. 
the same remark applies to the two examples preceding. 

344. In the second class of questions, which was noticed Questions 
ibove, (Art. 342.) there is only one unknown quantity which is unknown 
required to be finally determined, though other unknown quantities 
^antities are involved as intermediate terms of comparison themselves 
or odierwise, whose actual determination will not be necessary, J^^t^V 
if they can be introduced both into the antecedents and con- only, 
aequents of the ratios, which are compounded together in order 
to form the final proportion. 

The following are examples: 

(1) *' If I buy tobacco at £ia 10#. per cwt., at how much Question 
per lb. must I sell it, so as to gain 12 per cent ?" Ind*!^. 
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Another 
question 
in Profit 
and Loss. 



Let X be the cost price per lb. of the tobacco, and jf iti 
sale price, so as to answer the required conditions: consequodj 

lb. £. «. lb. $. 
118 : 10. 10 :: 1 : X, 

£. £. 

100 : 112 :: « : ^; 

therefore compounding the proportions, 

£. «. 
100 : 10 . 10 :: 1 : y, 

or ^ = 2.1*. = 2*. ltd. 

In this case, the cost price (x) is an intermediate term onlf, 
whose value it is not necessary to determine: the incoogmi^ 
of the terms of the ratios in the first of the two proportioDi 
given above has been noticed before (Art 335). 

(2) '' Sold a repeatmg watch for £52. lOf. and bgr is 
doing lost 17 per cent.: whereas by fair trading I shoaU 
have cleared 20 per cent.: how much was it sold under ill 
just value?" 

Let X be the cost price, and y the trading price at whkk 
it should have been sold: we then get 

100 : S3 :: x : 52 . 10 
120 : 100 :: y : x 



Questions 
on barter 
and ex- 
changes 
considered 
as intro- 
ductory to 
the chain- 
rule. 
Question 
of barter 
solved by 
composi- 
tion of pro- 
portions. 



120 : 83 :: jy : 52 . 10 
and therefore ^ = £75. 18x. Of (f. 

from which, if £52. 10*. be subtracted, we get £23. Ss. 0}^ 
which is the answer to the question proposed. 

In this case, as in the former, the cost price is an intennediatie 
term, which disappears by the composition of the proportioDS. 

345. In questions of barter and exchanges we generaDy 
find a series of quantities, either expressed or implied^ idiidi 
become merely terms of comparison, all of which, except At 
object of research, disappear in the composition of the pRK 
portions. This disappearance of several intermediate termi wiD 
be best understood from the following example: 

'< If 3lbs. of tea be worth 4lbs. of coffee, and if 6Ibt. of 
coffee be equal to 20lbs. of sugar, how many lbs. of wafff 
may be had for plbs. of tea?" 



For greater clearness^ let us denote the cost price of a lb. 
of tea by A, o£ a lb. of coffee by B, and of a lb. of sugar 
by C, and let x be the number of lbs. of sugar required to 
be determined: we then get the following proportions: 

A : B :: 4:3 
B : C :: 20 : 6 
C : A :: 9 : x 



1 : 1 :: 4 X 20 X 9 : 3 X 6 X X. 

Therefore 3x6xx = 4x20x9, 

4 X 20 X 9 .^ 
or X = — - — ^-^ = 40. 
3x0 

In this example the proportions are derived, by resolving the 1'be rame 
wveral equations SA = 4B, 6B-20C, and xC^gA, which mWed by 
ire immediately furnished by the question, into their equi- ^y*"*"' 
valent proportions (Art 28?.) : in practice, however, it is much 
more convenient to dispense with the proportions altogether, 
retaining the equations only, which are written underneath each 
other, as follows: 

S^ = 4B, 
6JB = 20C, 

xC = 9A. 

If we strike out A, B and C, which occur upon both 
aides of these equations, and if we multiply together those 
munerical coefficients which are severally placed underneath 
each other^ we shall get the equation 

Sx6xx = 4x20x9, 

from which the value of x is determined as before. 

340. The second process of solution of the preceding ex- Tbe prin- 
ample, contains the principle of the chain-rule, which is so the chain' 
lueliil in the calculation and arbitration of exchanges, in the *'"^* 
comparison of the standards of weight, measure and capacity 
of different countries, and in almost all the transactions of 
international commerce: the class of questions to which it is 
applicable, as well as the rule itself, may be stated generally 
as follows. 
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General If there be any number of quantities Ai, A^.,,A,, which 

of theques- ^^ ^ related to each other, that 

tiODB to 

which it is a.At = a, A , 

applicable. * * * •' 

a^At = a^A^, 
OfA^ = a^A^, 



where Oi, a^, ai...a^i, and a^, a^, a^,..Q^, are given nam- 
bers, then it is required to find what number (x) of A^ shaD 
be equal to a given number (a.) of ^,. 

The Rule. The value of x, which is required, may be expressed by the 
formula 

a, a, ... o, 

X ^ ' • 

Or, if expressed in words, the number required, is equal to tk 
quotient which arises from dividing the continued product qf (k 
given numbers on the right-hand side cf the several equations, b§ 
the continued product of the given numbers on the left: the unknom 
number being supposed to be placed on the right-hand side of the 
equations, and it being understood that the same intermediate tern, 
whether A|, A,...An, appears once only on the same side of the 
several equations. 

Quantities 347. The quantities At, A^,,.A^, though they may be spe- 
^erent ^ cifically different from each other, will admit of comparisoD 
become y^ith each Other, throuirh the medium of some common eb- 

comparable ' o 

through ment of value. Thus, different commodities can bear a real ndo 

mOTTele™' ^ ®®** other, through the medium of the prices at which they 

ment of ^an be purchased or sold: coins and measures of wdght, 

length, capacity, &c. whether of the same or different countriet» 

become comparable with each other by reference to giTOi 

standards or through the known multiples of subordinate uiiits» 

by which their various denominations are known or presumed 

to be connected with each other. 

Proof of 348. The proof of the chain-rule, as stated in Art 54& 

rufe? ^ ° though otherwise dedudble from very obvious and simple ood- 

siderations, admits of immediate demonstration from the 000- 

position of proportions (Art 301.): for if we resolve the aevenl 
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quationsy which ace furnished by the enunciation of the question, 
ito their equivalent proportions, we get 

Ji-i I Jig •! 0| r fl| 
Ag : Ag :: o, : a. 



ties. 



A^^ : A^ :: a^i : a^„ 

which, when compounded together, furnish the final proportion 

1 : 1 :: O) a, ... a, : flj a, . . . a^i x ; 
ind, therefore, 

fli Of • • • Ai»-i aP = ci| a, ... a,, 
«» • gj Oa » - ■ o, 

or X = . 

fli flg ... a,^| 

349. The following are examples of the application of this Examples, 
very important and comprehensive rule. 

(1) How much sugar at 8<2. per lb. must be given in ^*u?!?S*'i 
barter for 20 cwt of tobacco at £S. per cwt ? commodi- 

The successive equations are 

8d = 1 lb., 
1*. = 12J., 
£l = 20*., 
1 cwt = £S, 
4flb. = 20 cwt 

Consequently 

12 X 20 X 3 X 20 

X = 

8 
= 1800 lbs. of sugar. 

The several equations which enter into this question might be 
expressed in words at length, as follows: 

Bd, is the price of 1 lb. of sugar, 

one shilling contains or equals 12 pence, 

one pound sterling contains or equals 20 shillings, 

one cwt costs 3 pounds sterling, 

:rlbs. of sugar are equal in price to 20 cwt of tobacco. 
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in ample ° (^) '" ^^^ ought a penon to spend in a week> whoie 
proportion, expenditure is £700 per annum?" 

52 weeks » £700^ 

£j; = 1 week. 
Consequently 

, = ^^ ^ £13. 9,. 2|rf. 

In other words^ the expenditure of 52 weeks is equal to £700, 
and £x is equal to the expenditure of one week. 

This is an example of the application of the cham ruk to 
a simple Rule of Three question. 

t JSSc-''" (^) " ^^ ^^"^ ^- ^^' ^ ^ farthings-" 
^*»°- £l = 20*., 

Is. s 12(2., 

Id = 4 farthings (/), 
xf. = £2. 10*. 6d., 

= 2x4x12x20 + 10x4x12 + 6x4, 
or ar -- 624 (farthings). 

This is an example of reduction, where a quantity ex- 
pressed by units of different denominations appears in the Itct 
equation: in such a case it is very obvious that the sucoeniTe 
units of higher denomination must be expressed in multiples 
of units of the lowest denomination, which, when added to- 
gether, produce a homogeneous result. 

A question (4) '^ Required the relation between the French metre and 
pariSSn o?" ^« Rhynland foot, supposuig the French metre equal to 59.371 
standards English inches, and that 37 English feet are equal to SS 
oflength. Rhy^^dfeet." 



1 mtoe = 39.371 inches, 

12 inches = 1 English foot, 

37 English feet = 36 Rhynland feet, 

X Rhynland feet = 1 m^tre. 

Consequently ' 

3 9.371 X S6 
12 X 37 

= 3.192 (Rhynland feet) 

-=^ 1 (metre). 



X = 
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'' What is the course of exchange between London and ^ question 

if the price of an ounce of standard gold in London course of 

shillings and if the premium on gold in Paris be 8 francs ^jjjg"5^ 

thousand ?" two places 

as (Jeter- 
is is a question for the determination of the course of mined from 

, toe price of 
ge between London and Paris from the price of bullion bullion. 

se places: it is expressed by the relation between a meamit by 
sterling and a franc, which are the primary standards ^^ course 

:s of value of the English and French coinage respect- change, 
in defining the course of exchange between other coun- 

we merely replace a pound sterling and a franc, by the 

y coins of those countries. 

gold standard is adopted in England and a silver stand- Gold and 
France: it is for this reason that silver in one country standards. 
)ld in the other, may bear a premium or discount with 
ice to their respective standards of circulation. 

e mint or tariff price of a kilogramme of Jine gold in Mint price 
; is 3434.44 francs; a kilogramme contains 32.154 English sUvct. 

• 

e mint price of an ounce of standard gold in England 
17^- 10^ d. or £3.89375: the standard gold of the coinage 
22 carats, or rather being alloyed in such a manner, 
2 ounces of standard are equal in value to 11 ounces 
' gold. 

th these preparatory explanations and facts, the solution 
question will stand as follows: 

£l. = 20s, 

7Ss, = 1 ounce standard gold, 

12 ounces standard = 11 ounces fine gold, 

32.154 ounces fine = 1 kilogramme fine gold, 

1 kilogramme fine = 3434.44 francs tariff, 

1000 francs tariff = 1008 francs with premium, 

' francs with premium = £l. sterling. 

quently, 

20 X 11 X 3434.44 x 1008 ^^ ^^ 

12 X 32.154 x 1000 x 78 

. sterling is equivalent to 25 francs 30 centimes, which 
course of exchange, 

c c 
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Fixed num- 350. In considering the fluctuations of the course 
changes, change between London and Paris, the only variable qu2 
will be the premium (per 1000 francs) upon gold in 
and the price of standard bullion in England: every 
number involved in the expression for x, which is given 
will be fixed and invariable: the value of 

««'*" ^ «*^*-** = 1.95823 



12 X 32.154 X 1000 



is called the Jixed number in the regulation of the exch 
Their use. between London and Paris, and, when once determined, 
be used, for the same two places, in all cases whats 
Thus if the premium on gold at Paris be 10 francs per 
sand, and the price of an ounce of standard gold be Ti 
we shall find 

X = 1.95823 X -— — = 25.45, nearly, 

or the pound sterling would be equal to 25 francs 45 centim 

Similar Jixed numbers, dependent upon the relations < 
subdivisions, weights and fineness of the primary standai 
circulation of different countries, may be determined and 
larly used, for the purpose of calculating the course of exc 
from the prices of bullion at any two places whatsoever. 

Simple ar- 35L Simple arbitration of exchange is the determinat 
exchange. ^^ course of exchange between B and C when the ( 

of exchange between A and B and also between A and 

given: the following is an example. 

* The par of exchange between London and Paris is the price of a 
sterling in francs, when the prices of gold in Paris and of standard bul 
London are at the tariff or mint prices, or at a proportionate premium 
count in both countries : ^his par of exchange^ in the case under considera 
25.15 francs nearly ; and in order to find the course of exchange, we must n 
the par of exchange by the ratios of the premium price of gold in Paris (pe 
sand francs) to 1000, and of the price of an ounce of standard bullion ii 
land to the mint price. Thus, in the last case considered in the text, the c€ 
exchange 

-2515x^^^^x^^^:?^ 
" ^"^ "" 1000 ^ 77.75 • 

Similar remarks may be applied to the determination of the course of ex 
between London and any other place. 
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'' If the course of exchange o£ London on Paris be 25 

firancs 60 centunes^ and of London on Cadiz be 41df. the 

piastre^ how many francs are equal to a doubloon of 4 

piastres? or in other words> what is the course of exchange 

between Paris and Cadiz, the standard coins being francs and 

doubloons ?' 



k" 



Consequently, 



1 doubloon = 4 piastres, 
1 piastre = 41 (^., 
12d. ^ U,, 

20s, = £l. sterling, 
£l. sterling = 25.60 francs, 
X francs -= 1 doubloon. 



4 X 41 X 25.60 
j: = - 



12 X 20 

= 17.49, 
or 17 francs 49 centimes are equal to one doubloon. 

4 
The fixed number is here —; — —- = .0125. 

12 X 20 

352. Compound arbitration of exchange is where the course Compound 
of exchange between A and B, B and C, C and D is given, Sf ex-^°^ 
to find the course of exchange between A and D. It is ob- change, 
viously a repetition of simple arbitration: for in the case 
proposed we may find the course of exchange between A and 
C by simple arbitration, and subsequently by the same pro- 
cess that between A and D, from our knowledge of the 
course of exchange between A and C, and C and D: or the 
whole may be effected by one operation with the chain rule. 

The following is an example. 

"The exchange between London and Amsterdam is 35^ Question in 
shillings Flemish per pound sterling, between Amsterdam and arbiuaSon 
Lisbon is 43 pence Flemish per old crusade, and between ^i ®*" 
Lisbon and Paris is 483 rees for 3 francs: required the ar- 
bitrated course of exchange between London and Paris }'* 
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In one old crusade there are 400 rees. 

£l. sterling = 35^ shillings Flemish, 

1 shilling Flemish =12 pence Flemish, 

43 pence Flemish = 1 old crusade, 

1 old crusade = 400 rees, 

483 rees = 3 francs, 

X francs = £l. sterling. 
Consequently, 

X = 24.61, nearly, 
or the arbitrated course of exchange between London and Paris 
is 24 francs 6l centimes the pound sterling. 

GeDeral 353. Simple and compound arbitration (the latter is mdy 

posed by^~ practised) of circular exchanges enable merchants to oompae 

circular ^^ arbitrated with the direct and declared course of exAang^ 
exchanges. , , , 

and thus to judge of the most advantageous mode of reoaWif 
or transmitting money or bills. In forming such a judgiiHBi^ 
however, many other circumstances must be taken into 
sideration, such as the time required for obtaining 
the interest of money, the relative security of the 
and so on: a complete knowledge and rapid appreciatioD rf 
such particulars would require long and care^ study, and ooD- 
stitute in fact the education and the occupation of the most ae- 
complished merchants*. Our object, in the very alight and 
imperfect notice of this subject which we have given in tbe 
preceding Articles, has been the illustration of a very uaefid 
and comprehensive arithmetical rule, in some of the most im- 
portant examples of its application. 

* On the subject of exchange transactions of every kind, the fltadent miT 
consult Kelly's " Universal Cambist," a very useful and elaborate work. 



CHAPTER V. 



ON THE SOLUTION OF EQUATIONS. 



354. The general object proposed in the solution of ques- The ge- 
aons in Arithmetic, is the determination of some number, ject pro- 
coDcrete or abstract, which was previously unknown, as the ^^^ ^^. 
final result of certain operations with given numbers, which calpio- 
the conditions of the question require or direct to be per- ^®^'^* 
fimned: of this kind are the sums, remainders, products and 
quotients, which result from the fundamental operations of 
addition, subtraction, multiplication and division, as well as 

the other results which arise from their repetition or com- 
bination in any order: the square, cube and other roots of 
given numbers: and the unknown term in a proportion which 
tt determined by known and defined operations, and of which 
ndi varied examples have been considered in the last Chapter. 

355. The general character of arithmetical processes requires ^P arithme- 

that the unknown quantity which is sought far in the solution of cesses, the 

ihe question, should not be involved in the course of the operations ^^^^ 

nkich are required Jbr its determination. sought tor 

in not in- 

This condition^ though not always strictly adhered to, will Jhe^™!'* 

^dently define the classes of questions which may be treated cesses 

by arithmetical processes alone, without requiring any aid from to its deter. 

Ae use of s3rmbolical language or from other less simple pro- "^'^^^o^- 

<^cs8es of reasoning, conducted by means of ordinary language, 

by which the use of symbols may sometimes be superseded: 

^e following example will serve to illustrate the distinction 

^« which we refer. 

356. ** To find a number, the simi of whose double and An aUc- 

braic&l 

^'hosc half shall be equal to 25." problem. 
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Its state- 
ment. 



If we call X the unknown number^ then its doub 
be represented by 2x and its half by -: their sum or 



Its solu- 
tion. 



2x + - = 25. 
2 



Since '' the doubles of equals are equals" it follow 
if we multiply both sides of this equation by 2^ we shal 



4 + 2 X - = 50, 

or 4j: + a? = 50, 
or 5x = 50, 

or X = -— = 10, 
5 

for it is obvious that if 5 times x be equal to 50, f w 
equal to one-fifth part of 50 or to 10. 

357* It would not be difficult to solve a simple qu 
like this by means of reasonings conducted in ordinarj 
guage, without the use of signs or symbols, by foUowir 
order of the process which is given above: innumerable 
blems, however, might be proposed, in which common 
would be totally bewildered in the attempt to comprehc 
one view the entire conditions, when expressed in on 
language, which the unknown number must satisfy, or to 
out, by means of it, the successive steps by which thosi 
ditions are finally reduced to one, which furnishes the so 
* of the question. 

Anarith' 358. If we should interchange the known and unl 

problem number in the problem proposed in Art 356, it wou 
enunciated as follows. 

*' To find the number, which shall be equal to the 
of the double and the half of the number 10." 



Difficulty 
ofdisentan* 
gling the 
compli- 
cated rela- 
tions of un- 
known 
numbers 
by means 
of ordinary 
language. 



This is a proper arithmetical problem, in which the uni 
number is nol involved in the operations which are re< 
for its determination: the process of solution, conducted 
out signs or symbols, would stand as follows: 
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10 ^.^^*"' 

tlOQ. 

2 



20, the double of 10. 



2jl0 



5, the half of 10. 



20 
5 



25, their sum or the number required 



I. 



to be determined. 

359. When a question is proposed for solution, in which Thesym- 
the unknown quantity or number is itself involved in the enunciation 
h conditions which are proposed for its determination, then the ^, * ^\^l^ 
r expression of those conditions by means of signs and s3rmbols to an equa- 
, ^will always terminate in an equation, which may be considered ^^^^' 
- u the symbolical enunciation of the problem proposed. For 
I tiniming that the signs of Algebra are competent to express 
fll the operations of Arithmetic, and that a symbol, such as x 
[ m jf, may express the unknown nimiber (all other numbers 
: iDTolved in the question being known and expressed by digits 
ud zero), it is obvious that no known number can be as- 
signed as the necessary result of any series of operations which 
involve this unknown number, unless they make it disappear, 
in which case its value is altogether arbitrary and indifferent*: 
it will consequently follow that the conditions of the question 
must assign a result, which is either a given number, or a 
lecond symbolical expression also involving the unknown num- 
ber or its symbol, but which is not reducible to identity with 



* Thus if the unknown number or any multiple of it be both added and subtracted, 

or if one multiple of it be divided by another, and if it be not otherwise involved, 

it wfll altogether disappear and will in no respect influence the other conditions 

7x 21 X 
of the question: thus 7 + x--x or 7 + 4x — 4x, or — or -=■— are all of them 

equally identical with the number 7, and consequently in all such cases a 
known arithmetical result ntctuarily follows from a series of operations which 
involve an unknown number whatever its value may be. 



F 
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the former: and it is obvious that the condition which assertf 
that the first of these expressions is equivalent to the second, 
which is sjrmbolized by the interposition of the sign = between 
them, will in all cases convert them into an equation. 

^^entLa ^^' Equations are said to be idetUical when the two a- 
equations, pressions, connected by the sign =, which compose them, aie 
identical or are reducible to identity by the perfOTmanoe of 
the operations which are indicated in them : under sodi dremi*- 
stances, any quantity which is contained in them, whidi ii 
unknown and therefore indicated by a sjrmbol, will oontiiiiie 
unknown or indeterminate, as far as its value ca^ be infemd 
or determined from its connection with such an equation. 



Equations 
absolutely 
identical. 



Eauations 
reducible 
to identity. 



361. The following equations are absolutely identicil widh 
out requiring any preparatory reduction to make them so. 

(1) x = x. 

(2) JT + 5 = jr + 5. 

(3) 3jr + 7 = 3x+7. 

(4) 4 + 5x -— = 4 + 5x J- . 

4 4 

It is obvious that these equations will continue to be iden- 
tical, whatever value is assigned to the symbols whidi tibcy 
involve, so long as such values are the same upon both sides 
of the several equations. 

362. The following equations are reducible to identity hj 
the actual performance of the operations which are indiartBd 
in them. 

(1) 3x + 4fX = 7x. 

In this case it is merely necessary to add together Sx and 
4fX, Art 31, in order to make the first member of the eqns* 
tion identical with the second. 

(2) = 5 + 4?. 

^ ^ 5-x 

The second member of this equation is the result of die 
division of 25- x' by 5-x, an operation which is indicsted 

!_ ,- i. ^- 25 -x' 
by the fraction . 

D -~ X 
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a*-^jc 



(3) ax = a' + x\ 

a — X 

The division of a* - or* by a- x, which is indicated by the 

action , gives us a* + ax -f **, from which if a j* be 

"■" •* 

abtracted (an operation which is indicated by the sign - 
rhich is placed before it)^ we shall get a* + x^ for the result, 
rhich is the second member of the equation : it follows there- 
ore that the two members of the original equation are reducible 
D identity with each other. 

363. The solution of problems which are beyond the proper The forma- 
province of 'arithmetic, will require their algebraical enuncia- d ucthm of 
don in the form of equations and the subsequent reduction of equadops 
the equations thus formed, so that the unknown symbol or processes, 
symbols may be altogether insulated, when possible, from any 
connection with other operations or numbers. These two pro- 
cesses, though involved in the solution of every problem, are 
]uite distinct from each other; but it is the second of them 
vhich is alone concerned in the classification of equations or 
rhich presents any very peculiar difficulties to be overcome: 
t is for this reason that we shall begin by assuming that the 
quations are already formed and proceed at once to the con- 
ideration of the rules for their reduction and solution. 

It is quite impossible, however, to advance to any great ex- The solu- 
ait in the theory of the solution of equations, without the equaSons 
id of Symbolical Algebra; and in the present chapter we shall generally 
onfine our attention exclusively to the solutions of equations [he^Td^of 
f the first and second degrees, as far as they can be effected symbolical 
7 the principles of arithmetical algebra alone. We shall begin 
ith the statement of some general rules for the preliminary 
iduction of equations which are equally applicable to equations 
r all degrees, and which are founded upon the most simple 
rinciples. 

3G4. Numbers, symboU, or terms may he transferred from Rule for 
\e side of an equation to the other, by merely changing the alge^ ^S^Jf 

aical signs which precede them, + into - and - into +. terms from 

®^ ^ one side of 

Thus if an equation 

a — c — b ^0 another. 

len 

tf = 6 + c : 
id also 

D D 
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if 



then likewise 



a + c = b, 



a = b — c. 



Proof. 



For since, if '^equals be added to equals, the wholes are 
equal/' it follows that if 

a - c =: b, 

then, by adding c to both the equals a - c and b, we get 

a — c-i-c^b-hc, 

or a = b + c, 

since a - c -h c = a. (Art- 15.) 

Again, since if ''equals be taken from equals, the remain- 
ders are equal," it follows, that if 

a -i- c — b, 

then, by subtracting c from both the equals a + c and b, we 
get , 

or a - b - c, 
since a + c - c = a, (Art 15.) 

All the si g- 305. This is a most important principle in the reduction 

terms of an of equations to new and more commodious forms, insomuch as 

^"*he" '^ enables us to transfer any or all the terms of one of die 

transferred members of an. equation to the other and conversely : and it 

to one side. f^UQ^g ^s an immediate consequence of it, that every equatioD 

may admit of such a transposition of its terms, that all its 

significant terms may be made to form one of its memben 

and zero the other : thus if 

a = b, 

then a-b = b^b = 0, (Art. l6.) 

If a + c - b, 

then a + c — b = b — b = 0. 



If 



then 



a - c = b, 
a-b-c=b-b = 0. 



Examples. 366. The following are examples of the application of the 

preceding rule. 
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(1) Let 7 - 3a; = 5 -2j:: and let it be required to 
nspose the term 2x from the right to the left-hand side of 
e equation. 

Add 2x to both sides^ and we get 

7 - 3* + 2x = 5 - 2x + 2x, 
r 7 - 3* + 24? = 5, 

r 7 - X = 5. (Arts. 31. and 32.) 

(2) Let 4x - I - 3 = 9x + I - 15 : and let it be required 

2 2 

JO transpose - and 15 from the right to the left-hand side of 
:he equation. 

Subtract - from, and add 15 to, both sides of the equation, 
and we get 

4* - I - 3 - I + 15 = 9Jr + I - 15 - I + 15, 

or 4a?- |-3-|+ 15 = 90?, 

or 4* - X + 12 = 9x, 

or 3* + 12 = 9x. 

If we wish to transfer 3x from the left to the right-hand 
lide of this reduced equation, we shall get, by subtracting 3x 
^rom both sides of it, 

3x + 12 - 3ar = 9* - 3x, 

or 12 = 6x. 

2x X 
(3) L^ 7x - 4f — J- = o + 1*; and let it be required to 

3 3 

transpose all the significant terms to one side of the equation. 

X 

Subtract - and 14 from both sides of the equation, and 
3 

'We get 

^ 2x X ^ ^ X X 

or 7* - 4 - a: - 14 = 0, 

'>r 6.r -18 = 0. 
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bere "^Tn ^^^ ^ ^^^ ^'^^* ^ ''^^ e^ttfl/tow he multipUed by the 

equation number, symbol, or expression, the resulting products will co, 

mSiltiplied ^9^^ ^^ ^^^^^ ^'^^• 

by any 

number or For if 

expression. a = b 

then also 



whatever c may be. 



ac = be, 



"« 



This conclusion is equivalent to the axiom that 
multiples of equals are equal to one another^" the term 
tiple being taken in its largest sense^ whether as signifyi 
whole or a fractional number. 

Rule for 366. An equation, one or both of whose members in\ 

equati" n of fractional terms, may be reduced to an equivalent equa 
fractions, without fractions, by multiplying, in conformity with the ] 
dple in the last Article, both its members by the least con 
multiple of all the denominators of the fractional terms : fc 
is obvious that the denominators of every fractional term ii 
original will disappear in the reduced equation, inasmuc 
its numerator has been multiplied by a multiple of its d 
minator, and is therefore reducible to an equivalent numlx 
expression without a denominator. 

Reason for The same reduction may be effected by multiplying 

the'^leSt"^ members of the equation successively by the several den 

coinmon nators of the fractions which they involve, destroying su( 

oftbede- sively those fractions whose denominators are the multipl 

nominators. |j^^ ^ single multiplication by the least common multiple oi 

the denominators, will not only effect this reduction at o 

but will furnish a reduced equation in its most simple f( 

a consideration of great importance when the coefficients of 

or more of its terms would otherwise be large numbers. 

Examples. 3^9. The following are examples: 

(1) 1 + 3 = 6. 

Multiply both sides of this equation by 2, and we get 

.T -f 6 = 12, 
an equation without fractions. 
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(2) M=^- 



Multiply both sides of the equation by 6, the least common 
multiple of the two denominators 2 and 3, and we get 

3x + 2j? = 30. 

For 6 X - = 3 jp and 6 x - = 2x. 
S 3 

(3) M-^13. 

Multiply both sides of the equation by 12, which is the least 
common multiple of 2^ 3 and 4: we thus get 

6 « + 4x + 3* = 156, 

or 13x=156. 

Forl2x| = 64r, 12x| = 4x, 12x| = 3x, and 12 x 13= 156: 
. it also follows that 6ar + 4x + 3x is equal to iSx, (Art. 31.) 

(4) i? + 2 = l4.4. 

Multiply both sides of the equation by the only denominator 
', and we get 

12 + 2« = 4 + 4x. 



(5) ^« '' 



x+2 x-l 

Multiply both sides of this equation by (or + 2) (x-l), 
which gives us 

^*- SO =15* + 30. 

30 

For X (« 4- 2) (45-1) is equal to 30 x (a:-l) = 30«-30, 

J? + 2 - 

15 
and X (j: + 2) (d? - 1) is equal to 1 5 x (x + 2) = 15x + 30. 
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(6) '4- 



X X4-2 X + I 

Multiply both sides of the equation by j: (x -f 2) (x + 1), : 
which gives us 

10 (x + 1) (x + 2) - 3x (x + 1) = 6x (x + 2), 
or 10x*+S0x4-20-3x"-3x = 6x"-f- 12x. 



The mem- 370. If both sides of an equation he divided by the 

equation number, symbol, or expression, the resulting quotients rvill be equal 

raaybedi. /^ g^ch otlier, 
vided by 

anynum- Por, if 

ber. 

then also 



whatever c may be. 



a-b, 

a_b^ 

c ~ c' 



Examples. 3?!. The following are examples of the applicaUoD of this 
rule. 

(1) dx= 12; divide both sides of this equation by 3, and 

we get 

X = 4. 

(2) 13x=156: divide both sides of this equation by 15' 

and we get 

x= 12. 

(3) — ~ = -: divide both sides of this equation 

X X "T" 25 X T 1 

by 9, which is the greatest common measure of the sevenl 
numerators 90> 27 and 54, and we get 

10 3_ 6 

X X + 2~X4-l' 

The form of an equation may be always simplified, as in 
this example, by dividing both its members by any common 
measure of its several terms or of their numerators, when they 
appear under a fractional form. 

Like terms 372. The rule for the combination of like terms into one 
tioncol- (Art. 31.) will enable us to reduce equations, when cleared of 
lected into fractional terms, by collecting severally into one those like tcmw 
which are on one side of the sign = or which are transferable 
to one side of it, by the rule of transposition, (Art. 364^) : the fol- 
lowing are examples: 
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(1) \5x-3x-5x= 105. 

Collecting the like terms I5x, 3x and 5x into one, we get 

7x=l05. 

(2) 3 X - 10 = 8 + X. 

IVansposing x from the right-hand side of the equation to the 
left, we get 

34? -JT- 10 = 8, 

or 24? - 10 = 8. 

If we further transpose 10 from the left-hand side of the 
equation to the right, we get 

2x = 8 + 10= 18. 

(3) 7x'- 104?= 120 + 4X''- 19x. 

Transposing 4x' and 19x from the right-hand side of this 
equation to the left, we get 

7x"- 4x*- lOx + 19x = 120; 
or 3x'+9x=120. 

, In this equation, there are two sets of like terms, one involv- 
! ing X and the other 4?*. 



i 373. If the square or higher roots of the unknown quantity Kquations 
or of any expression which involves it, be found in an equation, cleared 
it may be removed from it by transposing the terms, wlien fromradi- 
Becessary, in such a manner, that the radical term alone may 
be found upon one side of the equation: if we then raise 
both sides of the equation to the power which the radical de- 
nominates, the radical will disappear, and the equation will 
admit of furtlier reduction, when necessary, by the preceding 
niles. 

374. The following are examples: Examples. 

(1) V« = 4. 
Hquaring both sides of the equation, we get 

X = 16\ 

(2) ^x + 7 = 10. 

Transposing 7, we get 

^x = 10-7-'5- 
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Ctthiiig both sides of this equation, we C*t 

(3) 7(*-l6)= ||j 
Squaring both sides of this eqiu til 

*-i6= hi 

351 

or, transposing 16, 

or = 4 + 16 

(4) ^^J{3^ f 

Transposing x, from the left to 
equation, we get 

V(3jp«-4x4.12 

Squaring both sides of this eqa 

3jr'-4jr+ 12 = (6 

= 36 

Transposing known terms to on 
unknown terms to the other, we g 

3a:*-4ar 4- 12«-*' 

Collecting sets of like terms in! 

2jr"+8x = 

Equations 375. Equations may be proposed 

which in- ^ . ^i , . , 

volvc more terms or expressions tnan one, wtiicl 
radical jjy means of various expedients: th< 



terms or 
expressions 
than one. 






V(a:-7) = 2, 

Squaring both sides of this equati 

X- 7 = 4a: -20^ 

The equation thus reduced, involves one radical 
transposing this radical term to the left and all the 
to the right-hand side of the equation, we get 

20^x = 4«- jr + 25 + 7, 
= 3ar + 32. 
Squaring both aides, we get 

400j: = 9^' ^ IfK'*- + 1024. 



H 

S 
h 

S 





term onlj: 
other tenns 
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376. The rules of reduction, which have been given in General 
Ni%« • /en last Articles, may be combined into the following reduction 
lln i ^^^^' which is equally applicable to the reduction of?*^^^*' 
il{it{iin8 of all degrees. 

U \ t 'lear the equation of fractional terms, by multiplying both 
'f Ts of it successively by the several denominators of the 
"Q8^ or at once by the least common multiple of them." 
36s, 369. 

Transpose the known terms to one side of the equation, 
he unknown terms to the other: and combine the like 
severally into one." Arts. 364, 365, 366. 

If there be a radical term in the equation, let it be re- 
d when possible, by the rules given in Arts. 372, 373, 375." 

li: If there be terms in the equation thus reduced, which 

yi\\ 7e different powers of the unknown quantity or symbol, 

{jI* them^ when possible , in the order of the several powers; 

1^**; livide both sides of the equation by the coefficient of the 

tp: St power of the unknown symbol." Arts. 370, 371 - 

Vi' 

• ii. If the simple or first power only of the unknown symbol 

• !• solved in the reduced equation, the operation last indicated 
[ t| 'nsuiaie the unknown symbol and furnish the solution of 

• i juation (Arts. 370, 371): but if the equation involve higher 
"""•^^^ fs of the unknown symbol than the first, 'then the deter- 

^ ion of its value or values, or the solution of the equation, will 
re the application of rules or formulae which will be the 
ts of subsequent investigation." 

ry. The degree of an equation, tvhefi reduced, will be Ejjuation* 
tnined by the highest power of the unknown sjrmbol which degrees, 
olves : thus, if it involves the simple power of it only, it !! J?S*®\: 
^ single equation : if it involves the second power of the cubic, bi- 
unK. jwn symbol, with or without the simple power, it is an ^cJ;. ^^^' 
equation of the second degree or a quadratic equation : if it 
involves the third power of the unknown S3rmbol, with or with- 
out inferior powers of it, it is an equation of the third degree 
or a cubic equation : if it involves the fourth power of the un- 
known s3rmbol, with or without inferior powers of it, it is an 
equation of the fourth degree, or a biquadratic equation : and 
so on, for equations of the Jifth, sixth, and higher degrees. 

£E 
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T^^^^u- 378. The theory of the sdluticm of all equations, when coo- 

equations sidered in their most general form, will require a considenbk^ 
^if require *^^ ^ ™^^ cases, a profound knowledge of the principles cf 
the aid of S3rmbolical Algebra : in the present chapter^ we shall confine 
ciples of our attention to such simple and quadratic equations only, « 
AU^b^n^^ admit of solution by the aid of the principles of Arithmedcil 
Algebra alone. 

i^pIeB 3^. We shall begin with the solution of simple eqnstiooii 

lutionof involving one unknown number or symbol only. 

simple 

^^^oub n\ i^ 7*- 10 = 5* -4. 

which in- \ / • 

unknown Transposing the unknown terms to one side and the kofom 

symbol terms to the other, (Arts. 364 and S66), we get 

only. 

7«-5*=10-4. 

Collecting like terms into one^ (Art 372), we find 

2ar = 6. 

Dividing both sides of this equation by 2 (Art 370), die 
coefficient of x, we get 

« = 3, 

where x is completely intulated and its value theref<»« deter- 
mined. 

(2) 5jr + 4 = 94r + l. 

Therefore, (Art S64), 

4- 1 =9x-5jr; 
or, 

9jr-5x = 4-l»; 
or, (Art. 372), 

4x = 3; 
or, (Art 370), 

3 

which is the solution of the equation, furnishing that value of 
the unknown symbol which alone satisfies the conditions pro- 
posed. 

(3) 70a? -42* + 42 + 280 = 700-355? -60* + 80 + 56* -56. 

* The right-hand member of an equation may obviously be made the left tod 
the left-hand member may be made the right, without disturbing or afiecting their 
equality : it is usual to place the unknown symbols on the left hand. 
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Therefore, 

70x - 42x + 35x + 60x - 56x = 700 + 80 - 56 - 42 - 280. . . (1), 

165 X - 98 X = 780 - 378 (2), 

67x = 402 (S), 

' = ^ = 6 (4). 

When the unknown terms have heen transposed to one side 
)f the equation and the known terms to the other (1), we add 
together the terms, on each side, which have the same sign 
[2), subtract the resulting sums respectively from each other, 
[$), and finally divide the remainders by the single coefficient 
of the unknown term (4) *. 

(4) Let ^ + 5 = 9. 

4 

Multiply both sides of the equation by 4, and we get 

x + 20 = S6; 
3r (Art 366), 

x = 56 -20 =16. 

(5) Let 30-^ = 52-^. 

Multiply both sides of the equation by SO, which is the 
least common multiple of the denominators 10 and 6, (Art. 368), 

ind we get 

900 -Sx= 1560 -25x. 

Transposing known terms to one side and unknown terms 
to the other (Art S64), we get 

25x -3x = 1560 -900; 

* The following are similar examples: 

(\) x-10 + 8 = 70-x, 
x = 36. 

(2) 3000 -60x = 5400 -100x + 2t, 

« = 50. 

(3) 3x + x + 48x-3600 = 48x, 

x = 900. 

(4) 2x - 3x + 120 = 4x - 6x + 132, 

ar=12. 

(5) 7x + 4-l5x = 6x + 2, 

1 
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or (Art. 372), 
or (Art. 370), 



22* = 


= 660; 


660 

'=22 


= 30. 


Let - 

X 


4-?= 16. 
4 



(6) 

Multiply both sides of the equation by Ax, the least oom- 
mon multiple of the denominators x and 4> and we get 

20 + 94: = 64x; 

or, subtracting Qx from both sides and interchanging the mem- j 
bers^ the right to the left and the left to the right, j 

64a:-9x = 20; 
or 55 X- 9,0; 

20 4 
or X = -— = — . 

55 11 

(7) Let— ^— ^3j + — J— = 241 jg^-H'. 

Multiply both sides of this equation by S6, which is the least 
common multiple of the denominators 9^ 4 and 12 (Art 364), and 
we get 

16x-84+135+513-27j^=8676-15x+288-396x. 

Consequently 

l6ar - 27^ + 15a: + 396ar = 8676 + 288 + 84 - 135 - 513; 

or 427x - 9,1 X = 9048 - 648 ; 

or 400jr = 8400 ; 

8400 ^, 
or x= -rrr- = 21. 

400 

Important In reducing equations^ which involve fractions^ we multi{dy 

cauUon/ *^® numerators of the several fractions by the quolienU of ike least 

common multiple of the denomncUors divided hy the proper denoti' 

nator of each fraction, omitting the denominator: thus in the 

example just given^ we multiply the numerator 4x — 21 of the 

4x — 21 S6 
fraction — by — - or 4, and we omit 9; the numerator S 

3 36 

of the fraction 7 hy —- or 9, and we omit 4; the numerator 



221 



of the fraction by -r- or 9, and we omit 4; 

4 4 

jrator 5 x - 96 of the fraction — — — by — or 3, and 

12 : and it should be carefully kept in mind, that when- 

iction is preceded by a negative sign, as is the case with 

5x — q6 
on ^^ — — — , we change both the signs of the product of 

by 3, writing down — 15x instead of + 15x and +288 
f - 288 : in all other cases, where the fraction is preceded 
^ or by the sign + , we leave the signs of the terms of 
Tator unchanged, afler the multiplications, required for 
i^ion of the equation, are performed*. 

(8) Let V(7x-13) = 8. 
•ing both sides, we get 

7* -13 = 64. 

jfore 7^ = 77, 

j; = -— = 11 . 

7 

following examples are similar to those just given : 
(1) i-5+| = 3. 
St common multiple is 12 ; 

St common multiple is 140 ; 

x=7. 



(^) f-f+^2=M+^- 



st common multiple is 105; 

X = 210. 

(A\ 7^-1-9 3t+1 9j-13 249-9x 
^^ 8 7 " 4 " 14 • 

St common multiple is 56; 

x = 9. 

/rx ^ irt XXX 10— X ^« 3 
(5) I6 + W'=2 + 5+40--7~ + ^'4- 

St common multiple is 280; 

x = 10. 



222 

(9) Let 4^(lOx + 7) = S. 

Cubing both sides^ we get 

lOx + 7 = 27. 
Therefore 

10x = 20, 

and X = 2. 

Equ^ons 280. The equations, which have been proposed above, are 
po^ible aU of them possible, being capable of bcdng satisfied by raal 
^^ .^' arithmetical values of the unknown symbols, whether whde or 

DOSSlblG 

fractional: but equations may be proposed which no value rf 
the unknown s3rmbol can satisfy, and which are therefore, pro- 
perly speaking, impossible: the following are examples: 

(1) Let -—— +llx = -34. 

5 4 

Multiply both sides of this equation by 20, and we get 

4ar + 12 + 220 or = 15ar + 65 - 680. 

Therefore 

209* = 65 -680 -12, 

= 65- 692. 

The operation of subtracting a greater number (692) firam 
a less (65) is obviously impossible, and consequently no reti 
arithmetical value of x can satisfy the conditions of this equatioD. 

^ V » 100-x llx 2x + 6 

(2) Let-j-j— +-^ = --y-+l». 

Multiply both sides of this equation by 770, and we get 

7000 - 70x + 847x = 220x + 66O + 770, 
847a: - 70x ^ 220ar = 660 + 770 - 7000, 

557x = 1430 -7000. 

Which is obviously an impossible equation, inasmuch ts 
7000 cannot be subtracted from 1430. 



* In Symbolical Algebra, this operation becomes possible and tiie itsnli 
is written - 627 : the corresponding value of x is -^ 3 : a sunilar obsenratMW 
applies to the example which follows. 



\ 
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381. When a problem is proposed, it is rarely possible to Thepof- 
tredict with certainty whether it admits or does not admit of ^^^J^. 

olution in the precise sense in which it was proposed, or, in tion of a 
1 1111 1. •! 'i?! problem 

itoer words, whether the correspondmg equation can be satisfied cannot al- 
ly any assignable value of the unknown sjrmbol. preScud. 

The solution of such an equation, as we have seen in the 
preceding examples, will iilvolve a more or less extensive series 
if arithmetical operations for the purpose of insulating the un- 
known sjrmbol, and will be possible as long as those operations 
ure possible in their proper arithmetical sense, and impossible in 
ill other cases. In Symbolical Algebra, as we shall afterwards 
ind, a great extension of meaning will be given to such opera- 
ions, and they will become, by the introduction of negative and 
)ther quantities, whether capable of interpretation as real exist- 
mces or not, practicable under circumstances in which they 
p^ould be altogether impossible and unintelligible in Arithmetic. 

382. The equations, which we have hitherto considered. Quadratic 
ure simple equations, involving, when reduced, the simple power ^,l|JJf °°* ' 
mly of the unknown symbol : in quadratic equations, we shall which they 
ind the square of the unknown symbol, with or without its sume^when 
ample power, and the rule of reduction, which is given in re<ittc«^« 
\.rticle 376, directs us to transpose, when possible, all the un- 

imown terms to one side of the equation and the known 
£rms to the other, to collect like terms severally into one, 
md to divide both sides of the resulting equation by the co- 
efficient of the square of the unknown symbol : the following 
are examples of quadratic equations when thus reduced. 

(1) x' + 6*=l6, 

(2) ««-6ar = l6, 

(3) 6x - x* = 8. 

383. If we denote the coefficient of the simple power of x General 
by 2 a, and the known term by 6, the general forms of reduced reduced 
quadratic equations will be as follows: m^Uom. 

(o) j:*+2a4: = 6, 

(/3) ar»-2flx = 6, 

(7) 2a4:-«* = 6. 
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Process of 
solution. 



The 
numeri- 
cal ex- 
amples 
given in 
Art. 382, 
solved. 



384. In order to prepare quadratic equations when thus 
reduced^ for solution, we add both the members to> in the 
two first forms (a and ft), and we subtract both of them from, 
in the third form (y), the square (o^ of half the coefficient of 
the simple power of the unknown symbol (x) : we thus obtain, 
in the two first cases, 

(a') x* + 2aar + fl" = «• + 6, 

and in the third case, 

(7') x* ~ 2tf a: + a" = a" - 6. 

But r*-*- 2aar+fl«=(a:+a)", (Art. 62); and j:*-2ax+a*=(*-fl)*, 
(Art 64) ; and consequently the forms (a'), (fi'), {*/), beoome 

{of) (x + ay = a* + 6, 
(/30 (x-fl)« = a« + 6, 
(/) (4. __ ay = a^-b. 

Again, if two numbers be equal to each other, their tqniR 
roots are also equal to each other, and consequently the ex- 
traction of the square roots of both members of the equations 
(a% (J3'), (y'), will reduce that severally to the simple equatio&s» 

(a') x + a = J (a' + b), 

(/30 x-/i = V(a* + ^), 
(y) x^a=^J(a'^b). 

The solution of these simple equations will give us 

(a'; x = J(a'-i-b)-a, 
0^0 x = J{a'^b) + a, 
(y) x = J(a'^b)^a. 

385. Thus in the examples, (1), (2), (3), given in Art. 382, 
we get, by adding both the members of the equations (1) and 
(2) to 9, which is the square of half the coefficient (6) of 
6x, and by subtracting both the members of the equation (S) 

from 9, 

(1') ar» + 6ar + 9 = 9 + l6 = 25, 

(2') x«-6jr + 9 = 9 + l6 = 25, 

(3') j:*-6x + 9 = 9-8 = 1. 
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now extract the square root of both members of these 
juations, we shall get the simple equations 

(10 jr + S = 725 = 5, 

(2') J -.3 = ^25 = 5, 

Jution of which we readily obtain 
(10 0^ = 5-3 = 2. 

(20 X = 5 + 3 = 8. 

(30 X = 1 + 3 = 4. 

In considering more attentively the forms of the tri- 'P*® ^f*^ 
j^ + 2flx4-fl" and j:*-2ax4-a*, which are given in ceoend 

it is obvious that they will continue to be identical in iQ^rt?^ 
len their terms are written in a contrary order ; or in »» wnbi- 
ds, that jr" + 2ax + a* = a"+2a4: + ar' and that «*- 2 a* *''*""' 

2ax+x': but though these trinomials are respectively 
in value^ their square roots in the second case^ which 
and a-x respectively^ are not so *; and whilst the value 
iknown^ there is no reason for the selection of one of 
preference to the other : it remams to consider^ in what 
ind in what cases, the ambiguity which thence arises 
amoved. 

> is no ambiguity in the second form (J3), (Art 384) ; 
suppose the root of the trinomial x'- 2aa; + a* or of its 

it a^ - 2ax -^ j^ to he a - X instead ofx-a, we should get 

a-x = fj(a' + b), 
efore, 

ntly the greater quantity or number ^/(a' + 6) must 
acted from the less a, which is impossible t: it follows 

that in this case we are restricted to the choice of 

x - a alone. 

square root of j*+2ox + a* is x + a and of i*+2ox + *' is a + x; 

> are identical in value, and involve no ambiguity: in other words» 
IB of the equation x + a = V(a* + 6) and a + x = V (a*+ 6), will give 
ralue of X. 

it is obvious that the square root o( a'+b is greater than the square 
which is a. 

FF 
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But there is an ambiguity in the third form (7), (Art 384) : 
for whether we suppose the root of the trinomial <*— 2aj;+4^ 
or of its equivalent a* — Sax + Jt* to be x — a or a — x, we cm 
in both cases^ get a possible result : for in the first caae^ we get 

(y) x-a=:J(a''-b) and therefore x^a-h J^a^-b); 
and in the second^ we get 

(y) a-x = ^(a"-ft) and therefore x^a — J(a^—b), 

both of which values are possible*, and consequently bodi of 
them will equally satisfy the conditions of the cviginal eqoattoo, 
or of the problem of which it is the algebraical oiuncialion. 

Example 287. Thus in the particular examples considered in Art 

of unambi- *^ *^ 

guous and 3B5, we find, admitting the double form of the root of the iint 
SlufaMS?" member of each equation, 

(I'O ar + S = 3 + « = 5, 
or X s 2. 
In this case we get the same value of x firom both the 
roots X + 3 and 3 + x of x'+ 6x + 9 and of 9 + 6x +x'. 

(2") The first form of the root x - 3 of x*-6x + 9, gives us 

x-3=5; 
or X = 8, 
which is a real and possible value. 

The second form of the root 3 -x of 9 - 6x + x*, gives w 

3-x = 5, 
or xs^S-S, 
which is not a real value, since it involves an impossible 
operation. 

(3") The first form of the root x-3 of x* - 6x + 9, gives us 

x-3=l; 
or X = 3 + 1 = 4, 

which is a real and possible value. 

The second form of the root 3 - x of 9 - 6x + x*, gives us 

3-'X=l, 
or X = 3 - 1 or 2, 

which is also a real and possible root 

* For V(a'- 6) is less than a, and therefore in the second case, a less nombff 
is subtracted from a greater : it is also taken for granted, in the third form of q|«s* 
dratic equations, that b is less than a', otherwise the operation of subtnctiiif ^ 
from a', as well as that of extracting the square root of the vemainder, would be 
impossible. 
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388. The generalizations of Symbolical Algebra, which T^^^J]**- 
make operations practicable under all circumstances, will enable doable 
us to assign two roots or values of the unknown symbol in every ^ ^ ^^to ~ 
quadratic equation, whether they be possible and such as can be ^^ & qua- 
considered and interpreted in Arithmetic, or not: but in the equation is 
view which we have given of such equations in the preceding fn5etermi- 
Artides, we must regard such double values of x, whenever they nateuess. 
occur^ as marks of indeterminateness in the problems which 
furnish the equations, or in the equations themselves : for they 
indicate the existence of two values of the S3rmbol or number 
sought for, which equally answer the proposed conditions, and 
consequently shew that those conditions are not sufficient to 
furnish its absolute and unambiguous determination. 

389. The following are examples of the reduction and so- Ezunples 

lation of quadratic equations : duction 

and flolu- 

(1) Let 5j:*-20« = 105. Uonofqua- 

^ ^ dratic 

Divide (Art 382) both sides of the equation by 5, which e<l«»**°°*- 
is the coefficient of x*, and we get 

x*-4x = 21. 

Add 4y the square of 2, or of half the coefficient of x, to both 
sides of the equation (Art 384), and we get 

x*-4x + 4 = 21 + 4 = 25. 

Extract the square root (Art 384) of both sides, and we get 

X - 2 = 5, 
and X = 7, 

which is the root of the equation or value of x required. 

(2) Let 19* - 39 -2x« = 6x- 33. 

Transposing the known terms to one side and the unknown 
to the other (Art. 382), we get 

13x-2x* = 6. 

Dividing both sides of this equation by 2, the coefficient 
of X* (Art 382), we get 

_ X ^ iMf — - J. 

2 
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/13\* 169 
Subtracting both members of this equation from ( — ] or -^, 

which is the square of half the coefficient of x (Art 384)^ we get 
1^9 i9.u.^-l® ,^1^-48 121 

Extracting the square root of both members of this equa- 
tion (Art 384), we get 

IS 11 

2 1 
or Jp = T or -. 
4 2 

169 
But if we reverse the order of the terms of -r^- ISjt+x*, 

Id 

13 

(Art 386), which will furnish the root x — —, we shall get 

13 11 

13 + 11 24 ^ 

or ar = — = -— = 0. 

4 4 

There are therefore two real and possible values of or, vhicb 

are 6 and p«\the solution is consequently ambiguous. 

Multiply both sides of this equation by 2x(x + 7) <^ 
2j:'+ 14a:, and we get 

2«* + 284: + 98 + 2j:* = 5«* + 35x. 

Transposing known terms to one side of this equation and 
unknown to the other, we get 

a:»+7x = 98. 

Adding ^ = (^) or the square of half the coefficient of i 
to both sides of the equation, we get 

49 49 441 

4 4 4 
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Extracting the square root of both members of this equation^ 
e find 

7 21 
2 2 

or X = y = 7, 
which is the only root of the equation. 

(4) Let -*^+?Z = lS. 

Clearing the equation of fractions^ we find 

40x + 27 Jr - 135 = ISx'- 65x. 

Transposing known terms to one side and unknown terms 

> the other^ we get 

lS2jr-lSar"=135. 

Dividing both sides by the coefficient of x*, we get 

132 . 135 

X — x^= . 

13 13 

(66\* 
—A or 

356 

7^ , the square of half the coefficient of x, we get 



4356 132 . 4356 135 2601 

x + x" = 



169 13 169 13 169 ■ 

Extracting the square root of both members of this equation^ 
^e get 

66_ ^51 
13 *""13' 

15 
or x = -. 

Otherwise^ if the equation be put under the equivalent form 

, 132 4356 _ 2601 

U)d if the square root of both its members be extracted, 

We get 

66^51 

* 13 "13' 
or x=^ = 9. 
The solution is therefore ambiguous. 
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(5) Let — =6. 

Clearing the equation of fractions^ we get 

X* + 12* + 32 - 3 «• (- So: + 9* + 12«) + 12 = 6«*+ 54a? + 41 

If we attempt to transpose the known terms to one sid 
the equation and the unknown to the other, we shall find 

8««+ 33* = 44 -48*, 
which involves an impossible operation: we conclude then 
that there are no possible values of x which will satisfy 
conditions of this equation t. 

* The two roots of this equation in Symbolical Algebra would be - 4 
— g > they aie neither of them quantities which can be considered or inteif 
in Arithmetic. 



The following ate other example* of qiMidiatic equaUons : 


(1) 


x* + 3x = 70. 




x«7. 


(2) 


x«-3xa70. 




x = 10. 


(3) 


7x-x«=12, 




xs3 or x = 4. 


. (4) 


Ila*-10x = 4a9, 




x = 7. 


(5) 


64x' + 8x»56, 




7 
"8- 


(6) 


X 7 


* + eo'3x-6' 




x=14. 


(7) 


3x + 4 30 -2x 7x-14 
6 x-6 ~ 10 ' 




X = 36 or 12. 


/i\\ 


90 27 90 


(8) 


X x + 2 x+r 




x = 4. 


(9) 


*• Qo 7x 




X = 162 or 76. 


(10) 


12 8 32 
5-x ' 4-x'"x + 2' 




o 58 
1=2 or Ys' 



(11) 4x-x«=r6. 
The values of x arc impossible, for 6 cannot be subtracted from V < 



\ ^ 
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390. The theory of the solution of numerical equations of Difficulties 

igher orders than the second and the discussion of the cir- JJ^^q ^^ q^.* 

omstances under which such solutions are possible, whether merical 

. . eauations 
mbiguous or unambiguous^ and also whether such ambiguity^ o? higher 

rhen it exists, applies to two or to a greater number of values, <'"^'"- 
8 full of difficulties and cannot be treated with sufficient ge- 
lerality without a considerable knowledge of the principles of 
Symbolical Algebra. In the theory of the extraction of com- 
pound roots, which is given in Chap. iii. Art. 241., &c. we 
have considered some examples of the method of approximating 
to the values of such roots, when the limits or whole numbers 
between which they were situated were given: such methods, 
however, can be considered as auxiliary only to the theorems 
by which the limits of the root, when the solution is ambiguous, 
or of the root, when the solution is unambiguous, can be as- 
signed in all cases. 

391. Problems proposed for solution, as we have already had Determi- 

occasion to remark. Art. 342, may involve two or more unknown blems 

numbers^ and the conditions given, when the problem is de- ^ Yve*two 

tenniiiate, will be sufficient for their determination : in trans- or more 

lating such problems into symbolical language, we shall find numi^^)^ 

as many equations as there are unknown numbers or symbols : ^^^ ^^^ ^^ 
1 . J; , , , .,, the same 

thus, if there be two unknown numbers or symbols, there will number of 

be two independent equations, which involve them either sepa- qq^ ^ua-' 
lately or combinedly : if there be three unknown symbols, there tions. 
will be three independent equations, which involve them either 
separately or combinedly : and similarly for a greater number of 
onknown symbols. The necessity which exists for this equality, 
between the number of independent equations and the number 
of unknown symbols, in all determinate problems, will be made 
sufficiently manifest in the process which will be employed for 
their solution in the following Articles. 

392. The following is an example of such a problem, in- Problem 
volving two unknown numbers and leading to two independent two un- 

^w.,.»«h:^««<, known 

equations. numbers. 

^''What two numbers are those whose sum is equal to 10, 

and of which twice the greater exceeds three times the less 

^ Leads to 

If we denote the greater of these unknown numbers by x, two inde- 
and the less of them by y, and translate the conditions into equations. 
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symbolical language, in the order which they are presented in 
the problem, we shall find 



(1) «+^=10] 

(2) 2a; -S^ 






which are the two equations required: and these equations are 
independent of each other, inasmuch as the second is not de- 
rivable* from the first. 

Meaning of 333. The unknown symbols x and y express the same mim* 
ous^equa^- ^^^ whenever they are referred to in the problem proposed^ and 
tions. they therefore possess the same values in both the equations (1) 

and (2) : such pairs or sets of equations in which the siine 
unknown symbols appear, which are assumed to possess the 
same values throughout, are called simultaneous equations: 
whenever equations, involving the same unknown symbols, are 
considered in connection with each other^ they are assumed to 
be simultaneous. 

Rule for 394t. When simultaneous equations are proposed for sois- 

tionof si- lution, they are reduced, when necessary, in confcHini^ with 

multaneous tj^g following rule. 

equations. ^ 

Clear the several equations of fractions and transpose, wki 
possible, the known terms to one side <f each equation and tkt 
unknown to the other. 

Example. Thus, if the simultaneous equations furnished by the pro- 

blem be 

(I) M-2 = ^5. 

we multiply both members of the first equation by 30, (the least 
common multiple of 2, 3 and 5), and of the second equation 

* Thus the equations 2x + 2y = 20, 3x + 3y = 30, &c. are immedittely 
derivable from the first equation x + y = 20, by multiplying both its memben 
by 2, 3, &c.: such derived equations furnish no new conditions, and are not 
therefore independent equations : in a similar manner, the equation which m» 
from adding or subtracting any multiple of one equation to or from any multiple 
of the other, will not be an independent equation. 
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>y 60, (the least common multiple of 10, 6 and 12,) which 
^ves us 

(1) I5x + 10^ - 60 = 6x + 150. 

(2) 48x + 50^ - 720 = 60a: + 5y - S60. 

Transposing the known tenns to one side of each of these 
equations and the unknown to the other, we get 

(1) 9x + 10^ = 210. 

(2) 45^ -18* = 360; 
which are the reduced equations required. 

Again^ if the original simultaneous equations be 

„. 3« + 5v ^„ ^ 4*4-7 
0) * 17 +^7 = 5j< + — ^. 

f9\ 32 -6y 5j?--7 _ Jf + l 8y4-5 
^*^ ~3 11" '""6 ^f8~' 

hy muldpljing the first equation by 51 and the second by 
198, we get 

(1) 51* - 9* - 15^ 4. 867 = 255^ + 68* 4. 119. 

(2) 1452 - S96y - 90* 4- 126 = 33* 4- S3 - 88^ - 55. 

By transposing respectively the known terms to one side 
of each of these equations and the unknown to the other, we 
fiiudly get the reduced equations: 

(1) 26*4-270^ = 748*. 

(2) 123*4-308^=1600. 

395. The following rule will furnish the solution of all f^^^J^l^ 
simultaneous equations with two unknown symbols, when thus multaneous 
reduced^ which are of the first degree or which involve neither Qj*ljg°^*gj 
the product, square or higher powers of the unknown symbols, degree. 

Let the two unknown symbols be * and ^, and let it be 
required to determine *. 



* This equation may be simplified by dividing all its terms by 2. which 

reduces it to 

13f4-ld5y = 374: 

and in general all equations may be simplified, by dividing them by any com- 
mon measure of all their terms, whenever such a common measure exists. 

OG 
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ProcfBts 
elimina' 
tion. 



Find the least common multiple of ike two coffdai 
and multiply each equation by the quotiemi whidk m 
dividing this least commoti multiple by the smcceuive oo^ 
y : the derived equations, which result, will pretext the i 
volving y with the same coefficient^. 

Subtract these equations from each oiker {the lest J 
greater) when the identical coefficients of y have the « 
and add them together, when their signs are different: 
resulting equcUion will involve x only, whose value can 
be immediately determined. 

The value of y may be found by a similar process, ) 
generally, in the rule just given, the symbol y by the i 
and X by y : or otherwise, we may substitute the value rf 
by the first process, in either of the given equations, «r 
thus become a given equation with one unknown symi 
which may be solved by the ordinary rules. 

of 396. The process described in the preceding rule, I 
one final equation with one unknown symbol is dedac 
two equations with two unknown symbols, is gener 
signated by the term elimination. The essence of this 
does not consist in the mere form of the rule which is 
for this purpose, which may be greatly varied, but 
reduction of two equations into one, from which one 
unknown Sjrmbols has been eliminated or made to di 
the same term is applied generally to the processes b 
S3rmbols are made to disappear from equations, whatever 
number. 

We shall give a few examples in illustration of the 
the last Article, before we proceed to consider its c 
to three or more equations with three or more i 
symb^ds. 



Examples. 397- (1) Let 



(1) 
(2) 



2x 



+ 3y = l7) 



* For if b and b' be the coefficients of y in the given equation; 

be their least common multiple, then the coefficient of v will be -- 

mb' 
one equation, and -rr- or m in the other. 
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(S X 7\ 
= j, and the second 

by 7 (= -^)> and we get 

(S) 9x + 2lff = 99' 
(4) 14ar + 21^ = 119. 
act (3) from (4)^ and we get 



5x = 20 or jr = 4. 



., inuluply(l)by2( = ^) and (8) by 3(= -g?), 

jet 

(5) 6x + 14^ = 66. 

(6) 6x + 9^ = 51. 

act (6) from (5), and we get 

53f = 15, 
or ^ = 3 ; 

ntly J = 4, ^ = 3 are the only two values of x and y, 
muUaneously answer the conditions of the equations 

(2). 

(2) Let (1) Itx + 15.y = 335. 
(2) 13jr-10^ = 20. 
least common multiple of 15 and 10 is 30: multiply 

( " 15/' *"^ ^^^ ^y ^ ( = Yo)' *"^ ^® ^^^ 

(3) 34 jr + SOy = 670. 

(4) 39ar-S0^ = 60. 

the identical coefficients of y have different signs^ 
:ogether (3) and (4), which gives us 

7Sar = 7SO, 
or X = 10. 

I, multiply (1) by 13 U^^-^\ and (2) by 17, 

- j , and we get 

(5) 221 j: + 195^ = 4355. 

(6) 221 JT- 170^ = 340. 



236 



Since the identical coefficients of x have the same si{ 
subtract (6) from (5), which gives us 

S65y = 4015, 

4015 „ 
^=-sS5-=^'- 

The values of x and y, which simultaneously ans^ 
conditions of the equations (1) and (2), are x = 10 and \ 

This value of ^ would be much more readily obtai 
substituting in equation (1) the number 10 for x, which 

170 4^15^ = 335, 

or 15^ = 165, 

165 









= 11». 








(3) 1 + 8^ 


= 194, 


(1). 








I + 8X 


= 131. 


(2). 






■ The first 1 
of reduction, is 


pair of equations given in Art. 


,394, as 


examples of tl 


• 


(1) 

(2) 


9* + lOy = 
45y - 18x = 


210. 
360. 






Eliminating 
case of y), we 


; X in the first place (the process being i 
get 

(3) 18x + 20y = 420. 

(4) 45y.-18x = 360. 


more simple 


th 


Adding (3) 


and (4) together, 


we get 










66y = 780, 
or y = 12. 








Substituting this value of y in 


equation (1) 


, we find 








9i 


+ 120 = 210, 
9x = 90, 









1 = 9. 
The second pair of equations, in the same article, is, 

(1) 13x + 135y = 374, i 

(2) 123x + 308;/ e: 1600, ) 

from which we find, by a similar process, 

x = 8 and y^2. 
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^ing these equations of fractions, we get 

(S) X 4. 64^ = 1552. 
(4) ^ + 64jr = 1048. 

Itiply (3) by 64 (=^), and (2) by 1 (=^), 

get 

64x + 4096^ = 99328 
^ + 64jr= 1048 

4095^ = 98280 
5^ = 24. 
titute this value of ^ in (8), and we get 

X 4- 1536 = 1552, 
or x=l6*. 

: following are other examples of pairs of simple simultaneous 




y 

X = 7 and y = 12. 



(3) § 



+ 3y = 3,i 



4x 
(4) 



x = ^ and y = -5. 




.*. X = 9 and y = 10. 
(5) ni=2. 

--§.= 1 
X t/ 

ler - and — as the unknown symbols, or replace them, in the first 
1 y 

by other unknown symbols, such as s and u respectively, 

.*. 1 B 3 and y s 4. 
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Two equa- 
tions, in- 
volving two 
or more 
symbols, 
are reduced 
to one b^ 
the elimi- 
nation of 
one of 
them. 



Example. 



£<luation8 
with more 
unknown 

Smbols 
an one 
are inde- 
terminate, 
if the num- 
ber of 
equations 
are lets 
than the 
number of 
unknown 
symbols. 



398. Two equations, with three or a greater number of nn- 
known symbols, are reduced to one by the elimination of any one 
of them : for if we severally multiply two such simple equationi 
by the quotients which arise from dividing the least comiHi 
multiple of the coefficients of the somt sjrmbol by its coefficiait 
in each equation, the derived equations which result will in- 
volve this sjnnbol with the same coefficient, (Art. 395,) which 
will therefore disappear when they are added together or sub- 
tracted from each other, an operation which reduces the two 
equations into one. 

Thus, if the two simultaneous equations involving three un- 
known symbols x, y and z, be 

(1) 7a? + 9^^-122 = 611 

= 5sr 



(2) 5* +4^ + 15« 
and if we multiply (1) by 5 (=Tq)' *"^ W ^^ * \ T^' 



we 



get 



(3) ^bx + 45^ -f- 602 = 3051 

(4) 20x + \Qy -f- 602 = 2321 



If we subtract equation (4) from (3), we get 

(5) 15ar + ^^y = 73 ; 

a single equation, from which the s3rmbol z is eliminated. A 
similmr operation would eliminate either of the other unknown 
s3rmbols x and y from the original pair of equations, but the 
two remaining sjnnbols would always present themselves in the 
final resulting equation. 

Thus, if we should eliminate the s3rmbol y fnxn equations 
(1) and (2), we should get 

(6) 17* + 872 = 278; 

and, if we should eliminate the symbol x from the same equa- 
tions, we should get 

(7) 452-17^ = 101. 

399. If there be two equations only involving severally Ikrtt 
imknown symbols, the single equation which results from the 
elimination of any one of them, will always contain two un- 
known symbols, and will not be sufficient for their determina- 
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ion*. But if the number of independent equations be exactly 
qual to the number of unknovm symbols, we shall be enabled 
o reduce the number of equations severally by unity by the 
elimination of the successive symbols, so as to obtain finally a 
angle equation with a single unknown s3rmbol. 

400. Thus if we have the three simultaneous equations Example. 

(1) 7j?+ 9^ + 12z=61; 

(2) 5x+ 4^ + 152 = 58, 
(S) Sar+10y^-202 = 83, 

inTolving three unknown symbols x, y and z, we shall ob- 
tain, by eliminating z from (1) and (2), as we have shewn in 
Art 398, 

(4) 15x + 293f = 73; 

ttd if we proceed to eliminate in the same manner, the same 
symbol z from equations (l) and (3), we shall get 

(5) 26ar + I5tf = 56. 

The equations (4) and (5) are simultaneous, involving the 
same pair of sjrmbols x and y ; and consequently if we eliminate 
«ne of them y by the rule given in Art 395, we shall obtain a 
single final equation 

529 Jr = 529, 
or « = !. 
We hence readily find from equations (4) or (5), .v = 2, 
wd from equations (1), or (2), or (3), s = 3. 

401. In the example just given, we have eliminated z from 
the pairs of equations (l) and (2), (1) and (3), in order to 
obtain the equations 

(4) 15« + 293f = 73, 

(5) 26jr + 15^ = 56 ; 

from which the values of x and y have been determined : if 
we had eliminated z from the equations (2) and (3), we should 
lave obtained a third equation 

(6) 14^-11 or = 17. 

* Thus in the example considered in the preceding Article, we obtain from 
CO equations (I) and (2) with three unknown symbols, the three equations (5), 
)) and (7), which severally involve different pairs of symbols, and which are 
>nsequently incompetent to furnish us, by further elimination, single equations 
ith one unknown symbol only. 



liumW or 



I'hid cciuation however is i 
derived by subtracting equado 
therefore be made the found 
not derivable from equations 

402. If there be three 
the same tivo unknown aym 
binationg of pairs of such • 
cient to determine their vi 
dependent or not derivable 
fyniinif. patfR of HymboU which are < 
tions which are thus combin 
with each other, and cont 
the different combinations: 
are found to be identical, ■ 
superfluous, but may be sb 
be derivable from the othe 

Thcnum- 403. From the preced 

Iwr of 11- , , „ . 

■icpendvnt tile number of equKtiona ir 

mu'te™ **^ unknown symbols, in c 

apily aquiil may ig^d successivelv to i 

Iho number / ■ , . 

of un- unknown symbols and no 

«mbol». unknown symbols is invol- 

be less than the number ■ 

tions which result from H. 

the preceding Articles, will 

one, which arc, therefore, 

such equations be greatei 

bols, we shall be able by 

equations tlian one, whici 

and which will not be c 

number of those equstion> 

the corresponding numbe 

from the other equations. 

EiamplM. 404. The following t- 
neous equations, with mor 

Let 3* + 7,y + 



-176z = 275521 
f 12292 = 27552 (7). 

[)6y- 242 2 = 2016) 

h4j- 2392 = 2016 (8). 

iteg from equations (7) and (A), we get 
j+ 45473c = 1019424 
|-23183«= 195552 

! 686562 = 823872 
J or a = 12. 

^ for a in equations (7) or (8), we get 
itute 12 for z and 6 tor y, in equabons 
j j = 3. 

3j + 4«+ 5a = 30 (1). 

■.'Sx + 5b- Su = l6 (2). 

4«-Sj+lla= 4 (3). 

-5x-4,y-3z= 9 (4). 

>in equations (1) and (2), (l) and (3), 
y, we get 

22s + 9u = 122 (5). 

17?+ 21t(=. 64 (6). 

142 + 11911 = 168 (7)- 

n tlie pairs of equations (5) and (6)> (6) 

+ 456w = ll06. (8). 

- 77z= 56 (9). 

inate z from equations (8) and (9), we get 
]03362t(= 103362, 
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5 6 11 8 ^*^' 

n i2~=^^ — 8 — ^^^ 

Multiplying equations (1), (2) and (8) by S6, 330 and 264 
respectively^ which are the least common multiples of their re- 
spective sets of denominators^ and transpoting the known terms 
to one side and the unknown terms to the other^ we get the 
reduced equations 

l6x- 6ff- z = (4), 

275^ + 155« - 22* = 3444. (5), 

24ar + S98^- 121z = 1008 (6). 

Combining the equations (4) and (5), (4) and (6), respec- 
tively together and eliminating x from each pair^ we get 

In order that this equation (7) may coincide with equation (6) given in 

the text, we must suppose the coefficients of x and y, as well as the final tenUi 

to be respectively identical with each other in the two equations : we thuf fc( 

the three equations 

17n- 13m = 5 (8), 

142n - 193in = 8 (9), 

449n-256in«26 (10); 

combining equations (9) and (10), we get, by the ordinary process of elimiottioB, 

*2414n- 1846m = 710 

2414n- 3281m =196 

1435m = 574 

574 2 
1435 5 
And substituting this value of m in equations (8) or (9), we find 

14637 3 
""24395~5 * 

If we make use of these values of m and n, we shall also find 

449n-256m=26, 

so that every term and member of equation (6) is derivable from equatioos (4) 
and (5). 

The necessary identity of the three pairs of equations derived from diffierest 
combinations of the original equations will be immediately manifest fiom their 
general ftolution. See the Notes and Additions at the end of this volume. 
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2200^ + 1240s - I76x = 27552 



1 



2134^ ^ 12292 = 27552 (7). 

48x-18^-S2 = 1 
48* + 796^ - 2422 = 2016) 

814^ - 2S9« = 2016 (8). 

If we further eliminate y from equations (7) and (8)^ we get 

78958^ + 45473 ;? = 1019424 
789585^ - 23 1 83 JBT = 1 95552 

686562 = 823872 
or 2 = 12. 

If we substitute 12 for 2 in equations (7) or (8)^ we get 
= 6: and if we substitute 12 for z and 6 for y, in equations 
!■), (5) or (6), we get jr = 3. 

(3) Let 2ar + S^ + 4s+ 5ii = 30 (1). 

7^-3x + 5s- 3tt=l6 (2). 

9s-4ar-3^ + lltt= 4 (3). 

47tt — 5j: -4^-32= 9 C*). 

Eliminating x from equations (l) and (2)^ (1) and (3), 
1) and (4) respectively, we get 

23^ + 222+ 9"= 122 (5). 

3^ + 172+ 21tt= 64 (6). 

7^ + 142 + 1 19tt = 168 (7). 

Eliminating ^ from the pairs of equations (5) and (6), (6) 
nd (7), we get 

3252 + 456tt = 1106 (8). 

210tt- 772= 56 (9). 

If we further eliminate 2 from equations (8) and (9), we get 

103362 m = 103362, 
or ti = 1. 
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From equations (8) or (9) we find z = 2; from equatians 
(5), (6) or (7), we find ^ = S : and from equations (1), (2), (5) 
or (4), we find a: = 4*. 

Simulta- 405^ y^Q Imy^ hitherto confined our attention to the solution 

neous 

equations of simultaneous equations of the first degree <»ily : the solutioD 

degrLst^ of those of higher d^prees will involve peculiar difficulties which 
cannot be easily overcome without the aid of the principles of 
Case in Sjnnbolical Algebra. There is one case, however^ in which one 
are^ redud^ of the simultaneous equations (mfy ascends to ihe second de^ 
fimOqua- ff^^' where the process of elimination will easfly lead us to a 
dratic quadratic equation with one unknown symbol^ admitting of m>- 
vnthone lution by the ordinary methods: the mode of effecting this 

unknown reduction will be best understood from one or two examnles. 

symbol. * 

Bzamples. 406. (l) Let the simultaneous equations be 

the second of which is of the second degree. 

From the first equation, find the value of ^ in terms of «f, 

which gives us 

^ 2x 
y = 5 — T-. 
^ 3 



* The following are other examples of simultaneous equations with more 
unknown symbols than two. 

(1) 3x + 6y + 7s t= 169,] 

7x 

lOf 

.-. J =10, y = ll, c = 12. 



I + 6y + 7s t= 169,^ 
+ 4y+ lis = 246,1 
+ 12y + 5s=292,j 



(2) lOx + 12y + 2s = 4.148, 



r + 12y + 2s = 4.148,1 
4x + 6y-s = 1.177,1 
x + 3y + 51 = 2.102, J 



.-. x = .151, y = .172, s = .287. 

(3) 3x + 4y = 34, 

5y + 6s = 74, 
95 + llu = 202, 
7x + 4s= 78, 

.*. 1=6, y = 4, s = 9, andu = ll. 

t Every equation with two unknown symbols may be solved with respect to 
one of them, by transposing all the terms, excepting that which involves the 
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Substitute this indeterminate value of ^ in the second equa- 
yu, and we get 

or j:« + 25 — 3- + "q — 5* + — =9, 

or 9** + 225 - 60x + 4a:«- 45x + 6««= 81 . . .(Art S68), 

or 105x-19«*=144...(Art. 366), 

105 o 144 ,.^ ^^^. 

-|^«-a*=-7Q .-.(Art 364). 
ly ly 

Subtracting both members of this equation from (-^)> 

Art 384), we get 

11025 105 . 81 



1444 19 1444' 

. 105ar 11025 81 
or x* --* + 



10 1444 1444 



In the first case we get, by extracting the square root of 
oth members. 



105 ^9^ _?6 48. 

38 *~S8 °'' ''""38"19" 



iitknowii symbol in question, to one side of the equation, and dividing both 
lieinbeTs of the resulting equation by its coefficient : thus, in the example in 
^ text, we transpose 2z from the left-hand side of the equation to the right, 
^ we get 

3y = 15-2x; 

^ dividing both members of this equation by 3, we get 

to a similar manner, if we should solve the same equation with respect to x, 

Ire should get 

15-3y 

'" 2 • 

Such solutions are obviously indeterminate, inasmuch as one unknown symbol 
9 expressed in tenns of the other, and no condusbn can be drawn with respect 
the value of one of them, vrithout assigning or assuming the value of the other : 
: is only by supposing that the values of x and y necessarily denote whole 
umbers, that the extent of this indeterminatum will be variously limited : the 
ilution of such indeterminate equations, under such limitations, will form the 
ihject of a distinct chapter. 
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and in the second, 

,105 9 ^, , ^ 
X — --— = — r or JT = a. 

38 38 
If X = 3, the corresponding value of ^ = 5 — 5- is 2. 

o 

If ^ = T3» the corresponding value of ^ is ~. 

(2) Again, let the simultaneous equations be 

x^y=^ 7) 
a:^ = 12j* • 

The first equation, solved with respect to y, gives us 

which substituted in the second equation, gives us the qi 

dratic equation 

jp(7-a:) = 12, 

or 7x - x" = 12. 
Subtracting both its members from f ~ j , we get 

4 4 4 

or ar-7^ + -r=T- 

4 4 

From the first of these equations, we get, by extracting i 
square root. 



and from the second. 



7 1 

_~ar = - or x=-S\ 

2 2 



7 1 
X — -=- or x = 4. 

2 2 

If or = 3, the corresponding value of ^ is 4 : and if *» 
the corresponding value of ^ is 3: and it may be 
that the values of x and y are commutable in all oi 
which they are symmetrically involved, as in the present 
in the proposed simultaneous equations. . 

The same equations may be otherwise solved asvfiiOffVi 

Since x+y^J, by squaring both sides, we get (lAitA 

j:» + 2ar^+y=49 i-PJ^ 

I 
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d since xy= 12, and therefore 4jr^ = 48, it follows that 
x*4-2xy +y-4x^ = x'-gary +y = 49-48 = 1 (2). 

If we extract the square root of both members of this equa- 
m, we get 

*-^ = l* ) 
but X + ^ = 7 ; ) 

Kisequently, by adding these equations together, we get 

2x = S or x = 4, 
d by subtracting them from each other, 

2y = 6 or ^ = 3. 

The values of x and y thus given are simultaneous : but 
^vre change the order of succession of x and ^ in the equa- 
vis (1) and (2), and extract their square roots respectively, 
^ shall get 

tf + x = 7, 

y-x=\, 

d therefore y -^ &nd x = S*. 

^ The following are other examples of simultaneous equations which lead 
^ single final equation of the second degree, with one unknown symbol only, 

(1) x + y = 10,l 

The final equation is 

10* - x« = 9 ; 

••. X =s 9 and y = 1, or x = 1 and y = 9. 

(2) x-y =8, J 

TXTie final equation is 

x»-8x = 9; 

.*. X =s 9 and y = 1 : 

-values of x and y are no longer commutable in these simultaneous equa- 
lly inasmuch as they are not symmetrically involved in them. 

(3) x-y= 8,j 
x«-y«=80.> 

final equation is 

16x-64 = 80, 

is a simple equation: this arises from the divisibility of x*— y*, the first 

member 
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d^hf Is* 407. We shall not attempt the solution of equations, w 

orders will single or simultaneous, which exceed the second d^;Tee, t 

cas»re- ™aiiy examples of such equations may be proposed which 

quire for possess or are reducible to, such a form, as to admit of eas] 

lutioD an tion by the direct extraction of roots or other expedient 

kn^wfeSSe *^ *® ^^^^ through the aid of the principles of Syml 
of their Algebra, and the results of a very extensive and difficult ti 
S^eory. ^^ ^® arithmetical rules for the general solution of nun 
equations of all orders can be deduced or demonstrated; 
for this reason that we shall defer the investigation an 
plication of such rules to a subsequent volume of this woi 
which the whole theory of equations will be considered 
most general form: the rules and examples which we 
given will be sufficient to enable a student to solve extc 
classes of problems which lead to equations, and to givi 
that familiar command of the rules for the reduction of 
bolical expressions, as well as of the limits of their applic 
which forms the best preparation finr the study and just 
preciation of the principles of Symbolical Algebra. 

member of the second equation, by x — y, the first member of the fiirt: w( 
reduce the second equation to 



x«-w« 



which is a simple equation. 

(4) * + y= 5,j 

The second equation is of the third degree, but since x" + y* is divisib 
X + y> (Art. 86. Ex. 16.), it is reducible to an equation of the second degree, wb 



x + y 



= x*-xy + 3^= 7. 



The final equation is 

6x - x« = 6, 



and X s 3 and y ~ 2, or x = 2 and y = 3. 

7x-3y y-x ,, \ 

(5) — 5-^-^ = t + y-llJ 

— ^ + 2x = y-7. J 

The final equation in terms of 3f is 

862y'+1959y =55951, 

from which we get y a 7, and therefore x s 3. 
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408. We shall now proceed to the consideration of the general Symbolical 

pro- 



ules for the 83anbolical enunciation of problems^ (Art 359'), in tionof 



rhich the unknown number or numbers are more or less involved ^^®™* 
d the conditions which are required for their determination ; and 
t will tend to facilitate this enquiry, if we classify, very generally, 
he problems which present themselves for solution, with refer- 
nee to the unknown number or numbers which they severally 
nvolve. 

There are three great classes of such problems to be considered. 

First Class. Problems which involve one unknown number Classifica 
mly, which is throughout the subject of the conditions proposed blems. 
br its determination. 

Second Class. Problems which involve two or more un- 
known numbers, which are so related to each other by the 
conditions of the problem as to be expressed or immediately 
sxpressible in terms of one of them only. 

Third Class. Problems which involve two or more unknown 
lumbers which are not immediately expressible in terms of 
me of them, but require to be denoted by distinct symbols. 

We shall consider and exemplify in succession the rules for 
he symbolical enunciation of these different classes of problems. 

409. In the first of the preceding classes we commonly General 
^press the unknown number by one of the last letters of the the symbol- 
Iphabet, such as x, and we proceed to symbolize, by the JI-|ijQ° ^f" 
Uiown forms and signs of Algebra, the successive conditions the first 
o which it is subject: thus the unknown number or its symbol problems. 
Day require to be multiplied or divided, to be increased or dimi- 
dshed, by given numbers : or it may require to be raised to a given 
lower or a given root of it to be extracted : and similar operations 
nay require to be performed with or upon expressions, already 
brmed, which involve it. The result of all such operations must 
>e likewise declared in one of the conditions of the problem, 
»therwise they would lead to the mere formation of an algebraical 
'xpression in which the unknown symbol would remain as inde- 
erminate as when first assumed * : but if the result of such 



* Thus, if the problem merely said that an unknown number, expre^ed 

T, was to be multiplied by 3, forming 3x, and the result to be divided 

3x 
»y 5, forming -r-t which was subsequently to be increased by 7, forming the 
o 



»y T, was 



J I expression 
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operations be stated to be equal either to a simple number 
or to a symbolical expression formed by similar operations ai 
that first obtained^ though not deducible as a necessary conse- 
quence from it^ we symbolize this condition, or in other wordiSi 
we express the equivalence in value of the two expressions dioi 
formed^ by the interposition of the sign of equality between 
them, and we thus obtain the equation which is the symbolieA 
enunciation of the problem proposed, from whose reduction sdt 
solution the unknown number may be determined. 

In some cases the conditions may be symbolized in the ordefj 
in which they present themselves in the problem, by an i 
diate translation of ordinary into symbolical language : in 
they will be involved in such a manner, that the discovery 
their relation and succession and their consequent symbolical 
pression will present difficulties, which can only be ov 
by close attention and a clear insight into the relations of 
numbers and magnitudes which they involve; for such 
general rules are nearly useless, and the student must trust (i| 
the diligent and patient study and analysis of examples alone 
the acquisition of those habits of mind which will guide hii 
course in their symbolical enunciation. 



3x 
expression "T" + 7, and if all the declared conditions of the problem 

now be exhausted, we should be in possession of no means of determining h\ 

since the same series of operations may be performed, and the same eiprmam \ 

formed, whatever x may be: but if it was further asserted that the result of tkl 

preceding operations should be equal to the number 13, we should symbolic tkilj 

3x 
last condition by placing the sign = between 't~ + 7 and 13, which would 

the equation 

from which the value of x might be determined. 

3t 

Again, if, instead of asserting that the expression first formed or — + 7 «* 

o 

equal to 13, it was said that it was equal to twice i* diminished by 7, or to 2x'7i, 

3* 
we should place the sign = between 'T + 7 and 21* — 7, thus forming the equation 

3i 

^+7 = 2i-7. 
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(•lO. The following are examples of problems which belong Example^ 
le first of the three classes enumerated in the last Article. 

1) What number b that, two-thirds of which increased 
h, shall be equal to four-fifths of it diminished by 2? 

[f we denote the unknown number by x and symbolize the 
icssive conditions as they arise> the same problem may be 
ten as follows. 

What number (x) is that, two-thirds of which f — | , in- 
aed by 4 (— + 4 j shall be equal ( = ) to four-fifths of it 
j diminiahed by 2(-^-2j? 

[f we now confine ourselves to symbolical language only, 
>wing the same order of succession in the symbolisation of 
conditions of the problem, we shall get 

T-'*"T-* ('>' 

ch is the symbolical enunciation of the problem required. 

If we clear this equation (1) of fractions, we get 

10* + 60=12ar-S0; 

transposing known terms to one side of the equation and 
unknown to the other, we find 

or jr = 45, 

ich is the number which answers the conditions of tlie 
blem ♦. 

* The following problems are of a similar nature : 

(I) What number is that, the treble of which is as much above 40 as its 
is below 100? 

The equation is 

3j-40=100--^, 

x=40. 

(2) What number is that, which is less than the sum of its half, its third 
I its quarter by 1 ? 

XXI 

2 + 3+4=* + '' 
• = 12. 
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(2) A gamester loses one-half his money^ and then gains 6i: 
he afterwards loses one-third of what remains, and then gaioi 
12^: he lastly loses one-fourth of what remains, and finds that 
he has 2 guineas remaining: what sum had he at first? 

The units, in which the gamester's losses and gains are ex- 
pressed, are shillings, of which he had 42 remaining : let x 
express the number of shillings he had at first, and let u 
symbolize the conditions as they present themselves in the 
problem. 

His first loss is --: there remains jr-~, or --, after whidi 

2 2 2 

he wins 6^., which added to -, gives ^ + 6 for the monej 

which he possessed at the end of his first adventure; be 

then loses one-third of - + 6, which is ^ + 2, and which subtracted 

z o 

X XXX 

from ^ + 6 leaves him - + 6 - ^-2 , or - + 4 : he afterwards wiw 

XX X 

2^., which added to - + 4, makes - + 4 + 12, or ~+l6, fif 

o o o 

the money he possessed at the end of his second adventure: be 

X X 

now loses one-fourth of - + l6, or 7^-+ 4, which subtracted fion 

o Iz 

X XXX 

-+16, leaves « + l6- — -4, or - + 12, and which, by ^ 
conditions of the problem, is equal to 42 : consequoitly 

f + 12 = 42, 

4 

i= 30, 

X = 120, 
which is the sum which he first possessed. 

If we omit all explanations in common language, and ex- 
press the conditions throughout S3rmbolically, reducing the ex- 
pressions as they are formed, we shall get 

(1) X. 

X X 

(2) •*' - p = 5 • *^ identical equation, (Art 362). 
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(3) 2 + ^• 

(4) 1 + 2. 

(5) ;t + 6-^-2 = - + 4: an identical equation. 
2 o 3 

X X 

(6) - + 4 + 12 = - + l6: an identical equation. 

(7) ^.4. 

X XX 

(8) -4-16 --—-4 = 7+12: an identical equation. 
o 12 4 

(9) 7 + 12 = 42. 

(10) 1 = 30. 

(11) j:=120. 

he solution of this problem involves no difficulty beyond 
^mbolical expression of the most common operations^ the re« 
on of fractions and a close attention to the succession of con- 
is expressing the fortunes of the gamester^ in the order in 
!i they are presented in the problem: it further requires 
eduction of the several expressions as they are formed to 
most simple equivalent forms : if such reductions were neg. 
I and the operations throughout were merely indicated and 
erformed^ the succession of steps would stand as follows : 

(1) X. 

(2) X - r . 



f 



2 



(3) ^-^ + 6. 



(4) i(-i-6). 



(5) ^_| + 6-i(x-| + 6). 

(6) -| + 6-|(x-| + 6)+12. 
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(7) 1{,-|.6-1(-^6).12}. 



(8) 



— 5*6 



-i(-H 



+ 12- 



(9) 



J{,_|.6_|(,_f.6) + l«|=42. 



(10) 24x-l2jr+l44-8jf + 4x-48 + 288-6x + Sj-S6 

+ 2* -a: + 12 -72 =1088. 

(11) 6* = 720. 

(12) x=120. 

It will hence appear how much the final equation is am- 
plified, by a proper attention to the reduction of the expm- 
sions to their most simple forms at the moment of their fint 
formation*. 

(3) Two men A and B can do a piece of work in 12 ^sji- 
but B alone can do it in 80 days : in what number of days cm A 
do the wwk alone ? 



* The following problems are of a similar nature : 

(1) In a battle, one-fourth of the men within 50G were killed: one-ialf 
of the remainder within 1400 were wounded : one-sixth of the remainder together 
with 500 were taken prisoners, and there only remained 4000 men : what was tk 
number of men in the army before the battle 1 

The final equation, if the expressions are reduced, when formed, will be 

j^ -h 875 « 4000. 
x = 10000. 

(2) In a naval engagement, one-third of the fleet are taken, one-sixth nnk. 
and two burnt : in a storm after the action, one-serenth of the remainder are kit 
and only 24 escape : of what number of ships did the fleet originally consist ? 

The final equation is 

or r = eOi 
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Let X be the number of days^ in which A can do the work 
ine. 

If we further represent the whole work by 1, the portion 
it which will be done by A in one day will be represented 

-, the portion done by B in one day by --, and the 
rtion done by A and B together in one day by -—. 

The conditions of the problem give us the equation 

I J 1_^ 

a?"^SO" 12 ' 



• For if A, in one day, cap do a piece of work reprei»entcd by — , in x 
V he can do x times as much, which will therefore be denoted by x x — or 1 : 

X 

»ther words, he would do the whole work or 1 in that time. 

We might represent the entire work to be done by any number, whether 
I, 3, 6cc. : thus, if we represented it by 2, the work done in one day by A 



2 , « . , , 2 

2 



lid be denoted by — , by B in one day by ^ , and by both of them toge- 



r in one day by -^ : the final equation would thus become 

2 _2 _ 2^ 
7 "^ 30 " 12 ' 

ch is reducible, by dividing all its termH by 2, to 

same equation as is given in the text : as it is indifferent therefore by what 
ober we choose to denote the entire work done, it is most convenient and 
>t simple to denote it by 1. 

The following problem is of a similar nature : 

(1) Seven horses and four cows consume a stack of hay in 10 days, and two 
les can eat it alone in 40 days: in how many days will one cow be able 
jatiti 



The final equation is 



SO"*" x~ 10' 
1=320. 
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Therefore clearing the equation of fractions^ by multipljiiig 
both its members by 60x, (Art 268.)> we get 

60 + 2a: = 5js, 

Sx = 60, 

jr = 20. 

(4) A hare^ 50 leaps before a greyhound, takes four leq» 
to the greyhound's three : but two of the greyhound's leaps m 
equal to three of the hare's. How many leaps must the grey- 
hound take to catch the hare ? 



^x 



Let X be the number of leaps taken by the greyhouDd: 

--- will be the corresponding number of leaps taken by ^ 

a 

hare *. 

Let I represent the space covered by the hare in one leipt: 
then - will be the corresponding space covered by the grej- 
hound in one leapi^* 

4x ^x 3 1. 

Therefore — ^ 1 = -^ § will be whole space passed over vj 
3 3 

the hare before she is caught : and x x - or — will be the 



• For the number of (i) greyhound's leaps is to that of the hare :: 3 : i 

4x 
and therefore the number of hare's leaps = -j . 

t Wc may assume 1 or any given number whatever to represent the length of 
the hare's leap : thus if we assumed 10 to represent it, the final equation would be 

2^xlO-^x 10 = 50x10, 
2 o 

every term of which is divisible by 10, thus reducing it to the same equation as if 1 
had been assumed to represent the length of the hare's leap, as in the text. 



. 



t For the length of the greyhound's leap is to that of the hare (1) :: 3 

3 
and therefore the greyhound's leap = ^, that of the hare being 1. 

i For the whole space passed over will be equal to the product of tbc 
number of leaps and the length of each of them. 



257 

irresponding space passed over by the greyhound; the dif- 
Tence between them^ by the conditions of the problem^ will 
e 50 X 1 or 50: consequently 

^-^ = 50, 
2 3 

or X = 300 •. 

(5) What number is that^ which multiplied into itself when 
ncreased by 4, will give a product equal to 45? 

Let X represent the required number: then x + 4 is the 
ixpression for that number increased by 4: the conditions of 
he problem assert that 

X (jr + 4) = 45, 

or X* + 4x = 45, 
I quadratic equation. 

If we complete the square, by adding 2' or 4 to both its 
nerabers^ we shall find 

x*+4x + 4 = 49, 

ind extracting the square roots of both members, we get 

X + 2 = 7, 
or X = 5. 

(6) A person bought a number of oxen for £l20., and 
bund that if he had bought 3 more with the same moneys 
le would have paid £2. less for each* How many oxen did 
le buy? 

Let X represent the number of oxen bought: then the 
)rice of each will be found by dividing the entire cost by 



* The following problem is of a similar kind : 

Two couriers A and B leave the same place and travel in the same direction, 
tut A starts 3 days later than B : A travels 65 leagues a-day and B only 60 : after 
low many days will A overtake B ? 

The final equation is 

65(i-3) = 60x. 

x»39. 

This problem may be very eanly varied ; in its most general form, it is generally 
ailed the problem of the courUn, the discussion of which will be found here- 
Iter to be extremely instructive, as illustrating the meaning of algebraical signs, 
rhen used independently, in Symbolical Algebra. 

KK 
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120 



the number bought, which is therefore — : if he had pui 

J? 

3 more (x + 3) for the same mxmey, the price at each 
120 



have been 



x + S 



and the conditions assert that the first 



would exceed the second by £2.: consequently 

120 120 



x + S 



= 2. 



Clearing the equation of fractions, by multiplying both h\ 
members by x(x + 3), we get 

120x + S60 - 120x = 2x' + 6x, 

or 2jp* + 6x = S60, 

or jp* + Sx = 180, 

a quadratic equation. 

If we complete the square, by adding f - j to both its maB- 
bers, we shall find 

•• Q ^9 729 

x" + Sx + 7- =— T^. 

4 4 
Extracting the square roots of both its members, we get 

X = 12*. 

Problems, which produce quadratic equations, will rarely pre- 
sent, previously to their s3rmbolical enunciation and reduction, any 
very definite or easily definable character by which they can be 



* If the conditions of the problem had been varied, by changing buffing bto 
Mellingf more into fewer, greater into leu and paying into receiving, it wouM 
have stood as follows : 

" A person told a number of oxen for £120, and if he had tdd 3 fewer for 
the same money, he would have received £2. more for each. How many oies 
did he uUJ" 

The final equation in this case would be 

x"-3x=180, 

whose root is 15 : this number with its sign changed (~ 15) would be the secow) 
root of the equation given in the text, as determined by the principles of Sym- 
bolical Algebra. 
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inguished from thoee which produce simple equations merely^ 
the course which must be followed for translating their 

ditions into symbolical language will be nearly, if not entirely^ 
same in both cases: it is for this reason that we have not 

isidered it necessary to refer them to a distinct class. 

The solutions of the two preceding problems are perfectly 
lambiguous: the one which follows will present an example 

an ambiguous solution, which a slight change of the con- 
tions will render in one case unambiguous and in others 
ipossible. 

(7) By selling a horse for £24. I lose as much per cent. 
I the horse cost me. What was the prime cost of the horse? 

Let X be the prime cost of the horse, and therefore «— 24 
all express the loss incurred by the sale: and it is asserted 
!iat this loss (jr-24) bears the same ratio to the prime cost 
t) of the horse, that the prime cost (or) of the horse bears 
3£l00.: consequently 

£-24 : jr :: x : 100, 

or 100a? - 2400 = x", (Art 286.) 

or 100 jr - «■ = 2400. 

Subtracting both members of this equation from 50* or 2500, 
?eget 

2500 - lOOx + jr« = 2500 - 2400 = 100, 

or «■- 100X + 2500 =100. 

If we extract the square roots of both members of these 
}uations respectively, we shall get, in the first case, 

50- jr= 10, or a; = 40, 
id in the second, 

jr-50 = 10, or jr = 60. 

It appears therefore that the prime cost is ambiguous, in- 
imuch as £40. and £60. will equally answer the conditions 
r the problem: for it may be easily seen that both these 
ambers will equally satisfy the proportions, 

40-24 or l6 : 40 :: 40 : 100, 

60-24 or 86 : 60 :: 60 : 100. 
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If we had supposed the sale price of the horse to hafe 
been £25., this ambiguity would no longer exist: for in thii 
case^ the proportion asserted in the problem becomes 

ar-25 : X :: X : 100, 

or lOOx - 2500 = j:*, 

or 100x-x' = 2500, 

or 2500 - lOOx + x* = 0, 

or or* - 100a? + 2500 = 0. 

If we extract the square roots, we get, in the first case, 

50-x-O, or jr = 50, 
and in the second, 

jr-50 = 0, or x = 50. 

It appears therefore that there is one price £50. oidy, 
which will answer the conditions of the problem. 

But if we had supposed the sale price of the horse t0 
have been £26., we should have found, 

X - 26 : X :: X : 100, 

or 100x-2600 = x», 

or 100x-x» = 2600, 

and if we subtract both members of this equation from 
50^ = 2500, we should find, 

2500 - lOOx + x« = 2500 - 2600, 

which is impossible, inasmuch as we are required to sabtnct 
a greater number 2600 from a less 2500: there is no value 
of X therefore which can satisfy the conditions of this equatioD*. 

Problems 411. In the second class of problems, conformably to the 

cond clue, ^stribution which we have made of them, we shall find more 

** For if there was a real and possible vidue of x» there would be a real 
and possible value of 50 — x, if i was less than 50, or of r — 50, if x was fretler 
than 50, and therefore also of their squares 2500- 100x+ x^ and x*- 100x+2SOO, 
which are identical in value : but it appears from the equation 

2500 - lOOx + x« = 2600 - 2500, 

that there b no such possible value of 2500 — lOOx + x*, inasmuch as its nlae 
can only be found by an impossible operation. 
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inknown numbers than one, which are related to each other 
D such a manner, that one of them being given, the rest 
Day be assigned in terms of it, without the solution of subsidiary 
quations : it will follow, therefore, that if we represent one of 
hese unknown numbers by a symbol, the conditions of the pro- 
blem will enable us to express explicitly* the other unknown 
lumbers in terms of that symbol and of known numbers. It is 
br this reason that it will be unnecessary, in such cases, to 
epresent the several unknown numbers by as many different 
jmbols and consequently to form as many distinct equations as 
liere are unknown symbols to be determined. (Art. 403.) 

412. Thus if the problem involves two unknown numbers, Theselec- 

vnose sum is equal to 10, we may represent one of them unknown 

>y jf and the other by 10 - j: : if there be two numbers ^"^"^^ ^ 

whose product is equal to 10, we may represent one of them be repre- 

sented by a 

3y X and the other by — t: if there be two numbers, of J^^^^*" 

nrhich one exceeds the other by 2, we may represent the 

greater by x and the less by x - 2, or we may represent 

he less by x and the greater by x + 2: if there be two 

lumbers, of which the first is equal to one-third of four 

imes the excess of the first above 5, we shall represent the 

4«r ~~ 5 
irst by X and the second by — - — , which is the imme- 

liate result of the translation of those conditions of the problem 
nto symbolical language: and generally whenever there are 

* By the use of the term explicit as applied to the expression of one symbol 
Q terms of another, we mean that the equation is solved with respect to that 
ymbol, (Note, p. 245): thus if 

3x + 7 

re say that the equation is solved with respect to 2^, or that y is expressed 
rplieitly in terms of x : but in the equivalent equation 

4y-3r = 7. 

he equation is not solved with respect to y, though capable of being so, and 
he expression of y in terms of x being implied, it is said that y is given im- 
iieiily in terms of x. 

t In these cases, the connection of the two unknown numbers is rather 
mplied than exprated: but the connection is so simple, and the expression of 
>ne in terms of the other so immediate, that it would be a very unnecessary 
-efinement to separate such cases from those which follow. 
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two unknown numbers^ of which one is the result of opef^ 
tions upon the other which are capable of being immediatd^ 
symbolized^ we shall represent the subject of those opentiaal 
by X and the other by its corresponding and appropriile 
expression in terms of x. 

A similar course is followed^ if there be more than two 
unknown numbers^ which have a similar connection with one 
of them: thus if there be three unknown numbers of whidk 
the first exceeds the second by 2 and the second exceeds tk 
third by 3, we represent the first by x, the second hj s-% 
and the third by (x - 2) - 3 or x-5: if there be dme 
unknown numbers of which the second exceeds the first by S 
and is less than the third by 5, we represent the second 
(which is the subject) by x, and therefore the first by j;~3^ 
and the last by x + 5: if there be four unknown numben 
which are as the numbers 1, 3, 5, 7, we shall represent the 
first by X, and therefore the others by 3x, 5x, and 7< 
respectively : if there be four numbers of which one-third J 
the first shall be equal to one-fourth of the second, and one- 
half of the second to one-fifth of the third, and one^-sixth J 
the third to one-seventh of the fourth, we represent tk 

4x \0t 

first by jr, and therefore the second by -— , the third by -r-i 

35x 
and the fourth by — — *: and similarly in other cases. 

413. The following are examples: 

ExampIeH. (l) The greater of two numbers exceeds the less by 3, 
and four times the greater diminished by seven times the less 
is equal to 3. What are the numbers? 



* In cases like this, where the conditions which connect the unknown nam- 
bers with one of them are considerably involved and not easily capable of eqtlicit 
expressions in terms of their sabject, it is mo&t convenient to denote, tewtpenrUj 
at Uiutt the several unknown numbers by separate symbols-, thus, if we repit- 
sent them in this case hj x,y, z, u respectively, the conditions of the probleoi 

pveu.- = 2. i = -, - = - „d therefore, = -5-. ,= Ji = _ .^ 

7: 35x 



will 



•*=6=- 
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Let X denote the greater of the two numbers : then x - 3 
will denote the less: but the conditions of the problem assert 
that 

4x-7(jf-S) = 3, 

4x-7a: + 21 = 3, 

3* =18, 

4: = 6, 
and x-S = S, 
The numbers are therefore 6 and 3. 

If we denote the greater of the two numbers by x and 
the less by y, we shall immediately get the two equations. 



Therefore, 4a? -4^=12 



x-^ = 3 
^x 



4x-7^= 3 

x= y -\-3=6, 

(2) A sum of money was distributed amongst four poor 
persons: the second received lOd. more, the third 5d. less, 
and the fourth 14c^. more, than the first: and the whole sum 
distributed was less by Id. than five times what the first 
received. What were the respective sums distributed? 

Let X be the sum (in pence) given to the first: therefore, 
a; + 10 = sum given to the second, 

X— 5= third, 

a?+14= fourth. 

The whole sum distributed is 

4: + x + 10 + 4:-5+x + 14, 

which is equal, by the conditions of the problem, to Sx-l: 
therefore, 

jr4-jr+ 10 + X-5 + X + 14 = 5a? -1, 

4x+19 = 5a?- 1, 

a: = 20. 

The suniB distributed are therefore 20d., SOd,, I5d., and 
34d. respectively. 
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If we should represent the respective sums distributed bj 
JT, y, z, m, we should find 

*+jf + s + « = 5x— 1, 

jf = x+10, 

2 = * — 5, 

M = X -f. I4y 

which are the four equations given to determine the four unknovn 
symbols x, y, z, and «: but y, z, and u, by the conditioni 
of the problem, are given explicitly in terms of x, and then- 
fore the four equations may be immediately reduced to one 
by the substituticm of the values of y, z, and « in the fint 
equation. 

(3) A labourer is engaged to work for 50 dajrs on con- 
dition of receiving Sx. for every day he worked, and of 
forfeiting 6(L for every day he was idle: at the end of tbe 
time he received 3S*. How many days did he work, and 
how many was he idle? 

Let X be the number of days he worked, and therefore 
30 — X is the number of days that he was idle: the conditioni 
of the question state that he received 2x shillings for hif 

work, and forfeited — - — shillings for his idleness, and thit 

the first sum exceeded the second by 35s.: consequently, 

SO-x ^^ 
2* g— = 35, 

4jf- 30 4.x = 70, 
5x = 100, 
Of = 20, and 30 - * = 10. 
He therefore worked 20 days and was idle 10. 

(4) Two travellers A and B start at the same time fi^om 
two places, whose distance is 180 miles, to meet each odier. 
A travelled 6 miles a-day more than B, and B travdled 
as many miles each day as was equal to twice the noinber 
of days before they met. How many miles did each of theo 
travel each day? 

Let X be the number of miles travelled each day by A 
and therefore x + 6 the number travelled by A: tbe whole 
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imber of miles travelled by both of thera together each day 

ould be therefore 2j? + 6: the whole number of days before they 

180 
et is therefore ^ --z?, which, by the conditions of the 

X 

lestion, is equal to -: consequently, 

180 X 



2x + 6 2' 
or x" + 3x = 180. 

Adding ( - ] or ^ (Art. 884) to bdth members of this equa- 



on, we get 



4 4 4 



nd extracting the square root on both sides^ we find 

3 27 

^ + ;; =-:r> 
2 2 

or x= 12, 

rhich is the number of miles travelled each day by B: and 
herefore or-f 6 or 18 is the number travelled by A, 

If we had denoted the two unknown numbers by x and y 
'espectively, the equations would have been 

^ = X + 6, 

180 X 
x+y" 2' 

The substitution of x + 6 for y in the second equation 
svill give us the same equation which we have otherwise 
obtained above*. 



* The following are other problems belonging to the same clan : 

(1) A and B begin to trade, A'a stock exceeding B's by £100. They 
each gain £50, which makes their stocks, when thus increased, in the proportion 
of 6 to 5. What were their original storks 1 

Let X = B*s stock and therefore x + 100 = i4's f«tock : the equation is 

i_+j50 _ 6 
x + 50 " 5' 

X = 450 or fi's stock, and x + 100 = 550 or ^'s stock. 

LL (2) To 
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^'<>^l^? 414. Problems of the third and last class in the genenl 

class. distribution which we have given of them (Art. 408), will involTe 

two or more unknown numbers, which are not expressed nor 
easily and immediately expressible in terms of one of them and 
of known numbers : under such circumstances we assume distinct 
symbols to represent the several unknown numbers, or at lent 
as many of them as are not explicitly expressed or immedistdj 
expressible in terms of others, and we form as many equations 
as there are unknown S3rmbol8 to be determined. 

Problems Problems of the second class miirht be included in die 

of the se* 

cond class third, and they might be solved, as we have already seen, in i 

misht be similar manner : the distinction however which we have esti- 
includea in 

those of the blished between them, though very slightly and imperfecdy 
marked in principle, is quite sufficiently so in practice : for in 
one case we proceed at once to the formation of the final equs- 
tion, which is the result of the elimination of one or more 
symbols from two or more equations, in the other. 

(2) To divide the number 106 into four such parts that the first incresMd 
by 2, the second diminished by 2, the third multiplied by 2, and the fontli 
divided by 2, may be all equal to each other. 

x + 2 
Let X be the first, then x + 4 is the second, — — the third, and 2i + 4 

the fourth ; the equation is 

x+x + 4+ii^+2x + 4 = 10e. 

and the four parts are 22, 26, 12 and 48. 

(3) Required to mix two sorts of wine at 6s. and 5t, a quart, so tbattbe 
mixture may be worth 5s. 4d, a quart. How much of each sort must be taken, 
so as to make one quart of the mixture t 

Let X be the quantity of the first sort, and therefore 1 -x of the other: 

the final equation is 

?2i + e0-e0x = 64, 

or *■ = 3 **nd I — x = « . 

(4) Bought two flocks of sheep for £15. in one of which there w«re 6 
more than in the other : the sheep in one flock cost as many shillings as there 
were sheep in the other and conversely. How many sheep were there in etch 
flock? 

Let X be the number of sheep in the least of the two flocks, and therefore 
x + 5 the number in the other: the final equation is 

2i»+ 10x = 300, 
and therefore x k 10 and x + 5 - 15, are the numbers required. 
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415. The following are examples: Examples. 

(l) What fraction is that which becomes^ when its nu- 

S 
lerator is increased by 7, equal to -, and when its denominator 

z 

\ increased by 10^ equal to ~? 

Let X represent the numerator and ^ the denominator of 
he fraction: if the numerator (x) be increased by 7, the 

*p 4- 7 
lenominator remaining unchanged, the fraction becomes : 

nd if the denominator ^ be increased by 10, the numerator 

emaining unchanged, the fraction becomes — : the con- 

litions of the problem say that 

x + 7 S\ 



y 2 

X 1 



^ + 10 2 



(1) 



(2) 



Clearing these equations of fractions and transferring known 
terms to one side and unknown to the other, we get 

Sj^-2jr=141 (S) 
2ar-j^=10r (4) 

Adding these equations together, we get 

9,y = 24, and y = 12. 
Substituting this value of y in the second equation (4), we get 

2* -12 = 10, 

2jr = 22, and x- 11. 

The fraction is therefore ---. 

12 

(2) There is a number, consisting of two digits, which 
exceeds five times the digit in the unit's place by 6: and if 
27 be added to it, the sum will be expressed by the same 
ligits in an inverted order. 

Let x be the digit in the place of tens and y the digit 
in the place of units: then 10j;+^ is the number which 
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by the conditions of the problem exceeds 5y by 6: conse- 
quently, 

lOx+^y = 5^ + 6, 
or 10x-4^ = 6 (1). 

Again, if 27 be added to \Ox-\-y, making 10x+^ + 27i 
the sum will be equal to the number expressed by the digits 
» and ^ in an inverted order: therefore^ 





10jr+^ + «7 = lOy + x. 


or 


9.y-9* = 27, 


or 


i^-' = S 



(2). 



The two equations are therefore. 



Multiplying the second equation by 4, we get 

10x-4^ = 6, \ 
4^-4x= 12.} 

Adding these equations together, we get 

6j-=18, 

and ^ = J + 3 = 6. 
The number is therefore S6. 

(3) A boy spends 5s. in apples and oranges^ buying the 
first at 6 and the second at 4 a penny. Afterwards he sold 
two-thirds of his apples and half his oranges for 3#. How 
many of each sort did he buy? 

Let X be the number of apples and jr the number ft 
oranges: then ^ and ^ will express the number of pence 
which they cost, which is equal to 5^. or 60d.: therefore, 

6 + 1 = 60 (1). 



\ 
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Again, -— apples were sold for ^ ^ -5- or -- pence, and 

^ oranges ^or 7 ^ ^ ®^ q pence, which both together amounted 
to Ss. or S6d.: consequently, 

i + J = S6 (2). 

If we clear equations (l) and (2) of fractions, we get 

2x + S^ = 720 1 
8x + 9y = 2592' 

Eliminating y, we get 

6j: + 9^ = 2160 
8* + 9^ = 2592 

2x= 432 
0:=:^ 216 

Also, since 2« + Sy = 432 + Sy = 720, we get 

Sy = 288, 
and y = 96. 

(4) Two porters A and B drink from a cask of beer 
for 2 hours, after which A falls asleep and B drinks the 
remainder in 2 hours and 48 minutes: but if B had fallen 
asleep and A had continued to drinks it would have taken 
him 4 hours and 40 minutes to finish the cask. In what 
time would they be able to drink it separately? 

Let X and y represent the numbers of hours it would 

take A and B respectively to finish the cask: then - and - 

X y 

represent the respective portions of the entire cask which they 

respectively drink in one hour: consequently the quantity remain- 

2 2 

ing after 2 hours joint drinking is 1 : and if this be 

X y 

divided by -, it will give the number of hours in which B 

would drink it alone: consequently, by the conditions of the 
problem. 
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V* X y)^ ^60 "S 


•vy 




.(2). 


Or, reducing. 




24x 
xv — 2* = — '-^ 




.(s\ 


k, 


.f4>. 


^ ^ 

Subtracting these equations from each other 


, we get 


24 jr 20 V 

2' ^y- 5 s 


(5), 


or 30x - SOy = 72ar - 100^, 




or 42* = 70 If, 




3x 







If we substitute this value of ^ in either of the equations 
(8) and (4), we get x= 10, and therefore ^ = 6. 

This is an example of a pair of simultaneous equatioiu 
different in its form from any of those which we have con- 
sidered in Art. 406: they are strictly speaking quadratic 

3x 
equations, but if we replace ^ by — in equations (3) and (4), 

we find the equations, 

3x* 6x _ 24jr 

^>fX — 'rXf 

5 

which are easily reducible to identity with each other and 
in both of which or is a factor of every term: we therefore 
divide them severally by x, and we get the simple equatioiu 

Sx 6 _ 24' 
5 5~ 5 

from both of which the value of x may be determined. 
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(5) Bought difTerent kinds of cloth for £6. 10#. at 10«. 
and I2s. per yard: but if the cost per yard of each kind of 
cloth had been exactly equal to the number of yards pur- 
chased^ the cost would have amounted to £3. 14^. only. 
How many yards of each kind were purchased ? 

Let X and ^ represent the numbers of yards purchased at 
I2s, and 10^. respectively: then 

12x+10^ = 130 (1). 

Again, the cost of x yards at x shillings a yard is j? x x 
or x*, and the cost of y yards at ,y shillings a yard is y': 
consequently, 

jr«+y = 74 (2). 

Solve the first equation (1) with respect to ^, giving us 

6x 
y=l3 — — , and substitute this value of y in the second 

o 

equation (2), and we get 

, -^ 156 j: 36x' ^^ 
^^169— ^^ — =74. 

This equation, reduced in the ordinary manner, becomes 



780 » 2375 



61 - * - 61 • 

-^) > ^c get 



152100 780 , 7225 

X + jr = 



3721 61 3721 

Extracting the square root of both sides, we get 

390 85 , ^ 

6r~'=6T ""^ ' = '' 

390 85 , 475 

223 . 475 

The value of ^ is -= 7, if x = 5 : or ^ = -^— - if x = -^ : 

but the conditions of the problem obviously require that x and y 
should be whole numbers, and therefore those fractional values 
of X and tf must be rejected, unless it be supposed that the 
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problem was formed with a view to comprehend fractional » 
well as entire numbers or multiples of yards*. 



* The following problems are of a similar kind : 

(1) A person engages at play with a gamester of superior skill, uponcflB- 
dition of receiving 5t, for every game he wins, and paying 2s. for every gue be 
loses : at the end of a certain number of games he has won 20if. : but if he had re- 
ceived only 4f. for every game he won and had paid 3t. for every game he ]oit,he 
would have lost 5s. : how many games did he win and how many did he hue? 

Let 1 and y represent the numbers of games he won and lost respediTely: 
the equations are 

5*-2y = 20,j 

3y-4jc= 6,) 

and X = 10. y - 15. 

(2) What fraction is that which is equal to ~ or to - according u in 



numerator and denominator axe both of them increased or both of them 
by 2? 

If the numerator be denoted by x and the denominator by y, the eqaaM* 

will be 

x + 2__l x-^ Jl 

7+2" 2 ***** y-2"3- 
and the fraction is rr. 

(3) A and B can do a piece of work in 6 days: A and C can do it is 
9 days, and A, B, C can do 8 times the same work in 45 days : in whittiBa 
can they do it separately? 

Let X, y and s represent the numbers of days in which A, B and C le- 
spectively can do their work : the equations are 





I 

X 


1 

+ - 

y 


1 
"6' 




X 


1 
+ - 

r 


I 
~9' 


1 

X 


1 

^y 


I 
+ - 


8 
""45' 



.-. x = 10, y = 15, and £=90. 

(4) There is a number consisting of two digits, whose product is equl v 
twice their sum : but if the digits be inverted, the number will eiceed the MB 
of its digits by 56 : what is the number t 

Let Jl be the highest and i/ the lowest digit, the equations are 

iy=r2T + 2y, 

10y + x = x + y + 54; 

.'. T = 3 and y - 6. 
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416. In the solution of the preceding problems we have ^^®J^**"^ 
generally used the word number in its largest sense, as sig- generally 
nifying fractional as well as whole numbers, and we have con- "^^'" *^ 
sidered the solution of problems as practicable and possible, sense. 
when the unknown numbers sought for were comprehended in 
this extended meaning of the term : many cases however will 
present themselves in which the term number must be under- 
stood in its most limited sense, as signifying whole numbers 
only, and where the occurrence of fractions or incommensurate 
numbers would be altogether incompatible with the declared 
conditions of the problem : thus, if the problem proposed, '' to 
find a number, in the series of natural numbers, the double of 
whose square should exceed three times the number itself by 5," 
we should find that the only value of x in the corresponding 
equation 

would be -, which is a fraction and not one of the series of 

natural numbers, and that consequently the problem is impos- 
sible in the precise sense in which it was proposed. Again, 
if the problem proposed " to find a number consisting of two 
digits, which, when divided by the sum of its digits, gives a 
quotient greater by 2 than its first digit; but if its digits were 
inverted and the resulting number divided by a number greater 
by unity than the sum of its digits, the quotient is greater by 
2 than the one obtained before," we should find, upon repre- 
senting the two digits in their order by x and t^, that the 

corresponding values of x and y would be 2 and 4, — -- and j— 

loo loo 

respectively, the second of which must be rejected, as not 
being included in the meaning of the word number as limited 
to the expression of one of the nine digits. 

417* The discrepancies, such as those just noticed, between The results 
the results of algebraical and other operations and the strict the solu- 
interpretadon which they must sometimes receive in order to \!f?^ °^ P"*" 

. , . . . , blems are 

answer the conditions of a problem, will be confined in Arith- sometimes 
metical Algebra, whenever the results are possible and therefore th^pro- 
obtained, to our enlarged use of the word number : in Symbo- blems pro* 
lical Algebra^ however, when operations become practicable, 
under all circumstances, by the independent use of signs of 
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affection^ which must be interpreted with a mixed reference to 
the general conditions which they are required to fulfil and 
the specific nature of the magnitudes or symbols to which tbey 
are prefixed^ we shall perpetually meet with results which are 
foreign to the problem in whose solution they originate^ and whidi 
are incapable of any interpretation with immediate reference to it: 
thus we shall find a symbolical result in the solution of those 
simple equations which we have characterized as impossihift 
inasmuch as they require the performance of an operation 
which is not possible in arithmetic^ (Art 380) : and in all qua- 
dratic equations we shall find two roots or values of the un- 
known symbol^ not only in those cases which we have considered 
to be unambiguous^ but likewise in those which are arithm^ 
tically impossible^ (Art 386): but it must be kept in miod^ 
that we are not thus enabled to extend the range of the aridi- 
metical solution^ or to obtain any results which will answer 
the arithmetical conditions of the problem, in a proper arith- 
metical sense, which are not equally obtainable by the more 
limited methods which we have pursued in this chapter. 



CHAPTER VI. 

ON ARITHMSTfCAL, OSOMBTBICAL AND HABMONtCAL PRO- 

OBB88ION8 OB 8BBIB8. 



418. A Sbribs of numbers^ consisting of any number of Definition 
:enn8, whidi cootinually increase or diminish by equal dif- metical 

Terences^ is tenned an Arithmetical Series or Progression. Thus, *®"^ ^^ 

° progres- 

the series of natural numbers 1, 2, S, 4, 5, 6, 7, 8, 9, 10, 11, sion. 
&C. forms an Arithmetical Progression, since they continually in- 
crease by unity : and the same series of numbers in an inverted 
order 1 1, 10, 9, 8, 7, 6, 5, 4, 3, S, 1, forms equally an Arithmetical 
Progression, because they continually diminish by the same 
number. 

419. The number, by which the successive terms of an if the first 

Arithmetical Series is increased or diminished, is called their ^'mmon 

cornmon difference; and it will follow that if the first term, the difference 

and the 

common difference and the character of the series, whether in- character 
creasing or decreasing, be known, we may form any number of its ^^ j^^^^J^ 
successive terms. Thus, if the first term of an increasing arithme- its terms 
tical series be 4 and if the common difference be 3, we readily form hmed to 
the series 4, 7, 10, IS, l6, 19, 22, &c. : and if the first term any extent, 
of a decreasing arithmetical series be 30 and the common difference 
be 4-, the series will be 30, 26, 22, 1 8, 14, 10, 6, 2 : it will not be 
possible to continue it farther than the last term 2, since we 
cannot subtract a greater number (4) from a less (2)*. 

420. If we assume a to represent the first term, and b the General 
common difference, of an arithmetical series, the series itself, if [aSS^lnd 
increasing, will be represented by formation 

(I) (2) <3) (4) (A) (6) metical 

a, fl + 6, a + 26, a -f- 3b, a + 46, a + 5b, &c. series. 

* In Sjrmbolical Algebra, this operation is possible and the Scries may be 
*'OQtinued indefinitely, the succeeding terms being — 2, -6,-8, &c. : the same 
'^niark applies to all decreasing .series. 
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and if decreasing by 

(1) (8) (3) (4) (5) (6) 

a, a-b, a -2b, a — 3b, a-^b, a — 5b, &c. 

We have placed the numbers (1), (2), (S), (4), (5), (6), &c. 
above the successive terms to designate their position with reference 
to the first, and it will be evident both from inspection and from 
the least consideration of the successive formation of these terms, 
that the coefficient of the multiple of the common difference which 
is added to or subtracted from, the first term^ in order to form any 
assigned term of the series, will be less by unity than the number 
which denominates the position of the term : thus, in the third term 
Expression this coefficient is 2, in the sixth term it is 5, and in the n*^ term, 
term. * ^^ ^^^^ be » - 1 : if, therefore, the whole number of terms in the 
series be denoted by ft, the last term of the first series will be repre- 
sented by a 4- (» ~ 1) 6, and of the second series by a — (« - 1) 6. 

Mode of 421. The usual mode of representing an entire series of 

Sff^aTeries ^ terms is, to write down the first, second and as many more 
of n terms, terms at the beginning of the series, as are sufficient to explain 
the law of its formation, and also its last term, interposing be- 
tween them a series of dots to indicate the intermediate and 
deficient terms : thus, an increasing arithmetic series whose first 
term is a, common difference b, and the number of whose terms 
is n, would be written thus, 

a + (a + 6)-f- {« + («- !)*}> 

or a + (a 4- 6) + (a + 2 6) + {a 4- (« - 1) &} ; 

two terms of the beginning of the series being sufficient to in- 
dicate the law of its formation, when the character of the series 
is known, and three of them being generally sufficient in other 
cases when the nature of the series, whether it is arithmetical 
or not, is not previously known: thus, the series of n natural 
numbers, beginning from 1, would be represented by 

1+2 + n, 

and the reverse series by 

» + («- 1) + 1 : 

the series of n odd numbers beginning from 1, would be re- 
presented by 

1 + 3+ (2n- 1), 

and of n even numbers, beginning from 2, by 

2 + 4+ 2«: 
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In a similar manner^ the continued product of n natural 
numbers beginning from 1 would be represented by 

1 X 2 X n, 

or 1.2 n; 

or, if taken^ in a reverse order, by 

ii(ii- 1) 2x 1, 

or w(ii-l) 1. 

These modes of representing a series of terms, which follow 
a law which is either previously expressed, or which is required 
to be inferred from the examination of a sufficient number of 
its terms and no more, are not only extremely convenient, but 
absolutely necessary, in all general reasonings concerning the 
summation and properties of such series. 

422. If the several terms of an arithmetical series be added Investiga- 
together, we may represent their sum by s, and it will be easy rule for 
to investigate a simple rule by which such a sum (s) may be ^^^^fi ^« 
determined by a shorter process than the aggregation of all its arithmetic 
terms, and more particularly so, if the number of those terms ^"®*' 
be considerable : for it is evident that the sum of an arithmetical 
series will be the same, when the same series of terms are written 
in a direct and a reverse order, and therefore we have 

1= a + (a + 6) + (a + 2b) 4- ....{a+(«-l)6}. (1), 
i = {a + (»-l)6} + {a + («-2)6}+{a+(>i-S)6}+ a (2); 

where the first and last terms of the first series, the second 
and last term but one, the third and last term but two, the fourth 
and last term but three, and so on, are written severally imder- 
neath each other in the two series : consequently, if we add the 
two series (l) and (2) together, term by term, we shall get 

2s = {2a + (« - 1)6} + {2a 4- (» - i)b} + . . .{2a + (» - 1) b}, 

which is a series of n identical terms, each equal to2a + (ii-l)6, 
or to the smn of the first and last terms of the original series 
(1) : it is therefore evident, that the simi of these n equal terms 
will be equal to n times one of them, or that 

2* = {2a + (»- l)b}n, 
and therefore 

* = {2a + («-l)6}^ (3). 
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If the series was decreasing^ we should find in a simHir 
manner 

* = {2a-(«-l)6}| (4), 

where 2a -(n — l)b, is the sum of a and of a — (n—l)b, the 
first and last terms of the series. 

The rule. 423. It will follow therefore that the sum of an arith- 

metic series is in all cases equal to the product of half tk 
number of ks terms into the sum of Us Jirst and last terms: 
or that it is equal to the product of half the number of its term 
into the sum or difference of twice the Jirst term and of the pro- 
duct of the common difference and of the number of terms Im 
one, according as the series is increasing or decreasing. 

Examples. 424. The following are examples: 

(1) To find the sura of the first 20 odd numbers. 
In this case a=l, b = 2, n = 20, and therefore 

J= 10(2 + 19x2) 

= 10x40 = 400 = (20)". , 

The sum is therefore equal to the square of (20), the 
number of terms: and if the number of terms was ii, the 
sum would be equal to n'. 

(2) To find the sum of the first 20 even numbers. 
In this case a = 2, b = 2, « = 20, and 

s = 10(4 + 19 X 2) = 10 X 42 = 420. 
If 71 be the number of terms of this series, the sum 

= |{4 + 2(ii-l)} = |(2ii + 2) = ii(ii+l) = n' + ii. 

(3) To find the sum of 58 terms of the series 

28 + 35 + 42 + ... 

In this case a = 28, 6 = 7 and n = 58 : therefore, 

j = 29(56 + 57x7) 
= 29x 455 = 13195. 

(4) To find the sum of 13 terms of the series 

()7 + ()4 + 6l + ... 






279 



this case a = 67, b = 3, n= 13, and the series is cle- 
; : therefore, 

IS 

= Y(98)= 13x49 

= 637. 
If we replace, in the formulae. 



n 



* = {2a+(«-l)6}- 



R 



or * = {2o-(«- 1)6}- 



(3). 



(4)> 



Given three 
of the foar 
qaantities, 
the Bum, 
first term, 
common 
difference 
and num- 
ber of 
terms, to 
find the 
fourth. 



'ee of the four symbols a, b, n, and s by specific num- 
e shall form an equation^ from which the value of the 
symbol may be found : thus, if the fourth symbol re- 
be s or the sum of the series, the formulas (3) and (4) 
ite the solution of the equation with respect to s, (Art. 
)te), and its value is therefore given by them, as in the 
ng examples, upon the substitution of the numerical 
of the symbols which the formula involves: but if any 
the three symbols a, 6, or n be unknown, the equa^- 
mished by the formulae (3) and (4), will require to be 
with respect to this symbol before its value can be 
[1 : the following are examples. 

(1) The sum of an increasing arithmetical series Examples, 
the common difference 4, and the number of terms 7 * 
the first term of the series. 

this case, we replace, in formula (3), s by 154, b by 4, 
by 7 : we thus get the equation 

154=(2a + 6x 4)- 

= 7a + 84: 
lently, 7a = 1 54 - 84 = 70, 

a = 10. 

St term of the series is therefore 10, and the series is 

10+14+ 18 + &C. 
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105 
(2) The sum of a decreasing arithmetical series is — > 

the first term 5, and the number of terms 21 : to find the 

common difference. 

105 
Replacing^ in the formula (4), s by -— , a by 5, and n 



by 21, we get 



105 ,,^ ^^.n21 
—=(10-20*)- 

= 105-2106. 

105 
Therefore 2106 = 105 - --^ 

2 

105 



6 = 



2 
105 



420 4 
The series is therefore 

Of ^^4* 5* ^^4' ' orc« * • • 
the last term being 0. 

(3) The sum of an increasing arithmetical series is 147y 
the first term is 7, and the common difference 7: required 
the number of its terms. 

In this case we replace, in formula (3), s by 147> a by 7> 
and 6 by 7: we thus get 

147 = |14 + 7(»-l)t| 





= (7» + 7)| 




7«' 7n 

2 "" 2 • 


Therefore n* + w = 42. 


Completing 


the square, we get 




, 1 169 




1 IS 

'•■'2=2' 



n = 6, 
which is the number of terms of the series. 
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(4) The sum of a decreasing arithmetica] series is 36: 
he first term is 12 and the common difference 2: required 
he number of its terms. 

In this case, we repkce, in formula (4), s by 36, a by 12, 
nd 6 by 2: we thus get 

86 = |24-2(»- 1)1 1 

= (26-2«)| 

= 18n-i»». 
i^sequently, 

4, 4 4 

— -» = -, and 11 = 4, 

or ii-Y=:-, and ji=i9. 

It is the least of these values only which is strictly appli- 
cable to the problem proposed, the four terms of the series being 

12, 10, 8, 6, 
whose sum is equal to 36. 

But this series cannot be extended to 9 terms without the 
introduction of negative terms, and consequently the second 
value of n, in the quadratic equation to which the problem 
leads, must be rejected: it follows therefore that the arithmetical 
aolution of the problem is not ambiguous*. 

* The complete series of 9 terms, which Synibolieal Algebra woald furnish, is 

12, 10, 8, 6. 4, 2, 0. - 2, - 4, 

^ algebraical sum of whose terms is eqpal to 96, equally with the sum of the 
^r first terms 12, 10, 8, 6 : it remains to explain the paradox of the occur- 
rence of a real and integral value of one of the roots of the equation, which is 
iM)t applicable to the problem in which that equation originates. 

The same equation, whose two roots we are considering, would present itself 
likewise in the solution of the following problem : 



« 



To find a mimbery which multiplied into the excess of 13 above it, shall 
pve a product equal to 36." 

There are two numbers (if there be one) which will equally answer the 
conditions of this problem, which is obviously identical with the following : 

NN 



"To 
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A geome- 427* A geometric series is one where each su 

defined.^' ^i"!^ ^^ ^^ same multiple of the preceding, the word mul- 
tiple being taken in its largest sense*: thus if a, b, c, d,e^%x» 



" To find two numbera whose sum shall be 13, and whose prodnct ihall 
be 36." 

The enquiry, directed by the problem considered in the text, leads to tlw 
solution of the same problem, namely, " to find a number n such, that the pro- 
duct of n and 2a - (n - 1) 6, or of n and 2a + 6 - 6n shall be equal to 2f" : or 

2a + ft . I, 

what is the same thing, " to find n so that the product of n and — - — — » snail 

o 

2« 
be equal to -r- *'. To this problem, if there be one answer, there must be two : 

b 

and each of these answers would equally denote the number of terms of the de- ! 
creasing arithmetical series, if two series could possibly be formed in arithmetic, i 
which had the same first term, the same common difiference and the same sua, 
but not the same number of terms : it is the impoesibility of satisfying this Int 
condition which restricts the answer required to the least of the two numbos 
which satisfy the equation to which the problem leads ; but, in Symbohcal Al- 
gebra, both the answers are possible, inasmuch as two such decreasing seriv 
can be formed, which have the same first term, the same common diftrBoo^ 
but not the same number of terms. 

* A geometric series may be otherwise defined to mean a aeries whose ssc- 

cessive terms bear the same ratio to each other: thus, if a, 6, c, d, «, &c \ 

a h ^ ^ a— 
represent the successive terms of such a series, then the ratios -r » -^ > ^ > ~ ^ 

are severally equal to each other, and consequently their inverse ntioi 

— , 7- , — , T &c. are likewise equal to each other, (Art. 291) : if we callrtbe 
a b c a 

value of this inverse ratio, we have 



= r. 



= r. 



d 
c 



= r &c. 



and therefore 



6 = or, 

e = 6r=:ar*, 

d = er =s or*, 

« = dr = ar* &c., 

which evidently gives the same relation of the terms as reaolts from the moie 
simple definition which is given in the text. 

It is evident, likewise, that the terms of such a series are in oontiniied pio- 
portion (Art. 288), since 

a : b :: b : e :: e : d :: d : e &c. 

and therefore whatever properties we have shewn to characterise such ctmSaat/A 
proportionals, will belong likewise to the successive terms of a geooetiiciviti* 

The phrases arithmstieal progression and geometric progre w on^ have l e faw a M 
to an essential distinction between arithmetic proportion and ftonetm p rej fe r- 
f ton, which modem mathematiciaDB have not retained : fbor nionbeis wen sud 
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be the sucoesmve tenns of such a series^ and if r be the 
ocxnmon multiplier which connects them successively with each 
other, we shall find 

c ^br = ar*, replacing b by ar, 

d^cr = ar*, c by at*. 

e^dr = ar^, d by ar*. 



It will follow therefore that a geometric series^ as thus 
defined^ will be correctly represented by 

where a is the first term and r the common multiplier. 

428. If the first term a and the common multiplier or com- The firet 

nMm ratio r of a geometric series be given^ the series correspond- common 

ing may be immediately formed and written down to any extent, ™^\*Jj°|j , 

as follows : of a geo- 

metric 
<») W (3) (*) (« (6) (7) series being 

a-har-h ar* + ar* + ar^ + ar* + ar* + &c. given, the 

series may 
If we place the numbers 1, 2, S, 4, 5, 6, &c. above the n^eTtoany 
lereral terms, to designate their positions in the series, we orders, 
diall readily see that the index of the power of r which is 
involved in each term, will be less by unity than the number 
which denominates the position of the term: thus the 6^ 
temi is flr*, the 7*** term ar*, and the'n*^ term will be ar^*: 
a series oi n terms therefore may be represented, in con- 
foraii^ with the principles of notation explained and exem- 
plified in Art 421, by 

a-^ar ■>(■ or*"*: 

to be in ariLhmtliic proportioti^ when the difference of the first and second was 
equal to the difierence of the third and fourth : whilst four numbers were in 
geometric proportion, when the quotient of the first divided by the second was 
equal to the quotient of the third divided by the fourth, or when they satisfied the 
condidoiif of the common geometric definition of proportion : again, three numbers 
were said to be in emtmued arithmetic proportion, when the difference of the first 
tad eeeond wae equal to the difference of the second and third: and a conti- 
mud aerici of numbers in continued arithmetical proportion, constituted an 
trjthwutiral prognman, in the same manner that a continued series of numbers 
\m coBtinited geometric proportion constituted a geometric jtrogression. 
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for the two first terms of the series, its duuracter being known, 
will furnish us with a and with r, and will therefore enible 
us to form the succeeding terms of the series, and the list 
term will shew the extent to which the series is carried. 

Ezprra- 429. An abbreviated expression for the sum of it tenu 

810D8 for . . m /% 1 • 1. i» 11 • 

the sum of of a geometric series may be found m the following manner: 
serS?*^"^ calling its sum or the result of the aggravation of all its 
terms s, we put 

s^^a-^ar-^ ar*"* (1), 

and multiplying both sides of this equation by r, we get 
rs-ar-^ar*-^ flr*"* + ar^...(2). 

The sum of n terms of the series (1) will be greater or 
less than the sum of n terms of the series (2), according as 
r is greater or less than 1 : in the first case, we subtract die 
series (2) from the series (1), and we thus get 

or (r-l)* = a(r"-l), 

or s = -^ —^ (S): 

r- 1 ' 

and in the second case, we subtract the series (2) firom the 
series (1), which gives us 

or j(l-r) = a(l-r^), 

or ' = -737-^ (4M 

Examples 430. The formula 

of tlie sum- 
mation of _ fl(r" — 1) . . 

geometric ' ~ r—l \^)* 

series. 

ana s = ^-^^ (4), 






* For if we subtract the two series from each other, tenn by tens, tbe 
6rst term (a) of the first series (1) and the last term (ar^) of the last series P) 
will alone remain, all the others being common to both series, and thereivc 
disappearing by the subtraction of one series from the other. 

t In Symbolical Algebra, the second of these formulas is dedacible from tbe 
first and conversely. 
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re immediately applicable to the summation of geometric neries : 
or if such a series 

fl + flr + flf* + &C. 

>e given^ the first term is a, and we divide the second term 
ry the first in order to find r: we then replace a, r and n 
n the formulae (3) or (4) by their proper numerical values, 
md thus determine the value of s. 

The following are examples: 

(1) To find the sum of 10 terms of the series 

1+2 + 2* + 2*+... 

In this case as 1, rs2 and n^lO: therefore, by formula (S), 

lx(2"-l) ,^^ 

*" — 2"ri — ^^^' 

(2) To find the sum of 12 terms of the series 

2 + 6+18 + 54 + &C. 

In this case a -2, r = - = 3 and fi = 12: consequently, by 

brmula (3), 

# = — ^— j 8 -1 

= 531440. 

(3) To find the sum of 10 terms of the series 

, 1 1 1 , 



2 1 
In this case fl=l, r = -=- and « = 10 : therefore, by for- 

Dula (4), 

' i 2' 

1023 
* 512 ' 

irhich differs firom twice the first term by -— . 

(7 1 /« 
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(4) To find the sum of 14 terms of the series 

^ 8 16 32 . 
S 9 27 

• 8 2 
In this case a = 4, r = ^ — 7=- and 11 =14: therefore, fay 

S X 4 S 

the formula (4)^ we get 

3 
12 X 4766585 ^ 19066840 
4782969 1594828 " 

Given 431. In the equation^ which expresses the sum of a geo- 

1^0^ metric series^ there are four quantities involved, which are the 
quantities gum of the series (s), the first term {a), the common mnlti- 
tSrexprw" pHer or ratio (r), the number of terms (»),. and any three of 
^h^°^^' f ^^^ quantities being given, the fourth may be found by the 
a geometric solution of the equation. The formulae (3) and (4) furnish the 
find^e' solution of the equation with respect to s, and no difficulty 
fourth. presents itself in the solution of the same equation with re- 
spect tc a: but this equation becomes one of n dimensums 
with respect to r, and is what is called a transcendental equa- 
tion with respect to n, and in neither of these cases is iti 
solution practicable (if n exceeds 2 in the first case), by the 
principles of arithmetical algebra alone : we are reminded, not colj 
in this case, but in many other parts of the theory both of 
arithmetical and geometrical series and their summation, of the 
limits which are opposed to our progress, when deprived of 
the aid of the principles of symbolical algebra. 

Quotient 432. If we divide a by 1 - r, the process and its result 

ofa^divided ^j^^ ^^^ ^^ following form: (Art 87) 

I - r) a (a -h ar + ai* + af* + . . . 
a-ar 

ar 

at - flr* 



ai* -ai* 
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The quotient 

a -^ ar -h ar* ■\- .. . 

is the geometric series whose first term is a and whose common Limit of 
multiplier or ratio is r; and inasmuch as the remainder can of\n^- 
never disappear (Art 87), the process, and therefore the series definite 
whose terms it generates, may be indefinitely continued: and 
inasmuch as the n^ remainder is ar^, and therefore grows less 
and less (r being less than 1) the greater n is*, it is evident 
that the longer the process is continued, the more nearly does 
the series produced approximate in value to the true quotient 
of a divided by 1 - r or to the true value of the fraction 

r-— (Arts. l66, 167, 168): it is from these considerations, 

that we are enabled to conclude that is the Umit to 

1 -r 

which the sum of the series 

a + £ir + ar*+ ... 

continually approximates more and more nearly, the further it 
is continued, and which it actually equals, when this series is 
supposed to be continued indefinitely t. 

It is in this sense that we speak of the sums of inde- 
finite series, meaning in every case the limit to which the 
actual aggregate of an assignable number of terms will approxi- 
mate nearer and nearer the greater that number is. (Art. I66.) 



•Thus, if r = i, r«=i, r» = i, r»o = ji^ and so on: if r = .9. 

r«=.81, r«=r.729, r«=.6561, r^ = .3486379401 : and it may be easily shewn, 
that if r be less than 1, a power of r and therefore a valae of ar^ may be 
always fonnd, which is less than any assigned number however small. 

t The same remark applies to the series 

a~-ar-{- ar^ — ar*-^ &c 



which originates in the division of a by 1 + r, and which for the same reason 
we may consider* when indefinitely continued, as equal to the fraction 
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Extmples. 433. (1) Thus the sum of the indefinite Mries 

,111 

18 s s 2^ or 18 equal to twice the first ter 

»-« 

(8) The sum of the indefinite series 

,111, 

1 3 

(3) The sum of the indefinite series 

4 16 

^■^■S'*" 25 ■*■••• 

18 = I =5. 

'-I 

(4) The sum of the indefinite series 

o 1 1 « 
8 + - + — r + &C. 

2 12 
3 18 

(5) The value o£ the circulating dedmal 

•OOd • • • 

10 3 1, 

l-i. 9 ^ 
10 



* Many exunples hare been given in Chap. ii. Arts. 1G2-168, of the i 
mation of circulating decimals, or of their conversion into equivalent firac 
upon principles precisely similar to those stated in the text. 
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434. Numbers, whose reciprocals form an arithmetical pro- Definition 
ression are said to be in harmonical proportion or to form an bersinhar- 
2nnonical progression: thus the numbers 2, 3 and 6 are in p^^^gg. 

armonical proportion, since their reciprocals - , - and ^ form an 

rii/imeiical progression: the same is the case with the numbers 

20 
, 4. and 6: and also with the numbers 4, 5, — , 10, 20. 

3 

435. The knowledge of the two first terms of such a series ^*J®g^\*^® 
rill enable us easily to determine all the rest : thus if a and b terms of 

>e the two first terms of such a series, and if we represent genes, to 

J J J ^ form the 

he third term by x, then their reciprocals -, j and - being other 

a o X ternas. 

n arithmetical progression, we must have 





1111^ 
a b~ b X ' 


>r 


1 2 1 2a-6 
X b- a ab ' 


md therefore 


ab 
X = r: ?. 



2a-6* 

It will follow therefore that the formation of an additional 
-erm in such a series, whether originally consisting of two or 
>f a greater number of terms, will always be possible, when twice 
:lie Jirst or penultimate term is greater than the second or 
tliimate term: in all other cases, the additional term will be 
nther infinite, when 2a = 6, or negative, when 2a is less than 
^, and therefore such as cannot be formed without the aid 
if the principles of Symbolical Algebra. 



436. Thus if the two first terms be 4 and 5, the third Kxamplai. 

4x5 _ 2C 
2 X4-5""'? 



4x5 20 
term will be = r — : — - = —- : the second and third terms 



* If u be ij^reater than 6, then 



1 I 1 I _, ab 

and X = 



b a X h 2a — h* 

•he same expression as in the text. 

O O 
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5 X — 

beinip 5 and -— , the fourth term will be ^^ = -T7r= 10- 

3 ' ^ ^ 20 10 

2 X 5 

3 

20 
the third and fourth terms being -^ and 10, the fifth term 

20 ,^ 
—- X 10 

will be = 20 : but the series is incapable of being 

2x_-lO 

continued further, inasmuch as the next or sixth term, would 
be, in conformity with the formula. Art. ^5, 

20 X 10 __ 200 
2 X 10-20" ' 

which is the symbol, as we shall afterwards see, of an infinite 
number. 



term. 



tt*rfim* 437. More generally, if the two first terms a and & of 

terms of an an harmonic series were given, and if it was required to find 
series to ^^ expression for the n^^ term of the series, we should ob- 
S»^^^^"* serve that the series formed by the inverted terms 

1 i &c 

a o 

is an arithmetic series (Art. 434), whose first term is - and 

whose common difference is — t (a being less than h\ and 
therefore its rC^ term (Art. 420), would be 

j-<«-)e4)- 

^ i _ ("-') + ( "-! ) 
a a h 

b-(n-'\)b + (n-\)a 
ab 

* For if the first term of a decreasing arithmetic series be a and its commoe 
difference b\ its n*** term is a'-(n-l)fe' (Art. 420) : and if we replace •' by 

— and b' by - - - , 
a a b 

we get the expression in the text. 
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_ {n- l)g-(yt~2)6 

m 

it follows, therefore, that the reciprocal of this expression, or 

ab 
(ii-l)a-(«-2)6' 

is the expression for the it*^ term of the harmonic series, and 
will continue to be possible as long as(n — l)a is greater than 
(r - 2) b. Thus if a be 5 and 6 be 4, the tenth term of the 
corresponding harmonic series, will be 

4x5 20 

9x5-8 x4~ 13' 

and it is obvious that the harmonic series may be continued 
indefinitely whenever the first term is greater than the second 
and in no other case *. 

438. If there be three terms a, b and c, which are in har- An harmo- 
. , , nical senei 

monical progression, then otherwise 

I I I I defiDed. 

b—a c-b 
ab be 

b—a c—b 

or = : 

a c 

it will follow, therefore, by resolving this equation into a pro- 
portion, that 

a : c :: b — a : c-b; 

or in other words, if three numbers a, b and c be in harmonic 
proportion, then the Jirst of them will bear to the third the same 
fatio, which the difference of the Jirst and second bears to the 
difference of the second and third. This is the common definition 
of numbers in harmonic progression, by which we may very 
easily deduce as a proposition, the property of such numbers, 
[Art. 434), which we have employed as the foundation of the 
preceding investigations t. 

* It is not possible to find any simple abbreviated expression for the 
ium of a series of terms in harmonica! progression, as in the case of arith- 
metical (Art. ^2), and geometrical (Art. 429) series : such a sum can only be 
*oand by the aggregation of all its terms. 

t For if 

a : c :: b — a I c — b, 

we get 
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^nD^^ted ^^* ^*"y problems may be proposed which are corniected 

with arith- with arithmetical^ geometrical and harmonical series and their pro- 
^ractrU* perties : thus if two numbers be given, it may be proposed to 
cal pro- assign an intermediate number Xy so that the three numbers a, x 
and b may be in arithmetic, geometric or harmonical progression. 

fnd^^ome- '^^^ arithmetic mean wiU be found, by observing that if 

tnc nieaDs. a, x and h are in arithmetic progression, then 

X — a — h — Xy 
or 2x = fl + 6, 

a + 6 
or x = ^-, 

the arithmetic mean required, and which is equal to half the 
sum of the extremes. 

we get ac — ah — he — ac 

and dividing both members of this equation by ahc^ we find 

/) c a b * 

which is the properly which we have assumed, (Art. 434), as defining namben is 
harmonical progression. 

The term harmonical has been applied to such numbers, from their rela- 
tion to those subdivisions of the monochord, which furnish harmonic sooods: 
for the numbers of vibrations of stretched strings will be inversely as thai 
lengths, and consequently, if a monochord be divided into lengths whose re- 
ciprocals are any assigned numbers, the numbers of their vibrations and there- 
fore the pitches of the sounds severally produced by them, will be proportiuttl 
to those numbers : thus, if the lengths of two string be represented by 1 iwi 

2 f the pitches will be as I and 2, and the second will be the octave of the first, 
producing a unison^ the most perfect of all concords : if their lengths be repre- 
sented by — and -z the numbers of their vibrations will be as the numbers 2 and 3, 
Z «5 

producing a perfect concord, which is called the fifth : if these lengths be as 

1^11^11 jlljll ^ I 
— and -- . — and t . — and — , — and — . — and — . 

the corresponding numbers of vibrations will be as the numbers 3 and 4. 
4 and 5, 5 and 6, 3 and 5, 5 and 8, producing concords which are sevoiUy 
denominated a fourth, a major thirds a minor third, a major sixth, and a auMir 
sixth : no prime numbers, higher than 5, enter into the expression of the ratitf 
of any numbers of vibrations which are found to produce concords in music. 

The succession of numbers which form many harmonic progressions, attracted 
the particular attention of the Platonists in their researches afier the mystical aod 
other properties of numbers, as involving the numerical ratios which express the 

ODOft 
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Again^ the corresponding geometric mean y between a 
d b will be determined by observing that if a, y and h are 
geometric progression, then 

« y 

or y* = ah, 
or y^Jah, 

le geometric mean required, and which is equal to the square 
K>t of the product of the extremes. 

Lastly, an harmonical mean z between a and b will be de* 
rmined, by observing that 

1111 
a 2~ 2 b* 

2 1 1 a+b 
or -=-+T = — jrl 
z a o ab 

and therefore z = 1- •, 

a + o 

le harmonical mean required. 

08t perfect concords in music : thus, the hannonic numbers 2, 3 and 6, form the 

2 2 13 1 
^^ 3 ' 6 ^^ ^* fi **' 2 ' '^^^^^ express the fifth, the twelfth, and the oc- 

ve, which are the most perfect concords in music: the harmonic numbers 

14 2 3 1 

4, 6 express Uie ratios -r , "^ or — , — or — , or the fourth or diatetseron, 

4 6 3 6 i 

e fifth or diapente^ the octave or diapaton : and it was not only observed, but 

ade the foundation of important theories, that the sum, (Art. 268), of the two first 

3 2 

these ratios or -r x -^ was equal to the last. 

4 o 

If the harmonic mean be sought for between the terms of the ratio =- 

4 
the fundamental note to its octave, it will be found to be -r , which is the 

ateueron or fourth : whilst the corresponding hannonic mean between the terms of 

1 3 

e ratio, ■^, of the fundamental note to its twelfth, will be ^ , or the fifth : 

ese and other properties of harmonic means made them as much the objects 
attention to the Platonic philosophers, as the mystical and other properties 
lich they sought for and discovered in arithmetical and geometrical means. 

• Thus, an arithmetic mean between 4 and 16 is — ^ — or l^* * geometric 

Ban between the same numbers is V 4 x 16 = >/64 = 8 : whilst the corres- 

mding harmonical mean is — r — ttt— = tst = 6 . 4 ; the first is always greater 

4 + lo zo 

an the second, and the second than the third, unless the extremes are equal 

each other. 



•ion. 
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lUpreaep- 440. If it be required to represent three or four unknown 

taUon of . , 

unknown numbers which are in arithmetic progression, it is very often 

Tn^withme- convenient to denote the mean term in the first case by x and 

tic and the two extremes by x — tf and x+y, and in the second cue, 

progres- to denote the two mean terms by x—y and x-i-y, and the two 

extremes by x — 3y and x-k-Sy; the common difference in the first 

case being denoted by y and in the second by 2y. Thus, in the 

solution of the following problem, ''to find a number of three 

digits, forming a decreasing arithmetic series, whose sum is 12, 

and the sum of whose squares is 56" we represent the three 

digits by X4y, x and x—y respectively, and immediately f(Hin 

the equations 

(or +j^) + X + (x -5f) = 12 (1) 

(x +,y)« + x" + (x-yy=56 (2). 

The first equation becomes, 

3x= 12, or x = 4: 
and the second equation is 

X* 4- 2xy + y* + X* + x' - 2xy + y = 56, 
or 3x* + 2^ = 56, 
which becomes, by replacing x by 4, 

48 + 2y = 56, 

or 2^ = 8, 

or y = 4, 

or y = 2. 

The digits are therefore 6, 4 and 2 and the number is 642*. 

Again, if it was required ** to find four numbers in arithmetic 
progression whose sum is equal to 22, and the product of whose 
extremes is less than the product of their means by 18," we 

* If we had represented the first of these numbers by x and the comnoD 
difference by y, the equations would have been 

x + x-y + j:-2y = 12 (1), 

x«+ {x - y)«+ (i - 2y)«= 66 (2). 

which would not admit of an equally simple solution with those which are gi^to 
in the text. 
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hould represent the numbers by x — Sy, *— ^> *+^> wid 
+ Sy respectively^ and thence form the equations 



(•« 



x-Sy ^x—y +x +y + x + 3^ = 22,) 

+ J^) (^ - J^) - (* + Sy) (^ - S j^) = 18,1 

or 4x = 22, or ^ = -z; 

or 8^=18, 
or y = -. 



we thus find ^-3^ = -3--^=!, 

li 3 , 11 3 ^ 

•^2 2 "^2 2 

and ^ + 3^ = y + -=10, 

which are the numbers required*. 

In a similar manner we may represent three unknown num- 

X 

>er8 in geometric progression by - , x and xy, the mean term 

)eing X and the common ratio or multiplier y: thus if it was 
)roposed "to find three numbers in geometric progression 
vhose sum is 13, and the product of whose extremes is equal 

o 9f" we should denote them by -, jt and xy respectively, 
jid then form the equations 

- + x + xy = 13 



* If the firet of these numbere had been denoted by r and their common 
ifference by y, we should have got the equations 

x + i + y + » + 2y+x + 3y=22, 

*(* + 3y)-(x + y)(* + 2y)=18, 

rhich are not equally simple with those given in the text. 
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We thus at once get x = 3, and replacing x by 3 in the first 
equation, we find 

- + 3 V = 10, 
1 10 

or -^-y=:l, 

25 lOy . 25 , 16 
9 3 ' ^ 9 9 

5 4 1 

S-i^ = 3> or 3, = -, 

5 4 
or 5^^3 = 3' or ^ = 3. 

It is obvious that ^ = 3, or ^ = - will equally answer the 
conditions of the problem, and that the numbers are 1, 3 and 9- 



CHAPTER VII. 



THEORY OF COMBINATIONS AND PERMUTATIONS. 

441. The different orders^ in which any quantities or letters Pennuta^ 
lich represent them> may be arranged^ are called their Per- fined, 
itations. Thus the permutations of the two things or letters 

and h, taken both together^ are ah and ha, a occupying 
3 first place in one and h in the other: the permutations 

the three things or letters a, h and c, taken all together, are 
c, achy hac, hca, cah and chai whilst the permutations 

the same three letters, when taken two and two together 
ly, are ah, ha, ac, ca, he and ch. 

In thus expressing the permutations of a 6 or of a 6 c, by writing 
3 letters which form them consecutively as in the operati<m 

multiplication, we designate their order of succession only, 
d not the products which are usually denoted by symbols 
iced in this manner without the interposition of any signs 
tween them. 

442. In investigating the expressions for the numbers of per- Great con- 
itations of n different things, when taken two and two, three i^^^|^^^ 
d three, four and four, . . . r and r together, it will be found to investigm- 

extremely conveni^it to denote them by the same letter a employing 
th different and successive suhscript numbers, such as Aj, a„ i**^*"°®-|ij 
, a^, ^5,...^., where the numbers suhscrihed will not only subscript 
rve to distinguish the different symbols (and therefore the ^^^ *"' 
Lngs which they represent) from each other, but will deter- 
ine likewise their order of succession in the series. 

443. We shall now proceed to determine the expressions Number of 
r the number of permuiaiions of » different things or letters, Sons of'ii 
ben takeii one and one, two and two, three and three, things. 

. r and r together, when r is any whole number less than n. 

T P 
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are taken four and four together : and if true when thej are taken 
four and four together^ it is true likewise when they are taken 
five and five together, and so on successively for any number of 
them, not greater than n, which may be taken together. 

^f^th"^^^^ 447* We have given the demonstration of the general 

priDciple of formula in the last Article, with great detail, not merely aa 
tive^loduc- Account of the importance of the formula itself but as pre- 
tion. senting a very complete example oi the application of the 

principle of demonstrative induction in mathematical reason^ 
ing and which we shall have very frequently occasioii to 
employ. The principle itself may be stated generally as followi. 
A law or formula is proved to be true for two or more suc- 
cessive numbers, which present such a connection with eadi 
other, as to authorize the hypothetical assumption of its truth 
for all numbers whatsoever: we then convert our hypoUum 
into a proof, by demonstrating that if the law be true fx 
any assigned number whatsoever, such as r-1, it is necesMfidf 
true for the next superior number r: we are thus enabkd to 
connect the particular cases which we have demonstrated, ai 
the foundation of our assumption, step by step, with all those 
which follow, until we have ascended to the general formula, 
where the number, whose different and successive values are 
considered, is denoted by a general symboL 



Different 
kinds of 
inductive 
reasoning. 



448. We have denominated this principle of reasoningi 
which is quite complete and satisfactory, demonstrative indMC" 
turn, to distinguish it from that less conclusive and less certain 
species of induction which prevails in physical and other sciences, 
by which facts may be classified and general laws may be 
suspected, though not demonstrated, to prevaU: in such cases 
we can rarely indicate the dependence of the particular £u:ts 
upon each other, and much less demonstrate that the existence 
or truth of the law for any case whatsoever w^h may he 
assigned will determine its existence or truth for the case 
which immediately succeeds to it, and consequently for all 
cases whatever which can be proposed: unless this relation of 
dependence of all successive cases can be shewn to exist, or 
unless it can be shewn to be independent of their position in 
a series of them, generalizations which are formed by induction 
should be considered as hypotheses only, whidi must await 
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le confirmation of more complete investigations^ or which must 
e established by the aid of other principles of reasoning*. 

449. We shall now proceed to examine some of the con- 
^quences deducible from the formula demonstrated in Art. 442. 

If we suppose r^^n, or if we suppose that each permutation Number 
rmprehends all the n letters ai, a^,,,a^ the formula under uitioo^f' 
3nsideration will become tok^^^'^Sl 

Ji(n-l) 2x1, together. 

r, if written in a contrary order, 

1x2 (»-l)n, 

rhich is the product of all the natural numbers as far as it: 
be following are examples of its application. 

(1) Required the number of changes which can be rung Examplei. 
ipon 8 bells. 

This number, which is equal to all the variations in their order 
if succession, m which the 8 bells can be sounded, is equal to 

1x2x3x4x5x6x7x8 = 40320. 

(2) What is the number of different arrangements which 
;an be made of 12 persons at a dinner table? 

This number = lx2x 12 = 479001600. 

450. A case which frequently presents itself for considera- Number 

tion, is the determination of the number of permutations of n tations 

things, when any assigned number of them become identical ^^Qt ' 

with each other, or when different classes of them become so. classes of 

letters be* 

Thus, let it be required to find an expression for the number of ^^® 

permutations of n things, r of which are identical with each other. 

* Fermat asserted that the formula 2* + 1 is always a prime number, and 
the examination of every case from n b I to n « 31, wonld appear to confirm 
the truth of this conclusion: but Euler shewed however that 2^ + 1 was a 
composite number. Again, the formula 

«" + x + 41, 

gives prime numbers for all values of x from 1 to 39: it would be a false 
induction to conclude from thence, that the same formula would give prime 
numbere in all cases, for it obviously fails to do so, when x = 40 or x = 41 : 
such examples, of the danger of making erroneous inductions, are very common 
in the theory of numbers. 
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The expression for the number of permutations of n things 

taken all together^ supposing them all different from each other 

(Art 449) is 

n (n — 1).. .2. 1: 

if r of these quantities become identical^ the permutations which 
arise from their interchange with each other^ or from their ;»r- 
ticwlar permutations^ which are 1 . 2 . . . r in number^ for aiof 
assigned position of ike other letters, are reduced to one: the 
number of permutations^ therefore, when all the letters are 
different from each other, is 1 . 2 . . . r times as great as when 
r of them become identical: or in other words, 

n(n-l)...2.1 
1.2 ... r ' 

is the expression for the number of permutations under the 
circumstances supposed. 

If, in addition to r quantities which become identical, there 
are s others, which though different from the former, are still 
identical with each other, then there are 1.2...^ permutatioDS 
corresponding to their interchange with each other, which ire 
reduced to one, for any given position of the other quantities: 
the expression for the number of permutations, under these cir- 
cumstances, becomes 

n(yi-l)...2.1 

The same reasoning may obviously be applied equally to any 
number of classes of letters or things, which become identical with 
each other, and consequently if, of n quantities, r^ are of one kind, 

r, of another, r, of a third, and so on, as far as r. of the tn^ dass, 

then their whole number of the permutations will be expressed by 

w(w-l) 2.1 

M. • /C « a • » I X X . 2S • • • '2 X X . /6 . • • 7 J X ••* XX*X.. f*m 

451. It may be useful to illustrate these formula? by a few 
examples. 

Examples. ^jj j.^ ^^^ ^^^ number of permutations (p) of the letters 

in the word Algebra. 

In this case n = 7> and the letter a appears twice : consequentlj 

7.6. 5.4.3.2.1 ^^^^ 

p = _-- = 2520. 

^ 1.2 
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(2) To find the number of permutations of the letters in 
lie word perseverance. 

In this case 11 = 12, and the letter e appears four times^ and 
twice: therefore 

12. 11. 10. 9. 8. 7. 6. 5. 4. S. 2.1 ^^^^^^ 
P = 1.2.3.4x1.2 = 9979200. 

(3) To find the number of permutations of the letters of the 
product a'ft^c" written at full length. 

In this case n = 10^ and the letter a appears three times, h 
Ive times^ and c twice; therefore the number of permutations {p) 

10.9.8.7.6.5.4.3.2.1 ^,^^ 

= = 2520. 

1.2.3 X 1.2.3.4.5 X 1.2 

(4) To find the number of permutations of the letters in 
he expressions a'^^b, a^^^b', iT^b', and a'^i' respectively; 

/ X . ..-i t ^ (^ — 1 ) ... 2 . 1 
(p) m a"*-* 6 = —-^ ^7 -r = m. 

(tA in fl"-«&« = m(m-l)(m-2).,.2.1 ^ m(m-l) 
^^ 1.2x 1.2. ..(111-2) 1.2 ' 

striking out the (m-^) last factors^ from the numerator and 
lenominator, which are severally identical with each other: 

/x" —a.. m(iii- l)(m-2)(m-3)...2.1 

(p) m 0*-*6" t= — ^ ^ ^^2 T^TT" — 7 — ^-^ 

^^^ 1.2.3X 1.2...(ot-3) 

_ wi (m — 1) (wi — 2) 
" 1.2.3 ' 

/„N in fl-r Lr ^ ^ (ni - 1) . . . (w - T -H) (m - t) . . .2 . 1 
^^^ 1.2...rxl.2...(w-r) 

_m(m— l)...(m — r+ 1) 
~ 1.2.. .r ' 

triking out the (m — r) last factors of the numerator and de- 
lominator. 

These expressions are remarkable^ inasmuch as they will be 
bund to be severally the expressions for the number of combU 
uUions of n things^ taken one and one, two and two, three and 
hree, and r and r together. 
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Conbmt- 452. By the anMnaiums of diflerent letters or quaotitiei, 

Waning. ^^ mean the different collections which can be made of mj 

assigned number of them, without reference to the order of 

their arrangement. 

Thus, ab, ac and he are the only different combinatioiif of 
the three letters a, b, c, taken two and two together, whidi form 
six different permutations : there is only one combination of the 
same three letters, taken aU together, though they fcmi tis 
different permutations, (Art 441). 

Nuij^ of 453. We shall now proceed to determine the number of 
tions. combinations of n things, takai r and r together, where r is 

less than n. 

The number of combinations of n things, taken separately 
or one and <me together, is clearly n. 



Taken two 
and two 



The number of comlnnationB of n things, taken two and 



together. ^^ together, is *^*^^^ 



Three and 
three to- 
gether. 



1.2 

For the number of permutations ci n things, ta en two and 
two together, is ii (n <» 1), (Art 443); and there are two permoti- 
tions (a 6, ha) corresponding to one combination: the number of 
combinations will be foimd, therefore, by dividing the number 
of permutations by 2 or by 1 . 2. 

454 The number of combinations of n things, taken three 

ii(ji-l)(ji-2) 



and three together, is 



1.2 



Taken r 
andr to* 
gether. 



For the nimiber of permutations of ii things, taken three and 
three together, is ii(ji-l) (s~2), (Art 444), and there are 
1.2.3 permutations for one combination of three things: the 
number of combinations will be therefore found by dividing the 
number of permutations by 1 .2.3. 

455. The number of combinations dT n things, taken r and 

. . ii(a-l).-.(fi-r-i-l) 
r together, is \ ^ ^ ;: -• 

For the number of permutations of n things, taken r «d 
r together, is «(«- l)...(a -r-*^ 1); and there are 1.2...f 
permutations corresponding to each conbination of r tfaingi* 
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be number of combinations of n things^ therefore^ taken r and 
together^ will be found by dividing the number of their 
orresponding permutations by 1 . 2 ... r. 

456. There are some properties of these expressions which 
re attended with very important consequences and which we 
hall now proceed to point out. 

In the first place^ the number of combinations of n things^ The num- 
aken r and r together^ is the same as the number of oombi- biaationsof 
ladons of n things^ taken n-r and n-r together. ^?*°^ a 

For the number of combinations of n things^ taken r and r [he same as 
ogether, is T-rln'd'' 

n(n-l) (n-r + l) , . n-rto- 

The number of combinations of n things^ taken n-r and 
t - r together^ will be expressed by putting it - r in the place 
>f r in the preceding expression {a), when the last term of its 
lumerator becomes n-(ji-r) + I or r+ I, the last term of the 
lenominator n-r, and the expression itself 

n(n-l) (r-H) 

1.2 {n-r) ^^^' 

The same expression (fi), somewhat differently written^ though 
identical in signification^ is 

n(n-l) (n-r + 1) (n-r) (r-t- 1) 

1.2 .... r . (r+1) (n-r)' 

where the last terms of the numerator and denominator of (a), 
md the first and last additional terms introduced into the nu- 
merator and denominator of (a) in order to obtain (/3), are written 
iown: we thus see that all those additional terms are common 
both to the numerator and denominator^ and that consequently 
^e first expression (a) is equal to the second (/J): or^ in other 
MTords, the number of combinations of n things, taken r and r 
together, is equal to the number of combinations of n things, 
taken (n-r) and (n-r) together. 

457* The same conclusion may be otherwise and more Second 
simply obtained as follows: if we take the n quantities a^, a,,. . .a., 
and form any one combination of r of these quantities, those 
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Supple- which remain will form a corresponding and supplementary com- 
com^na- bination of (it - r) quantities : it follows^ therefore, that no com- 
tioDB. bination can exist without its supplement, and that consequently 

they must be equal in number. 

Greatest 458. If we further consider the expression (a) for the number 

combina- ^^ Combinations of n things taken r and r together, and examine 
*'°'^odd *° ^^ successive values for successive values of r, it wiU obviously con- 
tinue to increase, until the additional term successively introduced 
into the numerator becomes equal to or less than the corresponding 
additional term introduced into the denominator: now the r^ term 
of the numerator is n - r + 1, and the corresponding term ia the 
denominator is r: if these be equal to each other, we have 

« — r + 1 = r, and consequently r = — — : and since r is neces- 

sarily a whole number, n must, in this case, be necessarily an 
odd number: there is, therefore, in this case, the same number, 
and also the greatest number, of combinations, when th^ are 

taken — — together and — — together, such combinaticms being 

supplementary to each other. 

When n is If ft be an even number, the greatest number of combina- 

even. 

dons takes place when they are taken ~ together: for in this 
case, n — r + 1 becomes n-- + l or- + l, which is greater than 
the corresponding value of r or -; whilst the next succeeding 

ft 

value of n -r + 1, which is - , is less than the corresponding value 

of r, or of the last term of the denominator, which is - + 1. 

The theory 459. There are few subjects which admit of more varied 

intimately or instructive illustrations than the Theory of Combinatiims: 

w^th th^^*^ for such problems, for the most part, resolve themselves, with 

theory of very slight preparatory adaptation, into problems for the calcu* 

tions. ~ lation of chances and probabilities, and consequently almost 

immediately spring from them. It is for this reason that we 

shall devote the remaining Articles of this Chapter to such a 

statement of the first principles of the Doctrine of Chances, 

as may be requisite to shew its connection with the Theory 
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of Combinations^ and as may enable a student to solve a very 
extensive class of questions^ which are intimately connected with 
the ordinary business of life. 

460. The term chance, in popular language^ has various Popular 
meanings attached to it, whether primitive or derived, though of the v^ 
it is not always very easy, nor in this instance very important, ^**"*<^c- 
to distinguish one from the other: it sometimes means an event, 

whose occurrence is uncertain, whether under the influence or 
not, of determined or determinable laws: on other occasions, 
it is used to express the cause which influences the happening 
of an event: and sometimes it is used as the expression of 
our opinion of the intensity of the cause which determines or 
influences a possible event, whether it be according to expect- 
ation or the contrary. 

461. It is in this latter sense that it approaches most nearly ^** mathc- 

, , matical 

to its mathematical meaning, where it is used as synon3rmous meaning. 

with probahiUiy ; and the chance of the happening, or the prO" 

bahUity of the happening, of an event or its contrary, is measured, 

and therefore defined, by the ratio which exists between the 

number of events which must happen, or of cases which must 

exist, and the whole number of events which both must and 

may happen, or of cases which both must and may exist, and 

which are all of them similarly circumstanced. 

462. This ratio may be expressed by means of a fraction, ^pj^^- 
whose numerator is the number of favourable events or cases, it. 

and whose denominator is the number of all the events or cases, 
whether favourable or unfavourable : for all ratios are expressed 
and measured by means of fractions, whose numerators are the 
antecedents and whose denominators are the consequents of the 
ratios. Art 263. 

Thus, if a expresses the number of favourable events or 
cases, and h the number of those which are unfavourable, the 
chance of the favourable event or of the required case existing, 
is expressed by 



a-^b' 
whilst the chance of an unfavourable event or of the required 
case not existing, is expressed by 

a 4- 6* 
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Certainty 
represented 
by unity. 



Odds for 
or against. 



Absolute 
and moral 
chances. 



Absolute 
and moral 
certainties. 



Simple 
chances : 
of throwing 
an ace with 
one die. 



463. From such a mode of representation^ it will follow 
that certainty y which supposes all the events or cases fiivoar- 
able, in the first case^ when 6 = 0> or all of them unfavourable, 
in the second case^ when a = 0^ will be expressed by 1 : the 
ratio^ therefore, of the chance to certainty , or of the degree oi 
probability (as it is sometimes expressed) to certainty, will be 
the ratio which the fraction, by which it is denoted, bears to 
unity, or the ratio of its numerator to its denominator. 

464. The ratio of the chance of success to that of failine, 
or the ratio of the odds for or against, as expressed in popular 
language, wfll be that of a to 6, or of 6 to a, which are the 
numerators of the fractions by which the respective chances 
are denoted. 

465. Chances generally may be separated into two great 
classes, as absolute and moral: the first are those, where the 
numerator and denominator of the fractions by which they are 
expressed, admit of absolute determination : the second are thow, 
where the numerator and denominator, one or both of them, 
admit not of absolute determination, but are inferred, approxi- 
mately at least, from experiment or observation: the certmties 
also, in which these different classes of chances may be said to 
terminate, as the limit of their differept values, may be distin- 
guished from each other, in a similar manner, as absolute and monl 

466. The chances considered in the following problems, 
belong chiefly to the first of these classes, and their deter- 
mination requires no principle which is foreign to the theory 
of combinations: in most cases, however, moral chances are 
convertible, as far as their estimation is concerned, into ab- 
solute chances; and a few examples wiU be given, in order 
to shew the nature of the reasoning which is employed fiv 
this purpose. 

The following are examples of the representaticm of simple 
chances: 

(1) To find the chance of throwing an ace with a single die. 

There is only one face, which can be uppermost, or there 
is only one throw, the occurrence of which is fovourable, though 
there are six which are equally likely to be so, five of which 
are necessarily unfavourable: the chance, therefore, that this 

laco is the ace, is 7; . 
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(2) The chance that this face is not the ace, is 7-. : for there Of not 

O throwiDg 

re five out of six equally possible cases^ which are favourable ^^^' 
J this hypothesis. 

(3) The chance that the face thrown is either an ace or a Ofthrow- 

Q I >Qg an ace 

leuce^ is g or -: for there are here two favourable cases out of <>'<*«»cc. 
ix which are equally likely to happen : the chance of failure, 

ft that it is neither an ace nor a deuce, is ^ or -. 

o 3 

(4) If the die had been a regular tetrahedron, whose Of throw- 
aces were marked with the numbers 1, 2, 3, 4, the chance ^^hate^ 

^ . . , , 1 • . Irahedral 

)f Its resimg upon an ace would be -; the chance of its not die. 

4 

3 
lolng so, would be -. 

(5) The chance of drawing the ace of spades from a pack Of drawing 

*^ an ace or 

>f 52 cards, is — : the chance of drawing any one of the four Srd from 

a pack of 

aces, is t^ or — : for there are four favourable cases out o£ 

Sfty-two which are both favourable and unfavourable, and all 
}f them are equally likely to happen. 

(6) The chance that the 14th of November of any year That a 

I given day 

lot assigned, falls upon a Friday, is - : for this is one of °^ * f?\^^ 

ieven successive days, one of which, and one only, must be givenl^isa 
I Friday: and it cannot fall upon a determinate day, since ^!?*^*\ 
leither 365 nor 366 are multiples of 7, and therefore different 
Old successive years begin upon different days of the week. 

(7) If 14 white and 6 black balls be thrown into an Of drawing 
im, the chance of drawing a white ball out of it, at one Jblackbil 

14 ... from an urn 

rial, is ~: the chance of failmg, or of drawing a black containing 
20 a given 

^ number of 

)all, is — r. ^oth. 

20 






V «krl 



H *, p««ding .nd in 11 od« -^ 
«r< $qftx«» jni 6chtf^ of the tame event «r '■ff'"^ 
tMcdi cckcr^ tlM- s«Hi being equal to 1, iMA h Aefll 
jBhi ivfOHinBfeitrnr is£crrimmi^: the knowled^dfci^Ml 
Ct tktctmiiMs the odier. 



-iiil^ TW &ih!^wii^ cssmples of CompoHod Chaa 
iHCipiiitctofT lo the first dements of their geaaii ll 
which vill 



C kaac^ rf (1) To find the chance of throwing an atSi tii 
gacoeas i oD> with a single die. 



<^ There are six ca$es;> which are equally likcfy Id a 

the first dirow^ and the same number at the aeoiad: 
maj be combined or permuted together in 6x6 at : 
ferent wajs, which are equally likely to happen, and o 

of them is favourable: the chance is> therefore, ^7- 

So 

With two (2) The chance of throwing two aces at one ooiri 

OICC* ^ 

tieous throw with two dice, is equaUy —^: for the su 

of time makes no difference whatever in the number of 
able and unfavourable permutations. 

Of throw- (S) The chance of throwing an ace at the first 

inx an ace 

tntldouco. Q^^ ^ ^g^ce at the second, is also -7^: for there is ( 

30 
favourable permutation out of 36. 

(4) The chance of throwing an ace at one thro^ 
deuce at the other, without reference to their order of « 

is —: for in this case there are two permutations 

lo 

one combination (1, 2 and 2, 1), which are favourabl 
hypothesis made, and two only, out of the whole 36. 

Proportion 469. The chance of an event contingent upon othei 

;S^d is the continued product of the chance, of the separate ev. 

chances. 

Let the several chances be 



a. a« a, a 



n 



<?, + 6, ' <i, 4- &3 ' a^-\-h^^ " ' a^-^-b^' 
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^> fhy o^f'Om represent the numbers of cases which 
^mrable, and bi, b^, b^,...b^ the numbers of cases which 
t£iTourable^ to the particular hypothesis made in each 
ic event, whether of success or failure. 

» will consider, in the first instance, the chance which For two 
. chAncesa 

BEndent upon the two separate chances 



and 



Oi + bi flj 4- bg 

^ery case in a, + b, may be combined with every case 
« + 6„ and thus form (oi + 6|) (a^ + b^ combinations of 
» which are equally likely to happen. 

!%e favourable cases in the first (a^) may be combined 

^y with the favourable cases in the second (a,), and 

form ajflg combinations of cases favourable to the com- 
d event 

'he compound chance is denoted, therefore, by 

(a, + 61) (a, + b^) ' 
i is the product of the separate chances. 

et us now pass to the consideration of the chance of the For three 
; contingent upon three other events, whose respective 
ces are 

Ox flj fla 



Qx + bi ag + bg' fla + ^8 

lie several combinations of all the cases in the two first 
ces, which are, by the last case, (a^ + b^) (a, 4- 6,) in num- 
may be severally combined with the a, + b^ different cases, 
favourable and unfavourable, of the third chance, and 
form {oi + 61) (a, + bg)(aa + 6,) combinations which are equally 
y to happen. 

The ^vourable cases in the two first chances, which are 
in number, may be combined severally with the a^ favour- 
cases of the thurd chance, and thus form a^a^a^ cases which 
favourable to the compound event. 
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The chance^ therefore^ of the compound event, is 

(a, + 61) (a, + 6,) (a, + 6,)' 
which is the product of the simple chances. 

For any If -^e now Consider any number (n) of chances, 

number of 



►I "s "a 



and assume the law expressed in the enunciation of the pro- 
position as true for (n — 1) of them, it may be proved to be 
true for n of them (Art. 446): for the chance of the event 
contingent upon the (n— 1) first events being 

(fli + 61) (a, + 6,) . . . (a^, + 6^,) ' 

all the combinations of favourable and unfavourable cases in 

its denominator, may be severally combined with the a, 4^ 

favourable and unfavourable cases in the it^ chance, and thus 

produce 

(ai + ^)(«« + 6,)...(a. + 6,) 

favourable and unfavourable cases, for the compound event, 
which are equally likely to happen. 

In a similar manner the ay^a^,.,a^'^ favourable cases of the 
first (yt— 1) chances, may be severally combined with the a, 
favourable cases of the it^ chance, and thus produce aia,...a. 
favourable cases for the compound event, which are equally 
likely to happen: the compound chance is, therefore, denoted 
by 

(a, 4- h^{a^ + 6,) . . . (a. -f 6.) ' 
which is the product of all the simple chances. 

It follows, therefore, that the law which has been proved 
to be true for two and three chances, is necessarily true for 
four, five, and so on, as far as any number of separate chances 
whatever. (Art 447.) 

Its great This is a most important proposition in the Doctrine of Chances, 

and makes the calculation of the chance of any compound event 
dependent upon the separate and simple chances of the several 
events, in their assigned order, upon which it is dependent 



import 
ance. 
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Before we proceed to the consideration of some other im- 
ortant propositions which are intimately connected with it, 
e will illustrate its application by a few examples. 

470. To find the chance of throwing an ace in the first ,9**"*9« <>f 
7 ^ ^ • *i. throwing 

«(y ot two successive throws. an ace in 

the first 

The first simple chance is ^* succeanve 

" throwi. 

5 
The second simple chance is ^: for an ace must not be 

iirown the second time, and there are ^ve favourable* cases 
3r its fiulure. 

The compound chance is therefore, z ^ z ~ ^ * 

471. What is the chance of drawing the four aces from Of drawing 

I pack of cards, in four successive trials ? aces suc- 

cessively 
.4 from a pack 

The first simple chance is --. of cards. 

3 
The second simple chance is -7. 

51 

For if an ace be drawn the first time, there remain only 
3 aces and 51 cards. 

2 
The third simple chance is —. 

Ov 

For if, two aces be drawn the two first times, there remain 
only 2 aces and 50 cards. 

The fourth simple chance is —. 

For if three aces be drawn the three first times, there remain 
cmly 1 ace and 49 cards. 

The compound chance required is therefore 

4.8.2.1 1 

52.51.50.49" 270725* 



* It most be kept in mind, that the favourable cases are those which satisfy 
the particular hypothesis made for each event or trial : it is an ace in the first 
throw and any other point in the second. 

RR 



Of winning 472. What is the chance of winning two games at whiit 
o7 whS?in (P^ ®^ *^y other game where there are only two equal chanoes 
succession. £qy winning or losing) in succession? 

The first simple chance is -. 

The second simple chance is -. 

For the event of the first game does not influence the 
chance of the second. 

The compound chance is^ therefore, 

1 11 

Of not The chance of not winning two games in succession, (whidi 

winning. ^ 

is supplemental to the other) is, therefore, 7. 

The odds. The odds against winning two games in succession, are 

3 to 1. 

Of winning The chance of winning three games in succession is - , being 
three games 8 

successive- ^,1 - ^ t 11,1 

ly. the product of the three simple chances - , - and ~ . 

Or two out The chance of winning the two first games and losing the 
third, or of winning the first, losing the second and winning 
the third, or of losing the first and winning the second and 

third, is in each case -, inasmuch as the simple chances are 

-, - and -, the same as in the first instance. 
2' 2 2' 

The chance of winning two games out of three, without 

3 
reference to their order of succession, is - , the sum of the 

o 

chances of each separate event, which equally answer 
conditions of the question. 

Or one out The chance of losing the two first games and winning 

of three 

the third, or of losing the first, winning the second and losing 
the third, or of winning the first and losing the second and 
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lirdy is in each case -, inasmuch as the three simple chances 



8 



1 J J 1 



The chance of losing two games in succession, without 

3 
eference to their order of succession, is -, the sum of the 

o 

hances of the three events, which equally answer the conditions 
>f the question. 

The chance of losing three games in succession is -, the three^n^ 

ftucccMion. 

)roduct of the three simple chances -, - and -. 

^ 2 2 2 

473. In all cases of successive trials, where the number For re- 
>f favourable (a) and unfavourable cases (b) for each event JiiaUwhere 

-emains the same, the chance of the required event happening the num- 

, , ber of fa- 

i times m succession is expressed by vourable 

. and unfa- 

^ vourable 

(a 4- by ' ca*** re- 

mains the 

For this is the expression for the continued product of each '*™®* 
ieparate chance j repeated n times. (Art 469.) 

The chance of the required event happening (n — 1) times 
md failing once, in a specified order, is- -p^i for the (n—l) 

>eparatc chances of success are expressed severally by r, 

md the single chance of failure is expressed by -, . 

The chance of the required event happening (n - 1) times 
md failing once, without reference to the order of the events, is 

ixpressed by j t^: for there are n diflferent ways in which 

lie conditions of the problem may be equally satisfied, and 
he chance of its happening in each of these ways is expressed 

}y -z j^, and therefore the whole chance is expressed by 

. . 1. ncT'^b 

ncur sum or by 7 txi • 

^ (a-^hy 
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J 

The chance of the required event happening (a — 2} timet 
and failing twice, in a speci^ed order, is expressed by j — t^i 

a 
for the (n - 2) first chances are ^verally expressed by — t 



and the two last by j-, and therefore the compound dmn 

is expressed by their continued product, which is z ipcj. 

The chance of the required event happening (» — 2) timei 
and failing twice, without reference to their order of succesnm, 

is expressed by ^ "" K ^ r^: for there are — ^-- — - &" 

ferent combinations of (n - 2) and 2 events (Art 456), tbe 

probability of each of which is 7 rrr, and their sum <f 

'^ ' (a-hby 

the joint probability is therefore expressed by \ o • 7 — Tf' 

Generally, the chance of the required event happening (n-r) 
times and failing r times, in a specified order, is expressed bj 

J -p-i for the (n-r) separate chances of success are repre- 
sented severally by -, and the separate chances of fidlmt 

by T, and therefore the compound chance is represented 

by their continued product or by -z -r^ . 

The chance of the required event happening (n - r) timei 
and failing r times, without reference to their order of succemnn, 

,, ii(n- l)...(«-r4- 1) a'^h' 

IS expressed by — ^^ ; _ -»-. — — r\«' 

^ ^ 1 . 2 . . . r (fl + 6)" 

For this condition may be satisfied by any combination of 

1. 1 n(n- 1). . .(«-r-f 1) ,._^ .^f^ 
(n-r) and r events, which are - — ^ (Art ♦»; 

in number, and each of these combinations of events is equally 

likely to happen: and as the chance of each separate com- 

a^b^ 
bination of these events is -; rr, > the sum of these chances, 

(a + by 
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^hich is the chance required to be determined^ will be ex- 

-, n(n- l)..,(n-r4- 1) dT'lf 

ressed by -^^ / ^ ^ -,-, vcr. 

^ 1.2...r (« + ^) 

The chance of the required event happening ai least {n — r) 
jnes and failing at most r times^ without reference to their order 
f succession, will be expressed by 

• m^iL n(n-l) ^,,, n(n-l) («--r4-l)^_., 

1 . 2 1 . 2 ... r 

^rrw • 

For the condition of the problem will be satisfied by the 
lappening of the event n times^ or by its happening (n—l) 
imes and failing once, or by its happening (n - 2) times and 
ailing twice, and so on, as far as its happening (n — r) times 
jid failing r times, and in every case without reference to their 
rder of succession ; and consequently the entire chance will be 
ixpressed by the sum of those separate chances, and therefore 
>y the formula we have given above. ^ 

474. The following examples will serve to illustrate the Examples. 
ipplication of these formulae. 

(1) In the game of cross and pile (heads and tails), what 
s the chance that cross will come up three times exactly in 
(even trials.^ 

In each trial, either cross or pile may equally happen. 

Consequently a = l, 6=1, n = 7 and r = 4 : the chance, there- 
fore, 

7»6.5»4 g'6* 7.6.5.4 j__^5 
" 1.2.3.4 * (a + 6y" 1.2.3.4* 2''"' 128* 

The chance that cross will come up three times at least, is 

1.2 1.2.3 1 .2.3.4 

(a 4- by 

1 -f 7 4- 21 -f 35 4- 35 ^ 99 
~ 2^ " 128* 

(2) In ^\e throws with a single die, to find the chance of 
throwing two aces onli/ in the two last throws. 
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In this case, the order of the successive events is specified: 
and since a = I, b = 5, n= 5 and r = 3, the chance is 

a'b* 125 
{a -^ by -7776' 

The chance that an ace is thrown twice only in five triali^ 
without reference to their order of succession^ is 

5,4>,3 g'&' 1250 
1.2.3' (a + by " 7776 * 

The chance that an ace is thrown at least twice in any fife 
trials, is 

a' -\-5a*b + lO o' ^ 4- lOg'6' 1526 
(al-by "7776* 

(3) Two persons, A and B, whose skill is in the proportioii 
of 4 to 3, play at bowls together : what is the chance that A will 
at least win 6 games out of 7 ? 

Meaning By A's skill, in this and other cases, as far at least as the pur- 

skilL poses of calculation are concerned, we mean the ratio of the num- 

ber of cases or events which are favourable to ^, to the whole num- 
ber of them, whether favourable or unfavourable : and the relaihe 
skill o£ A to B would be defined by the ratio of the numben 
of cases or events, which were respectively favourable to i^ and 
to B : if this ratio be constant and invariable, the term skill vomj 
be used as equivalent to chance for all purposes of calculation: 
if this ratio be not constant, and admits only of determination 
within small limits, its approximate value must be used as if 
it were constant and the moral chance considered equivalent 
to the absolute chance which this approximate value would 
express: in other words, skill in its ultimate application mu«t 
be assumed to depend upon fixed and invariable causes*. 

• There are not many games of pure skill, and in most cases the inflnence 
of skill compared with that of chance, can only be calculated from their com- 
bined effects : thus the natural chances of a game should enable J to win &« 
games out of six : but the influence of superior skill is found by experience to 
enable him to win six games out of seven : then the value of A*b skill (estimated 

absolutely) is :r— — = — t^ — = "z;» or is such as would enable him to win 1 
7 6 42 42 

game out of 42, by its influence alone. 

It is not often, however, that such a separation of the effects of chance tod 
skill is either required or practicable, as we commonly observe their combinK* 
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These considerations bring the present problem under the 
general formula given above (Art 473), where a = 4, b = 3, « = 7, 
r = 1 : the chance is, therefore, 

a' + la'b 102400 
"" (fl 4- by " 823543 ' 

(4) There is a lottery, consisting of a great number of 
tickets, where the prizes are to the blanks in the ratio of 1 to 

7 : what is the chance of taking at least three prizes in five trials ? 

In this case, we may consider the relation of the prizes to 
the blanks as not sensibly affected by the tickets which are 
drawn, inasmuch as they bear a very small ratio to the whole 
number: in other words, we may consider the problem as one 
of repeated trials, where the simple chances are the same. 

We have, therefore, fl=l, b = 7, n = 5 and r = 2, and con- 
sequently the chance 

(a + by 



effect in the results of repeated trials, and form our estimate accordingly : for 
there exists a popular auuranee, independent of any refined mathematical rea- 
soning, that the actual results of repeated trials will be proportional to the 
combined influence of chance and skill, and the intenxity of this assurance in- 
creases rapidly with the increase of the number of trials. 

Thus, if A should win from fi 40 games out of 70, it would be probable 
that A*s slull was to fi's as 4 to 3, or (in case chance was combined with skill) 
that the cases in favour of A and B respectively were in that proportion : but 
if A should win 400 games out of 700, this auurance could be much increased, 
and still more so, if A should win 4000 games out of 7000. 

It is not our present object to enquire into the mathematical limits of error 
of such determinations, an investigation of great difficulty, and requiring the appli- 
cation of some of the most refined artifices of analysis : it is sufficient for us 
to assert, what such investigations would &)tablish, that the ratio of the num- 
bers of events in favour of A or of fi, would approximate to the ratio of the 
chances in favour of each. 

In most cases, the mathematical assurance will increase much more ra- 
pidly than the popular assurance : if an ace is thrown 10 times ^successively 
with a single die, it is extremely probable that the die is loaded : but if an ace 
is thrown 20 times successively, the mathematical probability of the truth of this 
hypothesis is increased in the proportion of 6'^ to 6*^, or as 1 to 60466176, a 
ratio with which the popular assurance can keep no pace. 
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1+35 + 490 526 



8' 



32768 



187 



nearly. 
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475. It frequently happens, that there are more than two 
ways in which an event may happen: thus, if an urn oootiiD 
assigned numbers of black, white and red balls, and the chmoe 
of drawing a ball of an assigned colour is required: or, if 
there be more than two players at a game, who have equal (f 
different chances of winning: and similarly for other casei 
The theory of combinations, which enabled us to represent and tB 
estimate all the diances by which assigned events might happeo, 
when there were two possible species of events in each simpk 
chance, would be found equaUy serviceable and almost eqnallf 
easy of application, when there are a greater number of dieifr 

476. The following are miscellaneous iHx>blems, admiWiBf 
of solution by the aid of the theory of combinations and thoK 
gmeral principles of chances which we have already had oc- 
casion to make use of. 

(1) In the French lottery there are 90 nimibers, 5 of which 
are drawn at a time: what is the diance that two and two 
only of five specified nimibers will be drawn .^ 

The whole number of quinary combinations, whidi are eqiuUj 
likely to be drawn, is 



90.8988.87.86 
1.2.3.4.5 



(a). 



The number of ternary combinations of 85 numbers w! 
contain neither of the specified numbo^ is 



m 



85.84.83 
1.2.3 

The number of binary combinations of 5 numbers (any « 
which may come up), b 



5.4 
1.2 



(7). 
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The whole number of favourable quinary combinations i% 

85.84.8^ 5.4 



X 



1.2.3 1.2 



(^y- 



or any one binary combination in (7) may be joined with any 
me ternary combination in (/3). 

The chance, or >-(, therefore, is, 

(«) 

85.84.83 5.4 1.2.3.4.5 J_ . 

1.2.3 "^1.2"^ 90.89.88.87.86"" 48 ^^^ y- 

(a) The chance that two, at least, of ^ve numbers, would 
ye drawn, which is the sum of the separate chances that five, 
tmr, three and two of them will be severally drawn, is, there- 
ibre, 

I, 85 5.4.3.2 85.84 5.4.3 85.84.83 5.41 , « « , , 

II +-7- X , ^ - , r~. + X + X — >x 1.2. 3. 4. 5 

I 1 1.2.3.4 1.2 1.2.3 1.2.3 1.21 



90.89.88.87.86 



31025 1 , 

= TS nearly- 



1031796 42 



(fi) The chance that two specified numbers will be drawn 
(an amb or bine, in the lottery phrase) is 

85.84.83 1.2.3.4.5 1 , 

1.2.3 "" 90.89.88.87.86-448 ^^^y- 

(7) The three last problems, and all others relating to tliis 
■pedes of lottery, will be the same, whether we suppose tlie 
five numbers to be drawn at once or successively one by one. 

For the combinations, upon which the chances depend, will 

be precisely the same in both cases. 

• 

(2) To find the chance, in the game of whist, of the dealer 
and his partner having the four honours. 

There are two cases to be considered : first, when the dealer 
turns up an honour: secondly, when he does not turn up an 
honour. 

s s 
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In both cues, the dealer and his partner have 25 cards out 
of the remaining 51, which may be any one of 

1.2 ....25 ("^ 

different combinations. 

The number of these combinations, which contain the three 
hoDoorsy wiU be the same as the nmnber of combinations of 
48 cards, taken 22 and 22 together, which is 

48,47 27 f^ 

If the first supposition be true, the dianoe of the remaioiiig 
three honours being found with the dealer and his partner, \i 

Qg) 25.24.23 ^ 92 
~(a)~5l.50.49~8SS* 

The chance of an honour being turned up by the detkr, 
. 4 

The compound chance of these two events is, therefore, 

92 J^^ 

If an honour is not turned up, which is the second sup- 
position, the chance of the four honours being found with the 
dealer and his partner, is 

25.24^8.92 253 
5f . 50 749 -48 " ^908 * 

The chance that an honour is not turned up, or that the 

second supposition is true, is — . 

The compound chance of these two events is 

253 9 ,.x 

^98^13 ^'^' 

The entire chance, that the dealer and his partner have the 
four honours in one way or the other, is, therefore. 



•^ 
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„ 92 4 253 9 
^ 833 IS 4998 13 

115 2 , 

= 1666 ^^ 29 '^'"'^y- 

The chance of the two other partners having the four 

6q 1 

honours, will be found to be t^^, or -- nearly. 

looo 24 

(3) If we draw four cards out of a whole pack, what is the 
chance that one of them will be a heart, another a diamond, 
the third a club, and the fourth a spade? 

The whole number of quaternary combinations is 

52.51.50.49 
1.2.3.4 

Every one of the 13 hearts may be combined with every 
one of the 13 diamonds, and these binary combinations ¥dth 
every one of the 13 clubs, and these ternary combinations with 
every one of the 13 spades, and thus form 13 x 13 x 13 x 13 
or 13* quaternary combinations, which are alone favourable to 
the hypothesis made. 

The chance, therefore, is 

13*x 1.2.3.4 2197 _ 2 , 

52 . 51 . 50. 49 "" 20825 " 19 ^^^ ^' 

(4) If an urn contain 26 balls, of which 5 are white, 6 black, 
7 red and 8 blue: what is the chance of drawing, when 10 are 
drawn at a time, 2 white, 3 black and 4 red balls? 

The whole number of denary combinations is 

26.25 17 

1.2 ... 10* 

The number of binary combinations of 5 white balls 

The number of ternary combinations of 6 black balls 

6,5 .4i ^^ ,^ V 
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The number of quaternary combinationt of 7 red balls 

7-6.5.4 . . 

= 17277:4=^^ (*'^- 

The number of blue balls (taken one by one) 

= 8 (XJ. 

The whole number of denary combinations which answer 
the conditions of the question^ AjAgAjA^: and the chance is, 
therefore, 

_ 10 X 20 X 35 X 8 X 1 X 2 ., . 10 
26x25 17 

11200 7 , 

" 1062347 " 664 "^*y* 



CHAPTER VIII. 



ON THE FORMATION OP BINOMIAL PRODUCTS AND P01VBR8. 

477* The products of binomial and other factors, whose Important 
terms possess no peculiar or assigned relation to each other, uTfoundT 
may be easily formed, in all cases, by the general rule which ^ prevail 
is given for that purpose (Art 6l): but there are some laws formation 
which are found to prevail in the formation of the products p^Jcu*'^^ 
of binomial factors which have the same first term, and more ^^ 
particularly in the products or powers of binomial factors which 
are identical with each other, which not only furnish most 
rapid and convenient rules for the performance of the opera- 
tion of multiplication and involution in such cases, but either 
constitute or lead to, the most important theorems both in 
Arithmetical and S3rmbolical Algebra. 

478. We will beffin with the formation of the product of Products of 

. , - two bino- 

two binomial factors x + a and x + b*, which have the same mial factors 

first term x : the process exhibited at full length, will stand Je MmT^ 
as follows: first term. 



X + a 
x + b 




x' + ax 
+ bx -hab 


x' + (a + 


b)x + ab 



The terms of this product are arranged according to the 
powers of the letter x, and consequently the terms ax and bx, 
both involving the simple power of x, are like terms (Art. 28), 

* Sec Examples I, 2, 3, 4, Art. 69. 
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and are therefore^ when added together, collected into the single 

term (a + 6)x: it consequently appears that the coeffidetU rfi^ 

in the second term, is the sum of the second terms of the binomd 

factors X + a and x + h, and that the last term is their produd*. 

Product of 479. Let it now be required to form the product of three 
mial factors binomial factors x -hM, x + b and x + c, which have the same 

having the fj^g^ ^^^1 x: if we multiply the product 
same first *^ ^ »^ 

x*+ (a + b)x -^ ab 

of the two first factors x + a and x + b (Art 478.) into the 
third factor x + Cy the process will stand as follows : 

x*-f (fl + b)x + ab 

X + c 



terra. 



a^ + (a + b)x^ + abx 
+ ex* + (a + b)cx + abc 



x' + (a + b + c)j^ + {ab + ac + bc)x + abc. 

This result is arranged according to the powers of the letter s, 
and consequently (a + b)x* and ex*, being like terms, make, 
when added together, the single term (fl + 64-c)jt*t: in t 
similar manner, the like terms abx and (a-hb)cx, make, when 
added together, the single term (ab + ac-^-bc)xX: it appeirf 
therefore that the coefficient (a + b + c) of the second term if this 
product is the sum of the second terms of the several binonual factors: 
that the coefficient of the third term or ab + ac + bc, is the sum 
of all their products two and two, and tJiat the hut term is their 
continued product. 



• The product of a— a and x~h will be found to be i'--(a+6)x+«*. 
differing from the former in the sign of the second term only, which '» 
negative: the product of x + a and x - 6 is 1*+ (a - 6)x- o6, and that of 
X - a and x + 6 is x^— (a — b) x — ah, 

t For the sum of their coefficients, (a + 6) and e, is a + 6 + e. 

t For the sum of their coefficients ab and {a + b)c, or a 6 and <« + i( 
(for (a + b)c=ac-^bc, Art. 45) is ab + ac + bc: by putting this sum nader 
the form ab -{-ac + be instead of a6 + (a + b) c, we make its symmetrical con* 
position, in terms of a, b and c, not only more manifest to the eye, but also more 
easily expressible in ordinary language. 
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480. If we should multiply the product given in the last Product of 
Article by an additional factor x + d, we should find for the mial factors 

result having the 

same tirst 

X* + (a + b + c -h d)x^ + {ah + ac + ad+ bc + bd + cd)x' 
+ {abc + abd + acd + bcd)x + abed, 

which is arranged according to the descending powers of x, and 
in which the coefficient of the second term is the sum of the second 
terms of the four binomial fou:tors, the coefficient of the third term 
is the sum of all their products two and two, the coefficient of the 
fourth term is the sum of all their products three and three, and the 
last term is their continued product, 

481. The law of formation of the products of such binomial The law of 
factors is now sufficiently manifest^ and we are authorized there- of such 
fore to assume hypotheticaUy that the same law will prevail in the gj^jl^i? 
formation of the product of (ft) such factors : and it may be >zed. 
easily demonstrated that if it be true for (n - 1 ) such factors^ 

it must necessarily be true for a number of them expressed 
by the next superior number fi. (Art 4470 

482. For let us suppose the {n-l) first factors to be ex- Its proof. 
pressed by x + a,, ar + a,,.. .j? + a,_,*, and their product by 

jT-* + p^oT-* + ptixf^ + . . . p^x (1 ), 

where the coefficients p^, pg, ps,... of the descending powers 
of X, are respectively the sum of all the second terms of the 
several binomial factors, the sum of all their products two 
and twof , the sum of all their products three and three> and so 
on, the last term p^i being their continued product. If we 
now suppose this assumed product of (n-l) binomial factors 

* la denoting a series of quantities, where both their number and order 
of succession are required to be expressed, we adopt this notation, in pre- 
ference to X + a, X + 6, x + c, x-{-d, &c. where the successive letters of the 
alphabet are employed to denote the successive second terms of the binomial 
factors. 

t By all the products two and two, we mean all those which can be 
formed by every possible combination of the letters ai, at, and tf.-i, taken 
two and two together: the same remark applies to the products three and three 
together, four and four together, &c. 
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to be multiplied by an additional factor x + a^, the prooee 
will stand as follows: 

af^^ + PlJC*"* + PfJ?*^ + • • • Pm-l 
JP + fl, 



jr" + pi**"* + Pi-r*"* + . . . p^i X 

a^x^^ +Pia^x^ + . . . p^^a^x -i-p^^a. 



or ar" + 9iJ?""* + 91**^ "♦■••• 9.-i' + 9«> 

representing pi + a. by 9,^ Ps+Pi^^ by q^, and so on: it re- 
mains to determine the law of composition of the coeffidoiti 
of the final product in terms of a,, a„. . ,a^. 

In the first place^ 

9i =p, 4- fl, = a, + a, + . . . fl,, 

or is equal to the sum of the second terms of all the binooiil 
factors, since pi is, by the hypothesis, the sum of the second 
terms of all the (n - 1) binomial factors in the first product 

Again, g« = p. + Pifl«, 

where p, is, by hypothesis, the sum of aU the products, two 
and two which can be formed of the first (n - 1 ) quantities 
Oi, <is>...a.-i) and where pi is their sum: therefore piO. i^ 
the sum of all the additional products, two and two, whidi on 
be formed by the new quantity a^ combined with all the otben 
a^, ff„...a»_i: it follows therefore that q^ is the sum of all 
the products two and two which can be formed by the second 
terms of the n binomial factors, or by the n quantities a,, at>- • •^' 

Again, q3 = Ps+PiO^> 

where p, is the sum of all the products three and three, and 
p« the sum of all the products two and two, which can be 
formed of the («-l) letters flj, fl„... and fl,_i: consequently 
pg/z, will express the sum of all the products three and three 
which can be formed of the n letters a^, ^,,...0,, in whid) 
a^ appears as a factor: and therefore 9, must necessarily ex- 
press the sum of all the products three and three which can 
be formed of the n letters Oi, ai,.,,a„. 
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It is obvious that the same reasoning may be applied^ in 
the same manner, to the succeeding coefficients q^, qs^.^.q^, 
so that the law which has been assumed to prevail for (n - 1) 
binomial factors, having the same first term, must prevail 
likewise when the number of such factors is increased by 
imity : but this law has been proved to prevail, when 'the num- 
ber of factors is 2, S and 4: it is therefore necessarily true 
for 5: and if for 5, it is necessarily true for 6, and so on 
successively for any number of factors whatever. 

483. If the binomial factors were x - Ai, j? — a,, Jt — a,, . . . When the 

second 
x — a., whose second terms ^i, a,, ...a. are severally sub- temu of 

tracted from the first, their product would be^expressed by mUl'fkc* 

^ __ 1 _-a -_« —4 o ton are 

ar" - gi«^* + q^j^ - q^j^ + q^jf^ - &c negative. 

where the coefficients g,, 9,, q^, &c. are the same as in the 
last Article, but the terms are alternately negative and positive, 
b^^inning with the second*. 

484, The following are examples: Eiamplea. 
(1) (j? + 3){x + 5) = ar" + 8* + 15, 

where 8 = 3 + 5 and 15 = 3 x 5. . .(Art. 478). 



* If it was required to ezprev the product of a series of mixed binomial 
Cictors, such as x + ai, s — a^, x — as, x + a^t &c. where some of the second 
terms are poritive and others negative, the coefficients qi, ft>*-9» would 
severally express the same series of combinations of the letters ai, at,...a», 
but those combinations would be negative or positive according as an odd or 
an even number of letters, preceded by negative signs, entered into each product : 
thus, the product of x + a, x - 6 and x + c, would be 

x"+(a — 6 + c)x*— {ab — ac + 6c)x — a6c: 

the product of x + a, x-b and x-e, would be 

x* + (a — 6 — c)x*— (a6 + oc — be)x + abe: 

the product of x — a, x — 6, x -f e and x — d, would be 

X*— (a + 6 - « + rf) x"+ (06 - ae + od - 6c + 6d - c<i)x' 

+ {abt — abd + aed + b€d)x — abed : 

the formatiim however of such products, as included in the general theorem, 
given in Article 482, will be easily understood in Symbolical Algebra, where 
symbols aie considered, at pleasure, as negative or positive, per se, and not in 
virtue merely of the sign of the operation, whether of subtraction or addition, 
which precedes them. 

T T 
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(2) (« - 10)(« - 12) = «■ - 22* + 120, (Art. 478. Note) 
where 22 = 10 + 12 and 120 =r 10 x 12. 

(3) (j? + S)(j? + 5)(x + 7) = «• + 15«* + Ix + 105, 
(Art. 479), where 15 = 3 + 5 + 7, 

71 = 3x5 + 3x7 + 5x7, 
105 = 3x5x7. 

(4) (x-1)(«-2)(x-3) = j:"-6j:" + 11«-6, 

where 6=1 + 2 + 3, 

11 = 1 x2 + l x3 + 2x3, 
6=1x2x3. 

(5) (x + 2) (x + 6) (x + 10) (x + 14) 

= X* + 32x« + 344x» + 1408X + l68a 

where 32 = 2 + 6 + 10 + 14, 

344 = 2 X 6 + 2 X 10 + 2 x 14 + 6 X 10x6 xl4 + 10xl4^ 
1408 = 2x6x10 + 2x6x14 + 2x10x14 + 6x10x14, 
1680 = 2x6x10x14, (Art486). 

(6) (x-3)(x-5)(x-7)(x-9)=x*-24x»+206x*-754x+945, 
where 24 = 3 + 5 + 7 + 9, 

206 = 3x5+3x7 + 3x9 + 5x7 + 5x9 + 7x9, 
754 = 3x5x7 + 3x5x9 + 3x7x9 + 5x7x9, 
945 = 3x5x7x9. 

The theo-^ 485. The theorem given in Art. 482, whose use in the etij 
482, is the' and expeditious formation of binomial products we have just ex- 
oTSfe ^°° emplified, assumes a character of much greater importance when 
theoij of viewed, as it will hereafter be in S3rmbolical Algebra, as the basis 
of the whole Theory of Equations : it requires likewise a very 
slight modification of its form in order to fiimish the law of the f<ff- 
mation of binomial powers, which under the name of the bimmel 

* In forming all the products two and two, three and three, which tbe 
numbers 2, 6, 10 and 14 can form, it is convenient to combine them succcmvelT, 
in their proper order of succeseion, as written down in the seTenl facton: «< 
thus form the combinations 2 and 6, 2 and 10, 2 and 14, 6 and 10, 6 and 14. 
10 and 14, and in that order, so that there is no danger of 



equations! 
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keorem, will be found to be incomparably the moat important ^!!^^ 
f all the theorems which are to be found in the science of binomial 
ilgebra: we shall now proceed to explain the mode in which ^''^'^°'- 
t is deduced. 

486. If we suppose the binomial factors x + a^, x-t-o,,... Thebixio- 
r -I- a. to become severally equal to each other and to « + a, rem de- 
heir continued product will become equal to (« + a)*: it re- ^^<^* 
nains to consider what change the expression 

or the continued product of n unequal binomial factors^ with 
he same first term x, will undergo, when they thus become 
xjual to each other and to x + a. 

The first term will be j;* as before. 

The coefficient ^i of the second term will be equal to na : 
!ar qi is the sum of the quantities Oi, at,.>*a^, which are n 
n number, and will therefore be equal to na, when they be- 
come equal to each other and to a. 

The coefficient of the third term or g, will be equal to ; '^ a* : 

for q, is the sum of all the products two and two of a,, 11,,. . .a,, 

irhich are — ^j — ^* in number; and each of these products 

vnll become equal to a*, when a,, a^, a^, &c. become equal 
to each other and to a. 

The coefficient of the third term or q^ will be equal to 
^ " l^ ^ — ^fl*: for o, is the sum of the products three 

md three of a,, a„,..a„ which are -^^ — j^ — ^f i 

Qumber ; and each of these products will become equal to a*, 
when Oi, ag,...a, become equal to each other and to a. 

» 

* For the number of combinationB of n things, taken two and two together, is 
^^f^. (Art. 453.) 

t For 1 '^ ' is the number of diflferent combinations of n things 

taken three and three together, (Art. 454.) 



m 
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More generally the f^ coefficient q^ of the (r-f 1)* tanni 

will be equal to -^ 1 q ^' ^^^ ^' ^ eqjaal to die 

sum of all the products^ taken r and r together, of a,, !!«>... «.> 

which are -^^ ~^i ^* in number: and eadi d 

1.2...r 

these products becomes equal to a% when a,, a,,... a, beooo^ 

equal to each other and to a. We conclude therefore that 

^ ..(,-1) .(n-r-Kl) ^^^^^ 
1.2...r 

Great dk- 487* It appears, therefore, that the law of formati<m of anj 

principle assigned power of a binomial, such as (j? + a)*, may be ez- 
and in form pressed expUcUltf by means of s3niibols, without requiring tlie 
the theo- aid of any verbal statement : in this respect consequently tiie 
binom^ binomial series is altogether distinguished from the expressioa 

products for the continued product 

and bino- 
mial pow- (j: + ffj) (j: 4- a,) . . . (x + cr.), 
ers. 

where the composition of the coefficients ^i, q^y q^, &c. is not 
expressible expUcitly in s3rmbo]s, but requires to be stated in 
words. It is this great and essential difference between the 
form of expression of these two theorems, which gives to the 
second of them, though in other respects included in the first 
and therefore less general than it, its peculiar value and im- 
portance in Algebra: and whilst one theorem can only famish 
the complete symbolical expression for the product, when the 
specific number of its binomial factors is given, the other will 
equally give us the complete series for the power of a binomiil> 
whether the index is a specific and distal number or expressed 
by a general symbol. 

• 

Compoci- 488. An examination of the several terms of the binomial 

tion of the ..,,.- , . « « 

terms of the series will shew that tney consist generally of two portioiis» 

(xTa?' one dependent upon the index of the power only, and the 

• For . ''' ^ is the number of combinations of « thin|? 

1 .2...r 

taken r and r together, (Art. 455). 
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other upon the two 83rmbol8 which form the binomia]. The first 
of these portions, in the second, third, fourth, ... and (r+ 1)^ 
terms, will be the expression for the number of combinations 
of n things taken one and one, two and two, three and three, 
... r and r together, and will consequently be the same in 
the (r + 1)*^ and (n - r + 1)"* terms, or in the terms which are 
equidistant from the two extremes, the whole number of terms 
being equal to n + 1 * : whilst the second portion of the several 
terms will present a series of powers of x decreasing by unity 
and of powers of a increasing by unity, the first being of* and 
the last a", and the sum of their indices in all other terms 
will be equal to n or to the index of the binomial: they will 
form therefore a geometric series of (n + 1) terms, of which 

the common ratio (Art 427) or multiplier is - . 

489. If the index n be an even number, the number (n + 1) tem or 
of the terms of the series for (x + a)" will be odd, and the middle termt. 

term, whose coefficient is the greatest t, wiU be the ( q + 1 ) 

term of the series and will be expressed by 



.(.-,). ..(i-.,) 



■■'' i 



a^j^: 



but if the index n be an odd number, the number of terms 
(a+1) of the series will be even and the two middle terms 

will be the (— 5—) *nd (— — ^j , which are expressed re- 
spectively by 

* The number of tenns involving the n successive descending powers of*z, 
the first being s*, will be n, to which if we add the last term or a\ their number 
will be (n+ 1): and since the numerical coefficient (or the first portion of each 
term as distinguished from the second) of the (r+l)ti> term is the number of 
combinations of n things taken r and r together, and the numerical coefficient 
of the (n >- r + 1)*^ is the number of combinations of n things, taken n — r and 
n — r together, these coefficients are therefore equal to each other, in conformity 
with the proposition which has been demonstrated in Art. 456, 

t For the greatest number of combinations of n things, when n is an 
even number, is when they are taken -r and -r together. Art. 457. 
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n 
and — 



(..„...(i±i)(^) 



1.2 



Mm 



whose coefficients are obviouslj equal to each other. These oo> 
efficientsarelikewise the two greatest of the series. (Art. 457*] 

The sum of 490. If we suppose the binomial to be a •»- « instead of 
cd?SS^' x + fl, the terms of the resulting series will be reversed, and 

dents of ^e shall find 

theaenes ^ ^^ 

replacing a by x and x by a in every term of the series fiv 
(x + a)" (Art 486): if we further replace a by 1^ the several 
powers of a will be likewise replaced by 1 in every term, and 
therefore 

(l+x)-=l + iix + ^i^^x» + &c....; 
if we further replace x by 1 -we shall get 

where the terms of the series will be the numerical coeffidents 
of (1+*)" or (a + Jr)" only; and since (14-1)"= 2*, it foUowi 
that 2* ¥rill be equal to their sum. 

^V^*^ 491. The series for (x~a)* is 

x^-iiir-»x + ^\— ya-*x«-.&c....» 

1.2 



* For the binomial product (x-ai) (x- ii«) ... (x - a.) diffsxi fh» that 
v>f (f + <>i) (' + ^9) •■• (' + <>•) in the signs of the alternate tenns mijf, begin* 
^Mm with the second (Art. 483): and it is obrions therefore, from Azt4B6. 
^1 the corresponding series for (7 + a)* and (x^c)* will Afler fron each 
■^Im* *n * similar manner. 
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rhich differs from that for (or+a)* in the signs of the alternate 
srms, beginning with the second^ which are all negative : if we 
eplace a by jp, and x by a, we shall also get 

{a - or)" = fl*- »«•"* jt + \ a rf^dp" + &c., . . 

If we now make a = l, we shall get The sum of 

the nume- 

n^n-.1^ ricalcoeffi- 

a-JPV = l-«« + -^- — -^ a:* - &C. . . . cients of 

^ -^ 1.2 ^^ the odd 

terms of 

If we further suppose «= 1, we get ^„tl'to " 

the sum of 
„ ,\. ^ , n(«-l) n(fi-l)(n-2) ^ the nume- 

(l-l)- = 0=.l-ii + -^— -^ ^ ^ ^\ ^ + &C.... ricalcoeffi. 

* • * 1 . 55 . a cients of 

the even 
it follows, therefore, that the difference of the stuns of the nu- terms. 

merical coefficients of the odd and even terms is equal to zero, 

ind that they are consequently equal to each other*. 

4d2. The following are examples of the application of the ^f'tT^^^ 

binomial theorem to the formation of the powers of binomials, formation 

of powers 

(1) (4. + «)• = *• + Sax- + 3a'x + a«. ^^iX" 

(2) (x + fl/ = a?* + 4ax' + 6fl^x* + 4a*x + a\ 

(3) (x + «)• = X* + 5 ax* + 10a*x» + lOo'x" -^5a*x + a*. 

(4) (a + xy = o* + 6o»x + 15a*x* + 20flV + 15fl^x* 

+ 6flx* + X*. 

(5) {a - xy = a^ - 7a*JP + «1 a*x« - 35a*x» + SSe^x* 

-21a"x* + 7ax*-x^ 

(6) (a -x)" = fl"-10a'x+45fl»x«-120flV+210flV-252a*x» 

+ 210a*x«-120fl*x^ + 45oV-10flx» + x". 



* The sum of the coefficients of the even terms will express the number 
of the odd combinations of n things, taken one and one, three and three, five 
ind five, and so on together: whilst the sum of the coefficients of the odd 
lerms, omitting th$ first, will express the number of the even combinations of 
I things taken two and two, four and four, six and six, and so on, together : 
t follows, therefore, that the number of odd combinations of any number of 
kings will exceed the corresponding number of even combinations, by the first 
coefficient of the series or by unity. 



336 

(7) The middle term of {a + x)'* is 

12x11x10x9x8x7 ,, ^^^ « 

75— ax or Q2^crx\ 

1x2x3x4x5x6 

(8) The two middle terms of (o + «)** are 

17160^ jr* and 17l6a*x^ 

(9) The tenth term of (a + x)" is 29S930a"ar». 

(10) (a*-flx)' = fl^« - 8a»* + 28a"ar« - SGa'^'a^ 

+ 70 o**«* - 56a" jr» + 28a'V - Sfl^op* + a*/. 

In this example, the terms of the binomial or a* and ci 
may be replaced in the first instance by any two other 
symbols, such as c and d, and when the series for {c-if 
is formed, we replace c and <{ by a* and ax respectively in iD 
its ttrms. 

(11) (5*-«y)=i28--s/^ 8 2 

+ 70x*y - l68x*^ + 2244P.y* - 128/. 

We shall have occasion, in Symbolical Algebra, to resume 
at some length the consideration of the binomial theorem when 
the index is not a whole number and when the series itself 
is indefinitely continued. 



CHAPTER IX. 



THE SOLUTION^ IN WHOLE NUMBERS^ OF INDETERMINATE 
EQUATIONS OF THE FIRST DEGREE. 



)3. An equation is indeterminate^ as we have already seen Indetermi- 
405. Note), when it involves more unknown symbols than tions. 
md a system of simultaneous equations is reducible to a single 
erminate equation, when the number of unknown S3rmbols 
ds the number of equations which involve them (Art. 402} : 
r such circimistances, we can only express explicit lif one 
own symbol in terms of the others, whose value is there- 
dependent upon them. 

M. Thus the equation ^ 

aes, when solved with respect to x, (Art 405. Note), • known 

symbols in 
g| _ »T« an indeter- 

3 equation, 

it is obvious that if any value whatever be assigned to y 

en and — , which are its limits, we shall be enabled 

7 



>, 



termine corresponding and possible values of x: thus if 

^=1, we find *= 18, 

i^ = 2> ^ = Y' 

40 
i^ = 3, ^^T' 

^ = 4, ar= 11, 

26 

y — ^3 * ~ Q > 

uu 
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-• = ^' ' = T' 

5 = 7, X = 4, 

jr = 8, *"s" 

Oiirnr^ -fid. It* howerer, the conditions of the problem pro 

J^;^^ had been such as to restrict the use of the word number (Art 



^J^*** t» ■wan wkoU mmtmbers only, excluding JracHons aUogeihe\ 
iMjid^<fi^ should find onlj three pairs of values of x and y, 
would answer the requisite conditions: these are 

y=l, ,= 18, 

y = 4, x-ll, 

jf = 7, JP = 4. 

Pwkkim 496. There are many problems, leading to indeten 

tktvKM^ equations, in which the values of the unknown symbols, 

**"**^ they inTolTe, are thus restricted to denote whole numbers 

vkole of this kind are the following. 
mniMfs 

*^*y' (1) To find a number such, that five times the first 

added to six times the second shall be equal to 50. 

If X and y be the two digits, the conditions of th( 
blem lead immediately to the equation 

54? -f 6^ = 50. 

There is only one pair of integral values or digits^ m 
4? = 4 and y = 5, which satisfy this equation, which 
therefore to be indeterminate when viewed with referer 
the problem proposed. 

(2) To find a number, which divided by 7 shall le 
remainder 6 and which divided by 10 shall leave a remainde 

If we call X the quotient of this number when d 
by 7, and y its quotient when divided by lo, and 
further denote the number itself by n, we shall get 

n = 7j^ + 6 = 10^ + 1, 
and therefore \ 

7.r- IOy= I : 



■ I 
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is obvious that x and if, or the quotients of the divisions 
9 necessarily whole numbers. 

The successive pairs of integral values of x and y, and 
s corresponding values of n, will be found to be as follows : 



jr = S, 


.y = 2, 


» = 27, 


J =13, 


^ = 9, 


n = 97. 


jr = 23. 


y=l6, 


«=167, 


jr = SS, 


.y = 23, 


« = 237, 


* = 4S, 


i^ = 30, 


» = 307, 



We thus find that the values of x increase by 10 (the 
Nefficient of ^), and the values of y increase by 7 (the co- 
Bcient of n), and that the series of them is unlimited: the 
loresponding series of numbers 27, 97, l67, 237, 307, &c. 
ill be severally found to answer the conditions of the problem. 

497« There are only two different forms of indeterminate 'f l»ere arc 
luations of the first degree, when completely reduced^ (Art forms of 

34.), which are indetermi- 

^^^/* nate equa- 

ax -by = c (l), tioM of the 

, - . first degree 

ax + bif = c (2), which in- 

volve two 
'here a, h and c are whole numbers: we may further sup- '^^^J^T'^ 

o6e that a, b and c have no common measure: for if such 

common measure exists, we may simplify the equation by 

ividing.all its terms by it: if, however, a be not prime to 

» in the equation thus reduced, its solution will be impossible 

1 whole numbers: for since a and b, x and y are whole 

umbers, c, which is either the sum or difference of ax and 

tf, must be divisible by any common measure of a and b, 

Art. 101.), which is contrary to the hypothesis which has been 

lade. A particu- 

lar solution 

498. A particular solution of either of the equations, (Art Equation 

96.), ax-by^\ 

ax-by^\ (1), Ty-ax^l, 

**» km, «• 1 fQ\ Will lead to 

or by-ax=l (2),. ihe ^enenU 

^ill immediately lead to the general solution of the equations the equa- 

. /«\ tions 

ax-by^C (3), ax-by:=c 

and ax + 6.y = c (4). ar+6y=p. 



340 

For if p and q be particular values of x and if, which ait 
found to satisfy the equations (1) or (2), we shall find in the 
first instance 

ap-bq=l (5), 

and in the second 

6g-ap=l* (6). 

If we multiply the equations (5) and (6) by c, we get 

acp''bcq = c (7), 

bcq - acp = c (8). 

If we add and subtract abm, or the product of the coeffidenti 
of X and y and of an indeterminate number m, to and firoD) 
the first member of the equations (7) and (8)> we get 

acp — bcq + abm — abm = c (9), 

bcq — acp -habm — abm^ c (10). 

The first equation (9) may be put under any one of the 
three following equivalent forms: 

a(cp + bm) - b(cq + am) = c (11), 

a(cp — bm) - b(cq - am) - cf (12), 

* It may be proper to observe that the second of these solutions (6) k 
immediately derivable from the first: for if 

ap — 6g = 1, 

we get, by adding and subtracting the product of a and 6, 

ap — bq + ab — ab = 1, 

or (ttfe — 6g) - (tt6 — ap) = 1, 

or 6 {a — g} — a (6 — p) = 1 ; 

it follows, therefore, that if 

ap-6g = 1, 

and bq —ap'= 1, 

then q'= a — q and p' = 6 — p and conversely* 

g = a — 9' and p = b — p\ 

t The two forms (11) and (12) may be reduced to one, if written tkiii; 

a {cp it bm) — b (cy ^ am) = c, 

it being understood that the two upper or the two lower signs are to ^ 
taken simultaneously. 
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a(cp-bm) + b(am-cq) = c* (IS). 

The second equation (10) may be put under either of the 
vo following equivalent forms: 

a(bfn — cp) — b(am - cq) = c (14), 

a(bm - cp) + b(cq — am) = ci (15). 

If we compare the equation 

ax — by — c (3) 

ith the three forms (11), (12) and (14), and if we suppose 
bem to coincide, or to be identical, with each other, we 
hall find 

4p = cp + 6m and f^ = cq + ain, 
or X = cp — bm and y = cq —ami, 

rhen p and q satisfy the equation 

ap- bq=l (l) ; 

nd also x = bfn — cp and y = atn — cq, 

irhen p and q satisfy the equation 

bq-ap= 1 (2). 



* For if the brackets be removed in eacl^ of the forms (11), (12), (13), 
ley will become 

acp -^abm — bcq —abm — c ....•• (11.) 

aep — abm — bcq-k-abm^e (12.) 

acp-^abm-\- abtn — bcq = c (l^O 

hich merely differ from each other and from equation (9) in the order in 
hich the terms succeed each other. 

t For if the brackets be removed in each of the forms (14) and (15), 
ley will become 

abm — acp — abm ■{■ bcq = c (14.) 

abm — acp -^ bcq — abm^ c (15*) 

hich merely differ from each other and from the equation (10), in the order in 
hich the terms succeed each other. 

t Or they may be included under the single form 

X =i cp ^bm and y^cq^atn. 



342 

Again, if we compare the equation 

ax + hy = c (4) 

with the two forms (13) and (15)^ we shall find 

x = cp — bm andif = afn-cq, 
when p and q satisfy the equation 

ap-bq=l (1), 

and also x = bm-'Cp andy = cq — am, 

when p and q satisfy the equation 

bq-ap^l (2). 

409. The following are examples: 

(1) Let x = 3 and ^ = 2 furnish a particular solution 

the equation 

9x-l3if = i, 

and let it be required to find its general solution. 

Since 

9x3-13x2 = 1, 

by adding and subtracting Q x iSm, we find 

9xS-lSx2 + 9>< 13fii-l3 x9ot= 1, 

or 9(l3m + S)-13(9m + 2) = 1: 

consequently, comparing this equation with 

9x- 13^ = 1, 
we get jr = lSwi + S and^ = 9wi + 2, 

where m may be any term in the series 

0, 1, 2, 3, 4, &c. 

If m = 0, we get x = 3 and ^ = 2, 

m=l, x=l6 and^=ll, 

wi = 2, * = 29 and y = 20, 

m = 3, X = 4f2 and y = 29, 

m=10, * = 133 and ^ = 92, 

m = 2000, x = 26003 and y = 18002. 
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(2) With the same data, let it be required to find the 
»1ution of the equation 

9Jf - 13^ = 20. 

Since 9x3-13x2=1, 

e get, by multiplying both sides of the equation by 20, 

9x60-13x40 = 20: 
dding and subtracting 9 ^ 13 m, we get 

9x60- 13x40 + 9x ISm - 9 x 13m = 20, 
or 9(60 * 13 m) - 13(40 ± 9m) = 20. 

If the upper sign be taken, m may be any term what- 
oever of the series 

0, 1, 2, in infinitum ; 

ut if the lower sign be taken, m cannot exceed the number 4*. 

Comparing the equation 

9(60 * ISm) - 13(40 * 9»i) = 20 
T^ith the proposed equation 

9* - 13^ = 20, 
p-e find jr = 60±13m and ^ = 40 ^^ 9m, 

be two upper or the two lower signs being taken simulta- 
neously. 

With the upper sign, if 

m = 0, X = 60 and ^ = 40, 

wi = 1, X = 73 and y = 49, 

m = 2, jp = 86 and y = 58, 

m = 100, J? = 1360 and^ = 940i 



* For if we make m s 5 or any greater number, 40 — 9 in will involve 
^ti impossible operation, or in the language of Symbolical Algebra, would lead 
o a negative result. 
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With the lower sign, if 

w = 0, X = 6'0 and y = 40, 

m= I, X = 47 and ^ = 31, 

w = 2, jr = 34 and ^ = 22, 

m = 3, a: = 21 and ^=13, 

w = 4, X = 8 and ^ = 4. 

The last pair of values x =^8 and ^ = 4 are the least of thoK 
which satisfy the equation 

9x-l3y = 20. 

(3) From the same data, let it be required to find the 
solutions of the equation 

9jr+ 13^= 155. 

Since 9x3-13x2 = 1, 

we get, by multiplying both sides by 155, 

9x465-13x310=155: 

adding and subtracting 9 ^ 13m, we get 

9 X 465 -13 X 310 + 9 X 13w-9x 13in=155, 

or 9(465 - 13m) + 13(9m - 310) = 155. 

Comparing this equation with 

9x+ 13^= 155, 
we get x = 465 -13m and ^ = 9m -310. 

It is obvious that m must be a whole number not grettef 

465 , , 310 , , 

than -—I. nor less than - —, or not greater than 35 nor less 
lo y 

than 35: consequently 35 is the only value of x which is 

admissible, and therefore 

jr = 465 -13x35 = 10, 
and ^ = 9x35-310 = 5. 

(4) If the equation proposed had been 

9^ + 15^ = 303, 



I 
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Fe should have found, in a similar manner, 

x = 909^ 13m, 
and y = Qm - 606. 



Consequently x cannot be greater than 69 (the greatest whole 

13 



umber which does not exceed -r^-)> nor be less than 68 



606 
the least whole number • which does exceed — — ) : if we 

ake 

fit = 6g, we get X = 12 and y = 15, 

m = 68, we get jp = 25 and ^ = 6. 

There are, therefore, two integral solutions of the equation 
iToposed, and no more. 

(5) Given a solution (x = 3 and ^ = 2) of the equation 

9a: -13^ = 1, 
o find the general solution of the equation 

13ar-9,V = l7. 

Since 9x3-13x2=1, 

»j multiplying both sides by 17, we get 

9x51-13 x34=17: 
dding and subtracting 9 x 13m, we find 

9x51-13 X 34 + 9 X 13m -9 X 13m =17, 
or 13 (9m - 34) - 9(13 m - 51) = 17- 

Comparing this form with the equation 

13a:-9j^=17, 
re get j: = 9m-34, 

^ = 13m-51, 
rhere m may be any term in the series 

4, 5, 6 in infinitum, 

XX 



346 

If m = 4, we get ar = 2 and ^ = 1, 

m = 5, x=ll and ^ = 14, 

fn = 6, « = 20 and y = 27, 

m = 15, *=101 and y= 144. 



Solution of 500. We have given in Art 196, the method of disooveriog 
^^e^equa- ^ particular solution of the equation 

ax — by = \ 

upon which the general solutions of the equations 

ax-by — c, 
and ax -\- by = c, 

have been shewn to depend. 

The rule for this purpose directs us to find a series of 
fractions converging to j : then, if " , or the converging fractioo 

immediately preceding 7, be in an even place, we have 

ap-bq = I, 
where p and q furnish a particular solution of the equation 

ax — by - I. 

But if ^ , or the converging fraction immediately preceding 
T, be a fraction in an odd place, then 

bq — ap— 1, 

where q and p furnish a particular solution of the equation 

by — ax- 1. 

In both cases, therefore, we obtain such a particular solu- 
tion as may be made the basis of the general soluticm, whidi 
is given in Art. 498. 



347 

501. The following are examples of the complete solution Examples. 
F indetenninate equations of the first degree involving two 
xiknown symbols. 

(1) Let 23ar-lll^=100. 

Form the series of fractions converging to -— . 

23) 111 (4, 
92 



19; 23 (^1 
19 



4,) 19 (,4 
16 



3 



I) 3 {3 
Quotients 4, 1, 4> 1^ 3. 

n • i« ^- 1 1 5 6 23 

Convergmg fractions -, -=, -r-: y -rz, ttt* 
® ® 4 5' 24 29 111 

Therefore 23 x 29 - 1 H x 6 = 1, 

23x2900-111 X 600 =100, 

23 X 2900- 111 x600 + 2Sx lllwi-23x 111m =100, 

23(2900+111ot)-111 (6OO +23ot)= 100, 
or 23 (2900- lllwi)- 111 (600-23ot) = 100; 
:H>n8equently, 

x= 2900+ 111m, and y = 600 + 23 m, 
or « = 2900 - 111 m, and ^ = 600 - 23 m. 

The values of m in the first of these forms are any terms what- 
loever in the series 0, 1, 2, 3, &c. : in the second form, the 
ipreatest value of m is 26, which gives ^ = 14, and y = 2, which 
ire the least integnU values of x and ^. 
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(2) het ilx + lSy^igO, 

Form the series of fractions converging to — : 

U) 13(^1 
11 



2) il(5 
10 



1)2 (^2 
Quotients 1^ 5, 2. 
Converging fractions - , ^ , — . 

Consequently 11 x6 — 13x5 = 1. 

Multiplying both sides of this equation by 190^ we get 

11 X 1140-13x950=190, 

or 11 X 1140-13x950+11 x 13fi»-ll x lSm=190, 

or 11 (1140-13ot) + 13 (11 m- 950) = 190: 

consequently jp= 1140- IS m, and ^= 11m -950, 

where m must not be greater than -— - or 87, nor less th 
~— or 87: there is therefore only one solution, which is 

jr= 1140 -13x87 = 9, 
and ^ = 11 X 87-950 = 7. 

(3) To find two fractions, whose denominators shall be 

655 
and 29 respectively and whose sum shall be ^^» 

If the fractions be represented by — and ^ respective 

12 29 

we shall have 



+ ^ = 



655 



12 29 328 ' 
or 29x -f 12^ = 655. 
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Form the series of fractions converging to — 

24 



5) 12 {2 
10 



2; 5 (^2 
4 

i;2C2 

Quotients 2, 2, 2, 2. 

1 2 5 12 
Converging fractions -, -, — , — . 

Therefore 29 x 5 - 12 x 12 = 1, 

29 X 3275 - 12 X 7860 = 655 ; 

29 (3275 - 12m) + 12 (29»« - 7860) = 655 ; 

consequently x = 3275 - 12m, and y = 29m - 7860, 

md the only value of m is 272: therefore x=ll, and y = 26: 

he fractions required are therefore -77 and —-. 

^ 12 29 

(4) In how many different ways may £l00. be paid in 
^ineas and crowns? 

Let X be the number of guineas, and y the number of 
Towns: then the number of shillings in x guineas and in y 
Towns is 21x + 5^, and the conditions of the problem give us 

21 or + 5^ = 2000: 

5 1 

The only fraction converging to — will be found to be -: 

consequently 

21x1-5x4 = 1: 

21 X 2000 - 5 X 8000 = 2000 ; 

21 (2000 - 5m) + 5 (21 m - 8000) = 2000 : 

therefore x - 2000 -5m, and ,y = 21 m - 8000, 
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2000 
and consequently m cannot be greater than or 400» nor 

8000 
less than , or 381: if be excluded from the values of 

X, the number of the different pairs of values of x and ^ will 
be 400-381, or 19: but if be included amongst these values, 
this number must be increased by unity. 

Zero can never be found amongst the values cf x or y, 
unless c or the number on the right-hand side of the equft- 
tion be completely divisible by one of the coefficients of x 
and ^•. 



* The following are additional examples of indeterminate equations of the 
first degree, involving two unknown symbols and of problems leading to them. 

(1) 99«-l00y = 10; 

.*. X - 100m - 10 and y = 99m - 10. 
The least values of x and y are 90 and 89 respectively. 

(2) 67x-123y = 44-, 

/. X = 123m - 484 and y = 67m -264. 
The least values of r and y are 8 and 4. 

(3) 7x + 23y«314; 

.-. * = 3140 - 23m and y = 7m - 942. 
The values of m are 136 and 135, which give 

a: =12 and y = lOy or xs35 and y = 3. 

(4) To find the least number, which divided by 28 shall leave a re- 
mainder 21, and divided by 19 shall leave a remainder 17. 

The resulting equation is 

19x - 28y = 4, 

which gives 12 and 8 for the least values of x and y : the least number ii 
therefore 

19x+17=19x 12 + 17 = 245. 

(5) To find two fractions whose denominators are 7 and 9, and whoie 

. 110 
sum IS ~ . 

Let the numerators of the fractions be x and y, and therefore 

7 ^ 9 " 63 ' 
or 9T + 7y = 110. 
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502. More generally^ if ^ be the converging fraction im- To find 

^ namber of 

liately preceding r (Art 500), then if solutioiui 

, , equation 

ap''Oq=l, «x+6y = c. 

we get x=cp — bm, and y = am- eg, 
the general solution of the equation^ 

ax + h^ = c, 

*re m cannot be greater than -^ nor less than --*■. 

If therefore we make wi' the greatest whole number which 
7t greater than -^ , and tn" the greatest whole number^ which is 

than -2, then m* —m" will express the whole number of 
a 

solutions of the equation proposed*. 

The only solution is x =: 6 and y = 8 : the fractions are therefore 

6 ^ 8 

7 ""^ 9- 

(6) In how many different ways is it possible to pay £100. in half guineas 
sovereigns ? 

Let X be the number of half guineas, and y of sovereigns ; 

21x+40y=4000. 
There are 5 different ways. 

If the sum to be paid had been £1000. , it might have been paid in 48 dif- 
t ways. 

(7) A party of men and women spend £5. 55., towards the discharge of 
h the men pay 35. 6(2. each, and the women Is. 4d. each : of how many 
.eh did the party consist? 

The party consists either of 30 men and no women, or of 22 men and 
'omen, or of 14 men and 42 women, or of 6 men and 63 women. 

• For if -- be a whole number, we make m' = — , since there is one 
o b 

c o 
ion corresponding to this value of m : and if -^ be a whole number, 

a 

iake m"= 1, for there is one solution corresponding to m = — , and 

a * a 

fore we must subtract from m* a number less by 1 than the integral 
; of — . 
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Theweai- 503. xhe expression 

est whole *^ 

number 

which is cp cq (ap-hq) c , , . ,x 

notgi^ter f-a^"" ah ^' = ^ («"<^e «p~ 6y ^ 1), 

than — , 

ao ( 

is either and the greatest whole number which is not greater than -r 
equal to ^^ 

the num- _ ^. 

berofsolu- cannot differ from m'- m" by more than 1: thus if -^ and -^ 
tionsof " o a 

oHcss^him ^ ^® whole numbers fi and fi', we shall have tnf=f/, and jii"=^"-1, 
that num- 

*^^^y^- and therefore m'- m'=: /*'-/'+ 1 " 

also if -£ = »»' 4- 1-1 and -^ = m" + - , 
6 o a a 

then the greatest whole number which is not greater than -t 
will be equal to »»' - m" or to m' - m" - 1, according as 
the first fractional excess or t is greater or less than the second 

fractional excess or — . 

a 

Solution of 504. If the indeterminate equation, whose solution in whole 
nate equa numbers is required, involves three unknown symbols, we may 
\nv\ ^^^^^ transpose one of its terms from one side of the equation to the 
three un- other, and thus reduce it to an equation of the ordinary (am, 
symbols. ^"^ where the second member is indeterminate: thus the equar 
tion 

7j^ -9^ + 42 = 10, 
may be put under any one of the three forms 

7x-9j^=10- 4.S (1), 

7x + 4s = 10 4 9^ (2), 

9y -4- =7j-10 (3). 

If we assign to the unknown symbol on the left hand side 
of each equation, any such specific value (a whole number) 
as will not lead to an impossible operation, we shall get a series 
of indeterminate equations under the ordinary form involving 
two unknown symbols only and which can be solved by the 
rules given in the preceding articles. 
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Thus^ if in the first of the forms (1), (2), (3) we make z=^0, 
T I or 5t, we shall get the three indeterminate equations, 

70.-9^ = 10, 
7x-95( = 6, 
7Jf -95^ = 2, 

rhich admit of an indefinite number of solutions included 
everally under the forms 

x = Z4f^9fn, tf = IS ^ 7 m, 2 = 1, 
*= 8 + 9 m, y= 6 + 7 w, 2 = 2. 

If in the second form (2), we make y successively equal 
0, 1, 2, S in infimtum, we shall get the equations, 

7x + 4s = 10 (a), 

7J: + 4r = 19 (6), 

7x + 4z = 28 (c), 

7jr + 42 = S7 (fiO> 



f which the first (a) admits of no solution; the second (6) 
f one solution, which is jp = 1, 2 = 3, and ^ = 1 ; the third (c) 
f two solutions, (Art. 503), which are 

jT = 0, 2 = 7, and ^ = 2, or ar = 4, 2 = 0, and ^ = 2 ; 

he fourth {d) of one solution (Art 503), which*, is x = S, 2r = 4, 
ind y = 3; and so on for the subsequent equations, which are 
mlimited in number. 

In the third form (3), we may make x successively 2, 3, 4, . . . 
n infiniium, and the successive equations will be 

9^-45= 4, 
9.y-42=ll, 
95^-42=18, 



Y Y 
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whoM solutions are successively exhibited under the forms 

y- 4 + 4 m^ z= 8 + 9 ik, * = 2, 
y= 11 it 4m, 2 = 22^9111, x = S, 
^=18^4iif, 2 = 36 ^9 IK, x = 4. 



^^1^^ 505. Indeterminate equations with three unknown 8^iiibol% 

indetenni- may present themselves under any one of the three following 

tioDf with torms : 

three un- » i / - x 

kDown tf * - 6^ - C2 = rf (1), 

tymbols. 

ax + by — c2 = d (2), 

ax + by + cz = d (3). 

The first of these forms involves two terms and the second 
one, which are preceded by a negative sign, and in both cuei 
the number of their solutions is unlimited (Art. 504.) : but in 
the third form, the solution in whole numbers is sometimei 
impossible, and in all cases the number of such solutions ii 
limited: it remains to explain the mode of determining tbe 
number of possible solutions in the last of these forms, when 
such solutions exist. 

whItbM°^ 506. If we transpose one of the three terms cz* from the 

determined left to the right hand side of the equation, the equation will 
when their , 
number is become 

^^^' ax + by = d-cz, 

and we may suppose s to posses successively every value be- 
tween zero and the greatest whole number (r) which is not 

greater than - 1: we shall thus get a series of (r + 1) equatimtf 

which shall differ from each other in their second members 
only, which are the successive numbers, 

d, d — c, d-'2c,,.,,d—rc. 



* Let the tenn transposed be that whose coefficient is not prime to tbe 
other coefficients when such a term exists. 

t Z$ro values of x, y and s have been usually excluded from tbe number 
of solutions of indeterminate equations : they are included in the snbeequeot 
formula and examples. 
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The number of solutions of the equation 

ax ■i-bif = d — cz 
'vrlU be the difference between the greatest whole number (m') 
ivhich is not greater than - — l ' ^^^ ^^* greatest whole 

(a •— cz^ Q 
number which is less than ^ i-i (Art 502), where p and 

q satisfy the equation 

ap-bq=^i, (Art 500). 

If we represent the series of values of m' and m", corre- 
sponding to the successive values of z between and r inclusive 
by wi'c m\,..m\, and mo"> w,"...wi/', respectively, the whole 
number of solutions will be expressed by 

(m/- iWo") + (m/- m/') + (w/- wi,") + . . . + (m/- m/'). 

If we replace m^ and m^', m^ and m^*',,..mj and w/' by 
the fractions or mixed numbers in which they originate, and 
mbtract them from each other, term by term, we shall get the 
leries^ (Art 503), 

d d — c d-2c d-rc , v 

— i + — 7- + 7— + • . . + J— (a), 

ab ab ab ab ^ ' 

^hose «um i, <^'^-;y-^^> (Art 422). or ^^^i^^. 

if we replace d-rc by ei but this sum includes the fractional 
excesses of the primitive fractions, and takes no account of 
the restriction of the values of OTq", wi/',. . .m/', to those integral 
iralues which are next less than their primitive fractions, when 
those fractions become whole numbers. 

The fractional excesses in b successive terms of the series 

d2 (d-c)p (d-2c)p (d-rc)p ^. 

b' b ' 5 ' ~b ^'^^ 

will be, when considered without regard to their order of suc- 
cession, T , Y9 ■»*••• — * — and 0*, and their sum will be \,, — ~ . 
b b b b 2b ' 

* For e and p being piime to 6, the succetsive remainders from the diyiiion 
of dp, (d - e) p, (d - 2c) p,... {/i - (6 - l)c}p, will he different from each other, 

one 
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or — — — (Art. 4SS) : and if there be k complete periods of i 

terms in the whole number of terms r + 1^ their sum will be 

— ^-- — ^ : but if r + 1 = ifcA + 6', or if b' terms (where b' u less 

than b) remain^ not forming a complete period, we must find 
their sum {R) by the actual formation and addition of the 
fractional excesses of the b' first or last terms. 

In a similar manner^ if r-f 1 ^il'a + a', the sum of the 
fractional excesses of the series 

dq ^ {d-c)q ^ (^Jl'lf )_? / X 

a * a a 

will be expressed by — ^ — - + -R', where R', is the actual 

z 

sum of the fractional excesses of the a' first or last tenas, 

which do not form a complete period of a terms. 

It will follow^ therefore^ that the sum of the series (a), ot 

- — /-, -'' will be freed from the fractional excesses whidi 

are involved in the series (/?) and (y), if it be diminished by 

the sum — ^— — - + R o£ the first series of those excesses^ and 

z 

iucreased by the sum — ^ — - + 12' of the second : and that 
consequently the resulting formula or 

(rf^e)(r^l) ^ ^-(^-1) ^(6-1) ^ 

Qab 2 2 ' 

will express the number of solutions (it) required^ if it be ing- 
mented by k' +1, or k', according as the remainders of the a' 

one remainder only being equal to tero : for if the fractional ezcen be tk 
same in {d — fic)p and (d-/ti'c)p, we shall get 



and therefore 

(d-nc)p {d-'fi'e)p {fi'-n)pe 

i r~ = — h — ■='»-^' 

a whole number, which is impossible, since p and e, and thefefeie pe *n 
prime to c, (Art. 112.), and n'- h'ib less than 6, and therefore not divinble by it. 
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teiTDB of the incomplete period of fractional excesses in 
series (7) include zero or not*. 

i07« The following are examples: Examples^ 

(I) To find the number of solutions of the equation 

fn this case d = i24, 0=11^ r = 20, e = 4i, a = 5, 6 = 7: also 
1 = 21 =3 x7> and ifc = 3, 6'=0: also 21 = 4x5-fl» and 
efore f = 4, and a'= 1 : consequently 

2^6 ^^5' 

^:^) = 4.2 = 8, 

^ = 3x3 = 9, 

R = 0, 

€Q 4x2 .3 

R'=the fractional excess of tJl^ or of — -— which is -, 

a o D 

e a/j — Ag = 5x3 — 7^2=1: 
lequently 

2ab 2 2 

= 68?+ 8 -9+^-0 + 4 

= 72. 

[f we exclude zero values a£ a, y and z, the number of 
dons will be found to be 59- for, with this restriction, we 

1 find 

d-c 
19: the sum of the series (a), its first term being — ^-, 

rfz£±^(!:±l) = 62: A'=4. R' = 0, and ^-^"-f^hR'^S; 
2ao z 

2, R = 3, and therefore ~—'^- — ^ + 12 = 9- consequently the 
iber of solutions will be equal to 

* For mo", mj", m^\ ... m/' are always leas than the fractions in which 
originate, and therefore when those fractions become whole numbers, they 

!e96 than those whole numbers by 1 : there arc fc' + 1 such fractions in one 
and )C such fractions in the other. 



358 



id-c.enr.l)^^(a-l)^j^,_kjb-j)_j^_^^ 



2ab 



Example 
in which 
the coeffi- 
cients are 
not prime 
to each 
other. 



for in this case^ we subtract k upon the same principle that 
we added k' in the former. 

(2) To find the number of solutions of the equation 

17x4-19^+212 = 400. 

In this case rf = 400, c = 21, r=19, e=l, a = 17, b =19: tin 
r+l=20=lxl9+l = lxl7 + 3, and therefore it = A:'=l,tf'«S, 
andh'= 1. 

(rf-fg)(r-fl) 4010 
2ab " 328 ' 

^(«-l) _ o 
~2 -^' 

2 ^' 

72-9 

^-19' 

^17" 

4010 9 18 

consequently « = -_-+ 8 -9-^+ j^ + 1 

= 13. 
» 
The solutions are as follows: 

9 

IS 



(3) To find the number of solutions of the equation 

12ar + 15^ + 202 = 1001*. 

* The following are other examples of indeterminate problems of the fint 
degree which involve three or more unknown symbols, and which lead to ox 
or more equations less in number than the symbols involved. 
(1) To find the number of solutions of the equation 

7x+9y +23x = 9909, 
n s 34634 : but if zero values of x, y and z be excluded, then 

n» 34365. 



x= 


1 


2 


3 


4 


10 


11 


12 


13 


14 


15 


5 


j^ = 10 


8 


6 


4 


2 


11 


9 


7 


5 


3 


1 





2=10 


11 


12 


13 


14 


1 


2 


3 


4 


5 


6 


15 
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Transposing 20 s» we get 

12ir+15^ = 1001 -20s, 
ere the coefficients of j? and y are not prime to each other. 

Dividing both sides of the equation by 3 (the greatest com- 
n measure of x and y), we get 

00 o 



(2) To find the number of wlutions of the equation 

3x + 7y + 17t=:100, 
18 : but if xero values of x, y and s be excluded, then u » 10. 

(3) To find three fractions whose denominators are 3, 4 and 5, and whose 
. 133 

If the numerators of the several fractions be x, y and z, then 

X V s 133 

3 ^4 ^5 eo' 

or 20r + 15y + l2s = 133, 
ich is convertible into 

4x + 3y = 23-12u, irw=iti. 

The only three fractions are 

2 3 ,4 

3' 4 ^^^5- 

(4) To find in how many different ways it is possible to pay £1000. in 
wns, guineas and moidores or twenty-seven-shilling pieces only, 

n = 70940. 

(5) To find the least number, which divided by 13, 17 and 21 respect- 
ly, shall leave for remainders 12, 16 and 20. 

If n be the number required, we must have 

n=>13x+12, 
= 17y-rl6, 
» 21 1 + 20. 

The solution of the equation 

13x-17y=4, 

et 220 for the least number which answers the two first conditions ; 

iseouently 

n = 21«+20=13x 17tt + 220; 

it is obvious that the number sought for must exceed some common mnl- 
le of 13 and 17 by 220: we thus find the least value of s to be 220, 

1 therefore 

n»4640. 

This 
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consequently z - 1 is necessarily divisible by S, and therefore 
may be replaced by 3z' : we thus get, putting S 2' + I for 2, 

4 j: + 5^ = 333 - 1 8 z' - 6 - 2 z' = 327 - 20/. 

Consequently rf = 327, r=l6, e = 7, a = 4, 6 = 5, c = 20, 

. (d-\-e)(r-\-l) 334x17 167x17 

and ^^ ~^7 -=- — - — r= — :; — ■=— • 

2ab 2x4x5 4x5 

But since c or 20 is divisible both by 4 and 5, the fractional a- 
cesses of the first and second series (J3) and (7), (Art. 506), will be 
respectively the same in every term : in the first of these scries or 

_f ^ LjZ^jP ^ &c., it will be f in each, and its sum in 17 

terms will be -—: in the second series or -^, ^, te» 

5 a a 

1 . .17 

it will be 7 in each, and its sum in 17 terms will be -j* 
4 * 

the number of solutions will therefore be 

167 X 17 51 17_2720^ ^ 
20 5 4 20 



This is an example of two independent indetenninate equations, with tm 
unknown symbob each, and not of one indeterminate equation with thm 
unknown symbols. 

(6) To find the year of the Julian period which corresponds to the IS* 
year of the Solar Cycle, the 12^1 of the Lunar Cycle, and the 10^ of Ik 
Cycle of Indiction. 



The Julian Period, so named from its proposer Julius Cotar Sctli|«, ii 
the continued product (7980) of the numbers 28, 19 and 15, which espni 
severally the numbers of years in the Solar and Lunar Cycles and in the Cyck d 
Indiction : its commencement was fixed for the year 4768 before the birth d 
Christ. 

The number sought for, if divided by 28, 19 and 15 will leave for a tt* 
mainder 15, 12 and 10 respectively : the least number which will ansucr ihi 
two first conditions is 183 : consequently 

15x + ]0 = 28xl9tt + 183; 
or 15z-532u=173; 
we thus find s s= 47, u s 1, and n = 715. 



CHAPTER X. 



ON THB SYMBOLICAL REPRE8BNTATI0N AND PROPERTIES 

OF NUMBERS. 



508. The conventions^ upon which arithmetical and alge- Ewential 
raical notation are founded, are essentially different from each between the 
thcr, and consequently lead to different rules in those sciences Jjonal noto- 
ur performing the fundamental operations, and also to very tionof 
ifferent forms of the results. Thus in one case, the only Arithmetic 
nnbols employed are the nine digits and zero, whilst in ^°^ ^^i^' 
le other the symbols are unlimited in number and are only 
istricted in the generality of their representation by the 
Dssibility of the operations in which they are involved: 

1 aiithmetical notation, the symbols, when written consecu- 
vely acquire a local value from their position with respect 
» the place of units, representing a series of addends and 
9t a continued product; whilst algebraical symbols similarly 
iaced^ without the interposition of signs of operation between 
lem, possess no local value from their position, and express 
le continued product of the numbers which the consecutive 
rmbols represent. These and other distinctions make it ex- 
•emely difficult in enquiries relating immediately to the forms 
r arithmetical notation, to transfer the conclusions of algebra 
> arithmetic and conversely, except through the medium of 
rdinary language, and deprive us of many of those advan- 
iges which are derived, in other cases, from the use of 
eneral symbols. 

Example 

509. Thus a number expressed by of the 

arithmeti- 
S40789, cal and al- 

gebraical 
ccording to the conventions of arithmetical notation " by nine i^prcscnta- 

igits and zero, with device of place," would assume the form same num- 
ber. 

Z K 



362 

3 X 10* + 4 X 10* + 6 X 10" + 7 X 10* + 8 X 10 + 7*, 

if expressecl according to the conventions of algebra: and if 
we further represent the radix of the scale of numeration by r 
and the successive digits of the number by ^5, a^, a,, a^, a,, 
/7o, (using the same symbol with subscript numbers^ not only 
to distinguish them from each other, but also to denote tbdr 
position with respect to the place of units), then this or any 
other number, with the same number of places, would be 
expressed by 

General re- ^^^^ assuming the same principles of notation, a number generally 
tionof (of {» + l} places) would be expressed, according to a given 

where a,, a._, a^, a^, a^ are the successive digits of the 

number from the highest digit downwards. 

All num- 510. It is very easy to prove that every number is capable 

capable of ^^ being thus expressed by means of powers of the radix of 
representa- tjjg scale of numeration and of a series of diirits. whose valuei 

tion aC" 

cording to are less than the radix, zero included : for if iV be a number 
signwl greater than r, then N^y^r-^-Oo, where a© w less than r: 

8cale. in a similar manner N^^N^r+^Oi, iV,=iV,r+c„. . .iV,_i=i^^,r+«^ 

if N^, Ng,.,.N^_i be severally greater and if «i, a„...a^ be 
severally less, than r : if we multiply A^, , A',, ! . . N^^ and their 
equivalent expressions severally by r, r*,. . .1^"* and replace N^t Jf 
less than r by a,, we shall get 

iVjr = N,r* + fl,r, for N^ = N^r + «, , 
N,t^ = ATgr* + fl.r", for AT, =* iST.r + «„ 



iV,-,r— = iV,.,r-» + n,.,!^-*, for N^,^N^,r + a^, 
A^H-i r"- = flf.r" + a,_, r^\ for iS^,_, = <i,r + a^p 

If we add these equals together, obliterating those temis 
upon each side of the successive equations which are severallr 
identical with each other, we shall get 

N=a^r^ + a,_,r""' + a^_gr^' + . . . + a^r* ■¥ a^r -^ a*. 

* There are only six flymbols employed in one caw, and thirty symboU vA 
signs in the other. 



511. It will obviouBly follow from the theorem demon- j'licrule 
,tnited in the l«t Article; that "if a number N and iu sue- '^^^i- 
cesaive quotients iVj, N^, iV,, &c. be divided by r, the successive nu[I,2^n» 
remainders will be the several digits^ from the place of units j.>>to dif- 
upwards, in the arithmetical expression of that number in a scales. 
scale of numeration whose radix is r." The knowledge of 
this theorem will enable us by a very simple arithmetical 
operation, to effect the transformation of numbers from one 
scale of numeration to another. The following arc examples. 

(1) To express the number^ 3.5 in the hifiary si*ale. Kxample 

into the 
2 ) 35 »>inary 

>«cale. 

a; 17 , 1 
a; 8 , 1 

1,0 

The successive remainders 1, 1> 0, 0, 0, 1 are the digits 
firofn the place of units upwards, and consequently tlie number 
S5, in the binary scale, is expressed by 

100011*. 

* In the buury fcmle, the only digits required are and 1 : a Hystem of 
biliary arithmetic, therefore, would require no multiplication table, the operations 
of multipUcttioii and division resolving themselves immediately into those for 
addition and tubtiaction : it was this extraordinary character of simplicity 
which lecomaended it to the particular attention of I^ibnitz and tome con- 
tomporary msthomaticiaQf. See M^oiret de VAead4mie dtt Seieneet ds Parii, 
for 1703. 

Evtry significant digit (that in the place of units excepted) in the 
binary scale, will express a power of 2, whose index is equal to the number 
wUch denotes its distance from the place of units: and since every number 
is capable of expresnon in the binary scale, it will follow that every number 
■ay be fonned by the addition of terms in the series 1, 2, 2', 2*, 2" 

thvs 35 => 1 + 2 + 2^ : and 
1828, =2 + 2«+2' + 2» 2» + 2» + 2»o or 
==11100101110 
in the binary scale : it follows likewise tliat a series of weights adapted to the 
scale 1,2,^, 2', &c. will weigh any weight which is an exact multiple of 
the primary unit of weight, whether it be I lb. or 1 oz. or 1 dwt. 
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J^^** (2) To express the number 365 in the iemaiy scale, 

^^^' 3) 365 



3) 121 , 2 

3^40, 1 

3^ IS , I 

3;4, 1 



1-, 1 
Therefore 365 is expressed in the ternary scale by 

111112. 
The digits in this scale are 0^ I and 2. 

From the (3) To transpose the number 34510 from the setiary 

the quinary the quinary scale. 

•€»!•. 5) 34510 



5) 4323 , 3 

5) 525 , 2 

5) 103 , 2 

5j 11 ,4 

1,2 

The number 34510 transposed from the senary to 
quinary scale is expressed by 

124223. 

Into the (4) To transpose the number 367895 from the denaru 

duodenary ^1. i j 1 

sca]e. the duodenary scale. 

12^ 361395 



I2J 30657, 11 
I2J 2554 , 9 

I2J 212 , 10 

12^ 17, 8 

1 ,5 



If we employ the symbols X and Xt to express the ad- 
ditional digits 10 and 11^ which the duodenary scale of 
notation requires, the number under consideration will be 
expressed in the duodenary scale by 

158X9X,.' 

(5) To transpose the number 367895 from the denary to Into the 
, . ^ vicenary 

tne vicenary scale. 

20) 367S95 



20J 18394, 15 

20) 919 , 14 

20) 45 , 19 



2, 5 

If we take X^, X^ and X^ as the digits to represent the 
remainders 14, 15 and 19, then the number 367895 will be 
expressed in the vicenaiy scale by 

25X^X^X,*. 



* The quinary, dtnary and vieenary scales may be denominated natural 
scales, inasmuch as they have a common origin in the practical methods of nu- 
meration which have been more or less followed by all nations, of which so 
many traces exist or are discoverable, in the etymology and construction of 
their numeral languages : thus the quinary scale of numeration prevails amongst 
some African tribes, and the vieenary scale amongst nearly all the native 
Sonth American tribes: and it was carried to a considerable extent by the 
ancient Mexicans and Peruvians. See the article "Arithmetic'* in the Eneyclo- 
p4edia Metropolitana. 

The duodecimal scale, though not a natural scale, presents itself perpe* 
tually in the subdivirions of coins, weights, measures and of the other primary 
concrete units of European nations, and more particularly of their measures of 
length: thus, if the primary unit be one foot, its subdivisions or inches, lines, 
&c. proceed by 12 and its powers ; and consequently if the primary units 
were expressed according to the duodecimal scale, such subordinate units (Art. 
206.) would present themselves as successive digits in .the same scale, and would 
be treated therefore by the regular processes which are proper to a system of 
duodecimal arithmetic : thus, 23 feet 10 inches and 4 lines would be expressed 
hj I Xi : X A, transposing 23 into the duodecimal scale, and considering the 
two last digits X and 4 as duodecimals which are convertible into the equi- 
valent fractions j^ and r^ : (Art. 201. Note) in a similar manner, 130 feet 

9 inches and 11 lines would be expressed by XX : 9^^! : and if it was required 
to determine the area (in square feet, and its duodecimal subdivisions) of the 

rectangle 
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There- 512. Other properties of numbers^ whether in the decinul 

from the or any other scale, may be easily deduced from the expreaaon 
division of 

a number fl«r" + fl^, r^* 4- + agf^ + fl, r + Uo, 

by its ra- 
dix less which we are now considering : thus if we divide r", r*"*,. . .r*, r 

sune^as * hy r— 1, the remainders will be severally equal to 1*; and coo- 

from the 

diTision of r^tangle which would be contained by two sides of the lengths above girea, 

tne sum ot. ,,,-,.,*,,. 

its digits '^ would be found in the following manner : 

bytheradix ^ y ya 

less one. i Ai : a4 

XX : 9Xi 

19^58 
1 5A^ 9 
1 7 ^7 4 
1 7X 7 4 

19 8 1:7X,58 

If we reconvert 1961 from the duodecimal to the decimal scale, it will 
become 3121, and the area required will be equal to 3121 square feet 7 rncha 
1 1 lines 5" and 8'". 

In multiplying or performing any other arithmetical operation in the duode- 
cimal or any other scale of notation, we must take care to curry or to 6ornw 
the radix of the scale whatever it may be, instead of 10 as in the ordinanr pro- 
cesses of arithmetic : thus, the first of the partial products in the precediog 
multiplication is obtained as follows: 

" (Xi) or U times 4is44 = 3x 12 + 8; write down 8 and carry 3: 11 times 
X or 10 is 110, which becomes, when 3 is added, 113 = 9 x 12 -h 5; write down 
5 and carry 9: 11 times X^ 11 is 121, which becomes, when 9 is added, 
130 = 10x12-1-10: write down X (10) and carry 10: 11 times 1 is II, 
which becomes, when 10 is added, 21 = 1 x 12 -I- 9 : first write down 9 and 
then 1 which is carried to the next superior place." 

Such processes must, in all cases, when conducted by the mind or ex- 
pressed in words, be carried on through the medium of our ordinary no- 
meral language which is exclusively - adapted to the decimal scale: fcM* nettkf 
can the mind be constrained to think in different scales, nor can a correi* 
ponding numeral language be invented, in the same manner or with the same 
facility that digital notations can be adapted to them : it is this incoognitj 
between our associations and numeral language and the scale of notation, dif- 
ferent from the decimal, which we are required to use, which constitates dv 
chief difficulty and embarrassment in the actual performance of arithmetical 
operations in such scales. 

• For if r — 1 = T, we get r = .i + 1 , and therefore, by the binomial theoreiB, 

(r-l- 1)-= J-+ ni*-* nx+ 1, 

where the last term is 1" or 1 : and inasmuch as all the terms except the latttit 
multiples of x or of r — 1, it follows that the remainder from the division (r+l^ 
by 1 or of r* by r-l, is equal to 1. 



• • 
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seqaenUy the remainders from the division of a^r^, a..ir^\ 
^%^t Hi r by r — 1 will be the successive digits a,, 0«.iy • '^tt a,, 
replacing those digits by zero which are equal to r - 1 * : it 
will follow, therefore, that the remainder from the division 
of N" or of 

a^f^ + «,H-i^* + + flt»^ 4- fl,r + /lo 

by r- 1 will be the same as from the division of the sum of 
its digits or 

On + «■-! + + a, + fli + flo 

by r — 1. It is this proposition which is the basis of the well- 
known rule for the verification of arithmetical processes by 
casting out the 9*8 1. 

513. The algebraical representation of numbers, considered The most 
in the preceding Articles, is useful in the deduction and de- jj^i^rties 

monstration of those properties of numbers which relate to the °^ numbere 

... . 2ire not ge- 

local values or orders (Art. 146) of their digits: but it affords nerallyde- 

ducible 

* For if the remainder from the division of f* by r — 1 be I, the remainder algebraical 

from the division of «• r" or a«, will be a. times as great, whenever a. is less than representa- 

r — 1 and zero, when a«= r — 1. tion ac- 

cording to 
t In the decimal notation 9 corresponds to r — I in the proposition de- a given 

monetrated in the text. It may be easily shewn, from other considerations, that scale, 
the remainden from the division of 10, 100, 1000, 100000, &c. by 9 are all 
equally 1, and that consequently the remainders from the division of the several 
addends which are expressed by the digits of any number, in their proper places, 
will be the several digits themselves, if the digit 9, whenever it occurs, be re- 
placed by xero. 

If, therefore, the remainders from casting out the 9'8 from two numbers, 
\ and N' be n and a' respectively, we shall have 

iV = 9iii-|-a and A' = 9m'+a': 

consequently, multiplying them together, we shall find 

NAf ' ^ 81 m m' + 9a m' -I- 9a'm + « rt' 

= 9m"-|-«a': 

it will follow therefore, that the remainder from casting out the 9's from the 
product 'N'S', should be the same as the remainder from casting out the 9*s from 
the product of a and a\ if these remainders are found to be the same, and 
if the operation has been honestly performed, it is probable (there are eight 
chances to one in its favour) that the operation in correct : if not, it is certainly 
wrong. 

It is easy to extend this principle to the proof of the corresponding rule 
for the veriBcation of the operation of division (when there is no remainder), 
by considering the dividend as the product and the divisor and quotient as its 
two factors. 
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Numbers 
maybe 
classed 
with refer- 
ence to an 
assumed 
modulus. 



U8 little aid^ for reasons which we have mentioned above, in the 
formation and proof of the rules for the ordinary operatioiii of 
arithmetic, and is almost entirely useless in investigations oC 
those properties of numbers, which exist independently of the 
peculiar system of notation by which they are expressed: in 
all such enquiries, numbers are represented symbolically with 
reference to their form, character or composition, and not with 
reference to the digits and radix of the scale by whidi th^are 
expressed arithmetically. 

514. All numbers may be classed with reference to a given 
divisor or modulus m and the remainder which exists ailer the 
operation of division is performed, whether it be zero or any 
number less than m : thus, if the modulus m be contained k times 
in the number a, with a remainder b, then the relation between 
a, k, m and b, will be expressed by the equation 

a = km + b. 



Properties 
of prime 
and com- 
posite num- 
bers with 
reference 
to moduli 
which are 
less than 
them. 

General 
expressions 
of odd and 
even num- 
bers with 
reference 
to the mo- 
dulus 2 : 
also with 
reference 
to the mo- 
dulus 4. 



515. If the number be a prime number, its remainders will 
be different from zero for every modulus which is leas than a: 
but if the number be composite, there will be within the same 
limits of the modulus, as many remainders equal to zero as 
the number has factors or measures which are different from 
each other*. 

516. All odd numbers, referred to a modulus 2, will give 
a remainder 1 ; and all even numbers, referred to the same 
modulus, will give a remainder zero: it will follow therefore 
that the first series of numbers may be expressed by 2k + 1, 
and the second by 2 k. Also odd numbers may be farther classed, 
with respect to the modulus 4, according as they furnish a 
remainder 1 or 3, -the first class of numbers being expieased 
by 4^+1, and the second by 4^ + St: whilst even numben, 



Classifica- 
tion of even 
and odd 
numbers. 

De|^esof 
panty. 



* For whenever the divisor of a is also a factor of a, the remainder ii 
and in no other case. 

t Numbers of the forms 4k and 4k -i- 2 are called pariter and imparitmr\ 
respectively, whilst those which belong to Uie two other forms 4ilc + 1 and 4fc+3 
are called pariter and impariter impares. Even numbers are also sometimes damd 
according to their dtgreei of parity : thus numbers of the forms 2/c, 4^, Bk, I6i,«» 
2*fc, where fc is an odd number, would be characterized as of the first, 
third, fourth and n*^ degrees of parity respectively. 
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refinred to the same modulus^ will be distributed into classes 
which give remainders and 2 and which are expressed by ^k 
and 4fk -^2 respectively. 

617* Numbers^ which furnish the same remainder, when Numbers 
referred to the same modulus, are said to be congruous to each as con- 
other, whilst those which furnish, under the same circumstances, f i^^"" ®'' 
dinerent remainders, are said to be incongruous to each other: graousto 
it will follow from this definition of the congmity of numbers, ^era.^ ^^^ 
that a number is always congruous to its remainder, with reference 
to any given modulus : thus, if 

a = km 4- b, 

a is said to be congruous to h^x thus, 10, 10*, ICf, 10% &c. All powers 
are severally congruous to 1, to the modulus 9: for it may be congra^us 
eaaily shewn that ^ \ 

to the mo- 
10 =1 x9-f 1, dulasd. 

10*=:11 X9+1, 

10»=1U x9+i, 

io* = nii x9 + i, 

and so on, for any power of 10 whatsoever, 

518. Some of the most important properties of numbers, Proposi- 
which are pri$ne to each other, have been dononstrated in the la^J^^ 
second Chapter of this Work : of this kind are the propositioDa pnmeirain- 
fh«t '' if a number p be prime to each of two or more numbers have been 
a, b, c, Ac it is prime to th«r product (Art 112)": that "if JjJJSin 
a number p be prime to another number a, then also p is prime former 

chapters. 

* Gauss has made the rongruittf and incongruity of numbers, the foundation 
of nearly all his researches in the Ditquisitumn Arithmttie^: he expresses the 
coDgmity of two numbers by the sign = : we may thus replace the equatioD Sign of con- 
m^km-k-b by a =b (mod. m) : lO^s 1 (mod. 9), and 10^=1, ax 10^= a, to gruity. 
the same modalns .* it will very readily follow firam this property Ibat 

tf'f^iX 10 -t-OtX 10" "f ... a«x lO^sO'fai +at+ ••• a*; 

and that consequently every number, in the decimal scale, is congruous to the 
amn of its digits, to the modulus 9 -. this will furnish another demonstration of 
the propoeition given in Art. 512. 

In the indeterminate equation 

ax — by = c, 

mm is eongruaut to e, to the modulus b ; the equation itself is called a can- ^ '^^^f'^ 
of the first degree, and the resolution of the equation is called the re- ^^^^Wne. 
lution of the congruence. 

3 A 
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to «■ (Art. 117), and also p" is prime to a" (Art. 114), where 
m and n are any whole numbers whatever." 

Other pro- Many other propositions, which were not required for the 
deducible particular enquiry for which the preceding propositions were 
from them, introduced, are easily deducible from them, and many others 
may be added, which are of great importance and interest, whose 
demonstration will depend upon very simple principles, though 
it may not always be very easy to deduce them as consequences 
of any single theorem, or to refer them to any general system 
of reasoning. Neither the space which is allowed for this Chapter, 
nor the algebraical knowledge which our readers are supposed to 
possess, will allow us to push this enquiry to such an extent, 
as may be requisite to represent even a very slight sketch of 
the existing state of this department of our knowledge of the 
theory of numbers : but the following propositions, though they 
do not present altogether a continuous system of investigations, 
possess considerable value, and will serve to illustrate some 
of the methods which must be followed in such cases. 

519. Prop. Given the prime factors of a composite nnm^ 
ber, to find a sjonbolical form by whidi it may be repre- 
sented. 

Expression If q [, c, be the prime factors of a number N. then it may 

ofaniim- . - ni .t,«*./» ot. * 

ber in terms be expressed generally by a'o^if: for if none of the prime factors 

of Its pnmc ijg contained more than once in the number N, then it may be 
represented by their continued product abc: but if a be repeated 
as a factor p times, b, q times and c, r times, then their con- 
tinued product will be represented by afh^ff, (Art. 41): and 
similarly, whatever be the number of prime factors, whethtf 
repeated or not, which enter into the composition of the number 
which is required to be represented*. 

520. Prop. A composite number can be expressed in 
one manner only, by means of its prime factors or their powers. 

There w Por the same number cannot result from the multiplication of 

form in different sets of prime factors, such as a, 6, c and a, )3, 7, for, 

the*8ame ^^ *®> a^h'^(f and a''/3«'7", which are prime to each other (Art 518). 

number 

<^»^Jje «?- • Thus, the prime factors of the number 106 are 2 and 3, the fiist bdnf 

terms of '^ repeated as a factor ixnce and the second ihnet : it is therefore repreMita) 

its prime by 2'x3^: the number 16200 is represented by 2*x 3*x 6«: and similariy i« 

factors. other cases. 
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would be equal to the same number N, which is impossible*: 
also numbers ff*b^'(f' and a*b^(f are equally prime to any prime 
numbers different from a^ h and c^ or to their products: neither 
can the numbers a^b^if and a^'lfi'if' be identical with each other^ 
unless p = p', q-(f and r^r^\ for if possible, let a^n=^a^n', 
Yrheare a is prime to n and it'; then if p be greater than f/, we 
jfet ot^n — n'\ and if p be less than />', then n^WoF*'*; and 
consequently it and n' cannot both of them be prime to a, unless 
p=ji^i a similar process will shew that q = ^ and r = f^i and 
similarly for any number of such factors. 

521. Prob. To find the number of divisors of a com- To find- 

.. « i_ '^ • • the niiin- 

posite number, whose composition is given. ber of di- 

visors of a 
Let N-c^b^<f: then 1, a, a',.,a^ are divisors of i^, and composite 

therefore of ^, which are p + 1 in number: 1, b, b^,.,b^ are °"™'^'"' 
divisors of 6% and therefore of N, which are 9 + I in number : 
1, c, <^.,,<f are divisors of (f, and therefore of N, which are 
r + 1 in number : and so on for all the prime factors of N: 
it is obvious likewise that every term of the product which 
arises from multiplying these several series of divisors of N 
together, will be likewise divisors of N and different from 
each other; and their number, which is also the number of 
divisors required, is therefore (p+l)(9+ l)(^+l)' In this ex- 
pression, ] and Nf are included amongst the divisors of N, 

522. Cor. The number of divisors of a composite num- Jhe num- 

Dcr of divi** 

ber i^b'if . . . will be an even number, unless p, q, r . . . are sore of all 
all of them even numbers, and consequently unless it be a ^h^^^re 

perfect square 1« not squares 

IS even. 

523. Prop. The number of different ways, in which a com- Expression 
posite number may be resolved into two factors, is half the num- number of 
ber of its divisors. ^[»h' a 

composite 
• For a, b, c, &c. are severally prime to a, /3, y, &c. and therefore ''^™^'' 
aF, M, €^, are severally prime to a^, /S**, y^, and also a'^b'tf is prime to ^f^i^to 
i^^Y*- Art. 618. two prime 

t The number of divisors of 2880 = 2« x 3« x 6 is 7x3x2 or 42 : the ^^*<>"* 
number of divisors of 484000 »= 2<x d<^x 11< is 6 x 4 x 3 or = 72. 

% The number of divisors of 19600 = 2«x S'x 7*s 5 x 3 x 3 = 45 an odd 
number ; 19600 is the square of 2' x 5 x 7 = 140 : and generally the square 
of any. number a'6*c' will be a^d'fc'', where the indices of its several fac- 
tors are the doubles of those of its roots. 



.^^ 
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Expression 
for the 
Bum of the 
divisorg of 
a compo- 
site num- 
ber. 



For each pair of sudh factors will form two diTison iif die 
number: if howeyer the number be a oomplete aqnafe, iti 
square root will form one of two identical factors, and there wiU 
be one pair of factors corresponding to one dimsor only : in diit 
case, the number of pairs of factors will be one half of tiie 
number of dirisors (which is odd) increased by unity*. 

524. Prop. The sum of all the divisors of a ccHnposite 
number tfb'if will be expressed by 

o^'-l ^^--1 c^'-l 

For the sum of these diyisors is the sum of the terms of the 
product formed by the multiplication of the several series 



1 +ii + fl* + 



«r=: 



l+6 + 6»+...5» = 



I + c + c" + 



c^ = 



a-1 
6-1 
c-1 



(Art 429X 



and is therefore equal to the product of their sums which is 

a^»-l b^'-l c^+'-l 



fl-1 



6-1 



c-1 



t. 



* The number of divisors of the number 99225 = 3« x 5* x 7* is 5x3x3 
or 45 : the number of ways in which it is irresolvible into two ftctors b 

including the two identical factors 315 and 315. 
t The sum of the dirisors of 

i:n^ «. o. ^- 2*-l 3»-l 7«-l 15 26 48 ,^ ,« « t^ 
504«2»x3^x7i»^^ ^3^ ^ ^— r = y x -j x ^= 15 x 13x8 = 15fl): 

the sum of the divisors of 6 = 2 x 3 is 

2>-l y-1 ^ ^ ,„ 
231 >^ 331 = 3x4-12; 

and if we exclude the number itself or 6 from the number of its diviioiB, 
A perfect ^^' >um will be 12-6 or 6 : this is called a perfect number, inasmuch as 
number. it is equal to the sum of its divisors : in a similar manner the snm of the 

divisors of 28 or 2* x 7, excluding 28, is 

2»- I 7*- 1 

which is therefore likewise a perfect number : the same remark applies to tke 
numbers 496 and 8128. 



378 

585. Pbob. To find an expression for the number of ^'prewion 
numbers^ which are prime to a given number N, and leas number of 
than H. "1"^" 

^ which are 

leas than a 

If ^ be a prime number, all numbers less than iVare prime nvennam- 

^ V ber and 

to N, which are 2^- 1 or A^^l - yj in number. P"">« ^ »*• 

If N= oFb^iT, then the number of numbers, not greater than 
N, which are divisible by a, will be expressed by 

for all the terms of the series 

a, xa, 3a, — ,a, 

a 

N 
which are — in number, are divisible by a. 

a ^ 

In a similar manner, the number of numbers not greater 
than N, which are divisible by 6, is 

The number of numbers which are divisible by c and not 
greater than N, is 

and similarly, whatever be the number of prime factors of N. 

Again, since all multiples of ab are included in both the 
series (1) and (2), it follows that the number of terms which 
are common to these series is 

.4 en 

The number of terms common to the series (1) and (5) is 

^ (n 

ac ^ ' 
and the number of terms common to the series (2) and (3) is 

To (^O. 
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and similarly for the terms which are common to any two of 
a greater number of series (1), (2)> {S), {4>), &c. 

Further^ the number of terms which are common to the three 
series (!'), (2') and (3')^ or which are multiples o£abc, is 

abc ^ ' 
for all the terms 

ahc^ %ahcy Sabc, ... —s—^obc, 

aoc 

are included in some one of the series (IQ, (2^ and (S^, and 

their number is 

N 

abc' 

It follows therefore that the whole number of numbers whidi 
are less than N and prime to N, will be equal to N, diminished 
by the number of numbers which are neither greater than N 
nor prime to it, and is therefore equal to 

^^ N N N N N N N 
a b c ab ac be abc 

xrf. 111111 1 \ 
\ a b c ab ac be abc/ 

and inasmuch as the same principles of reasoning may be ex- 
tended to 4, 5, or a greater number of prime factors, a similar 
expression may be easily shewn to apply to express the number 
of numbers less than N and prime to N, whatever be the 
number of its prime factors. (Art. 448). 

Thus, if N = 35 = 5x7, there are 35(1 -i) (1 -i^) = (5-1) 
(7 - 1) = 24 numbers less than 35 and prime to it: if N= 1225 
= 5»x7", there are 1225(1 - i) (I -|) = 35 (5- 1) (7 - 1) = 840 
numbers less than 1225 and prime to it: if 

i\r=81000 = 2'x3*x5*, 
there are 

2»x3*x5-(l-i)(l-S)(l-i) 

= 2» X S* X 5* (2 - 1) (3 - 1) (5 - 1) = 21600 
numbers less than 81000 and prime to it. 
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526. Prop. In the series of natural numbers beginning ^rieB^^f 
rom unity, the continued product of r consecutive terms, natural 
eginning at any term, is divisible by the continued product the con-' 

f the r first terms of the series. tinned pro- 

duct of any 
ir consecu- 
In other words, the expression tive terms 

is divisible 

n(n+l) (w + r-l) ,^_^,,^v ^V^^'' 

— ^ — 7—^- ^^ ^ (Art. 455.) first terms 

lx2x r ^ ^ of the 



I always a whole number, if it be a whole number. 

For one of the two first factors of the numerator is of the 
3rm 2tn: one of the three first factors is of the form 3m: 
ne of the four first factors is of the form 4m: and generally 
ne of the r first factors is of the form rwi*: it follows there- 
)re that the numerator is a multiple of all the separate factors 
f the denominator, and consequently, a complete multiple of 

II the prime factors which it contains t. 

Again, if there be two terms xp and xq, which have a common 
leasure x, where q is greater than p, it will follow that amongst 
"ie xq first factors of the numerator and denominator, there are 
of them which are multiples of x, and consequently, their con- 
nued product will not merely be a multiple of the prime factors 
'hich are inferior to org, but likewise of any power of x, which 
lis portion of the denominator may contain : the same remark 
'ill apply to the common measure of any two or more compound 
tctors whatever. 

It follows therefore that the numerator is a multiple, not 
lerely of the prime factors of the denominator, but likewise 
f all its composite factors, and consequently, of their con- 
nued product. 



* For all numbers are of the form 2m or 2m + 1 and therefore one of 
le numbers n and n + 1 is of the form 2m: all numbers are of one of the 
rms 3m, 3m + l, 3m + 2, and therefore one of the numbers n, n + l, and 
+ 2 is of the form 3m : and similarly for the successive tnoduli 4, 5, ... r. 

t For if a number n be divisible by the prime factors a, b, c ... , it is 
[visible by their product: thus if ns^passqb, where a and 6 are prime numbers, 

a q 
icn T~Tt where q is either equal to a or to a multiple of a, and where 

is either equal to 6 or to a multiple of & : it follows therefore that n is a 
lultiple oi ah: and similarly for three or a greater number of prime factors. 



series. 
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To find 627. Prob. To find the highest power of a prime number a 

poweToTa ^®^ *'**" **' which the continued product 

given prime 1 x 2 x S x . . . n 

number, 

which is contains as a factor. 

of the con- If we represent the integral parts of the whole or mixed 
»^ numbers ?. J. J. &c by /©, /©. /(j). &c, then 
beghming *^® index of the factor required is equal to 

For there are / (-\ factors not greater than k, 

a, 2a, 3fl, . . . / l-j x a 

which are multiples of a : also . . . ^(-i) factors 

a'9 2a', 3a', ,.. I f^j x a', 

whidi are multiples of a': also /(-«) ^ustors, 

«•, 2«*, 8«*, . . . / ( ^ j X ii*, 

which are multiples of a*: and so on, until -7 first becoiBefi 
less than 1 : the sum of all these numbers 



'©*'&)-'©-*=• 



we 



is the index of the highest power of a which is inT<^ved is 
a factor*. 

* Thus, to find the highest power of 11, which is a factor of 

1 X 2 X 3 X ...... 1000, 

The index of the highest power of 11 is therefore 98. 
To find the highest power of 2, which is a factor of 1 x 2 x 3 x ... 32. 

,(!).». ,(L«)... ,(!)... ,(1).^ ,(!).„ 

the highest power of 2, which this product involves, is therefore V^*******^^^, 

This process will enable us to express any such product in taam sf i^ 
prime factor*. (Art. 519). 



\ 
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528. Prop. Fertnats Theorem, If /? be a prime irain- Fermat's 
3cr and if n be not divisible by p, then o^» - 1 is divisible Jn^^S^ 

[)y n andprofed. 

Far, by the binomial theorem (Art 486)» we find 

(I -f x/ = 1 + /)x + ps*-^ ■\- a^ 

= 1 + a* -^ mp, 

since the coefficients of all the terms of the series intermediate to 
he first and last are divisible by p *, and their sum is therefore 
I multiple of />: consequently^ subtracting 1 +x from both 
ddes of this equation, we get 

(1 + xy - (1 + x) = x' - X + mp, 

md therefore if x' - x be divisible hy p, (1 + x)' — (I + x) is divi- 
iible by pz but if x = 1, we get (1 + 1/ - (1 + 1) = 2* - 2 = 1' - 1 
vmp-mp, which is therefore divisible by pi consequently > if 
r = 2, we get (1 + 2)'-(l + 2) = S'~3 = 2'-2 + m/), which is also 
livisible by p: and in a similar manner it may be shewn tliat 
f — 4, 5^ — 5, O' — 6, ... a' — fl, are severally divisible by jj: 
»nsequently, cf — a-^a {at'^ — 1) == »«/) : and since p is prime 

a, it follows that cf"^ - 1 is divisible by p. (Art. 112.)t 

* For, anoe p is a prime number, it will follow that the coefficients The coef- 

ali-i) p(p -i)(p-2) f,tS?.^ 

''' 1x2 * 1x2x3 '**'" nomial 

leing whole Bumbers (Art. 526), are abo multiples of p : far p is not divi- uicorem, 

ibie by any of the factors of the denominator, and it consequently must fk|f^j!?|^j 

emain a factor of the numerator, when all the factors of the denominator last, axe all 

re obliterated by division. oftnem 

n multiples 

If p be a composite number, such as a^lPclf...^ the intermediate co- of the in- 

fficients are not all of them multiples of p : for if a be the least of the dez, whea 

•rime factors ci, 6, c, then the coefficient *^® l'*^®* " 

' ' a prime 

|.(p-l)^.(p-. + l) a''-'6g«y(p-l)...(p-a + l) Sr&- 

1 X 2 ... a lx2x... (a — 1) ' wai^ 

rhere none of the factors p — 1, p — 2, ... p — a + 1 are divisible by a \ and 

onsequently 

•«-»<>^cy(p-l)...(p-a + I) 

1 x2x ... («- 1) 

1 not a midtiple of a" 6^ c* or p. 

t Gauss (Disquisitiones Arithmetics, Art. 49) has {^ven, after Euler, a proof 
of this theorem, which he considers to be more conformable, than that in the text, 
to the proper mode of treating the theory of numbers. 

3B 
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If/ be 529. Prop. If s be prime to a, and if a* be the fau< 

and if «* be power of a, which is of the form mp-^ I*, then all the terns 

*ke le«rt Qf ^g series 

power or a _• _i i 

which a> or, . . . If ~ 



«*- 1 di- if divided by p, will leave remainders different from eadi other 

Jfth^'iL »nd from 1. 

renuuDdera 

from the For, if possible, let cT^rp + a, and oT = r^p + a, where 

I a, a* ... *" And n are both of them leaa than / : we shall thus get 

wiUbeail fl--fl-«(r'«r)p, 

of them dif. \ fr* 

feruit from or fl" (a— - 1) = (r' - r)p, 

eich other. 

and since p is prime to a" (Art, 117,) it follows that a*-"- 1 is 

divisible by p, which is impossible, since n — m is less than ty 

and a* is the least power of a, which makes a' - 1 divisible by p. 

Extension 530. Pbop. If o* be the least power of a which is of the 

Theorem, ' ^oTva mp + 1 when p is a prime number and when a is not 
divisible by p, then / is either equal to p — 1 or to a sab- 
multiple of p- 1. 

If p be a For the several terms of the series 

Enmenum- 
er, and a 1, fl, O*, . . . a*"* ...^ (l) 

notdivi- 

nblebyp, will leave remainders when divided by p, which are different 

be the least from each other (Art 529), and which are included therefore 

power of a ju ^g series of numbers 

which 

makes 1, 2, ... p - 1 : 

a'-ldiri- ^ 

r^**& ^' *"^ ^ ®*^^ ®^ these terms be multiplied by a*, which is of the 
equal to form mp + 1, the remainders from the division of the terms of 

; ^nbmul." ^^ series 

tipleofit. a*, a***, o*^, . . . o*-^ (2), 

will be the same as from the division of the terms of die 
series (l): and it is obvious that the same results will fdiow, 
if the terms of this series be severally multiplied by a", a"i I 
...a", or by any power of a* : it follows therefore that the 
remainders from the division of the terms of the series 

1, a, a*, . . . a^-' 

* Or in the language and notation of Gauss, let a' be eomgruom$ to I. 
to the modulus p, or let a'= 1 (mod. p). Art. 517. Note. 
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by p will form recurring series of t terms each : and inasmuch as 
the whole number of them is p — 1, (for a'~^ is the beginning 
of a new series) it follows that p- I is either equal to t or to2t 
or to St or to rt, and consequently^ that t is either equal to 
p — 1 or to a submultiple of p - 1 . 

Thus, if a = 2 and p = 13, the first term of the series Examples. 

1, 2, 4, 8, 16 &c. 

which is congruous with 1, or of the form mp + 1, is 2^', and 
consequently, in this case / = p — 1 : but if the modulus be 23, 

we find 2" = 2048 = OTp+ 1, where / = * = — - — : again, 

2 2 



if a = 3 and p=lS, we find S* = wp+1, where / = 3 = 
and similarly in other cases.* 

531. Those values of a, the least of whose powers, which Primitive 
is of the form wp+l, is a'^*, have been called by Euler modui^gp^ 
primUive roots of the modulus p, and are connected with some 

very important theories : the periods of remainders which they 
form are called complete periods, and include every number less 
than p: all other roots the least of whose powers of the form 
jiip+l are sub-multiples of p— 1, are called subordinate roots 
and all other periods are called incomplete periods. 

532. Since p is an odd number, p — 1 = 2 n, and therefore Connection 

between tne 

a'-' - 1 = a*" - 1 = (fl" + 1) (ii" - 1) : firetandthe 

^ ^^ ^ second half 

and since n**"* — 1 is divisible by p, it follows that one of the of the scries 

..,...,,, , , of remain- 

two factors a* — I or a" + 1 is divisible by p: and since oT—l dersofa 

primitive 
root. 

* The proposition relative to the periods of circulating decimals noticed in 

a Note to Art. 162 is involved in this proposition : for if 10 be a primitive root 

(Art. 531) of a prime modulus n, then the number of places in each period of 

the decimal corresponding to - , will be equal to n — 1 : if not, it will be a sub- 
multiple of it Thus 10 is a primitive root of 7 and 10" is the first term of the 

series 

1, 10, 10« 

which if of the form 7m+ 1 and x forms a recurring decimal of 6 places in each 

period: but if n= 11, then lO^^llm + l and jr forms a reeurring decimal of 2 
places in each period only. 
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is not divisible by p, (since o'"^ b the least power of a 
makes o^* - 1 divisible by p) it foUows that a" + 1 is 
by p, and that therefore the remainder from the divisii 
by p is p - 1 : it will follow therefore that if the 
p— 1 or oC 2n successive remainders be divided into 
portions, the first term of the second portion will be eqj 
p-1. 

Again, if we take two terms o""^ and a*^f^, in the series of 
powers of the primitive root, which are equidistant from the cil- 
minaling term a*, their product is o^ or a^; and consequently, 
the remainder from the division of the product of these terms, or 
Aflsociated of their corresponding remainders will be 1 * : such terms are 
*®"°** said to be associated terms, and it is manifest that if the 

terms and their order of succession in the first half of the 
series be given, the terms and order of succession of the 
second half of the series may be determined. 

Equally 533. The same remark is applicable likewise to the seriei 

complete ^ remainders of any incomplete period, corresponding to an 

andincom- index /, which is an even number; for under such drcmn- 
plete pe- 
riods of an stances, 

even num- . _ ^ ^ ^ v 

berof a - 1 =fl*'- 1 =(0'+ 1)(«^- l) = mp: 



terms. 



and since a' is the least power of a, which makes o'-l s 

• For if 

a^f* Simp + a and a**^A» = m'p + /?, 
then o— A* X a*+f* = a^=m"p + afi; 

and consequently the remainder from the product of a*-f^ and a**^ is the 
same as the remaiuder from the product a/3 of their corresponding remaioden 
a and fi. 

Thus 2 is a primitive root of 13, and the succession of remainders fron 
the division of the terms of the series 

1, 2, 2«, 28, 2\ 2*, 2«, 2^ 2«, 2». 2»o, 2", 2" 
by 13, is 1, 2, 4, 8, 3, 6, 12, 11, 9, 5, 10, 7, 1. 

The 7*^ term is 12 = 13 — 1 : also 3 and 9 are remainders equidistant from \%, 
and their product 27 divided by 13 gives a remainder I : if the first asso- 
ciated term 3 he given, the second x may be found, by the solution of the 
equation 3ji = 13to + 1 or3x-13m = l: and since 3(13- 4) - 13(3- 1)»1. 
we find X = 13 — 4 = 9, which is the term required : in a similar manner tfce 
first associated term being 8, the second, t is founcl from the equitioa 
Bi — 13>M = 1, which Rivo!4 x — 5. 
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imltiple o£ p, and since p divides one of the two factors 
i^+1 or a'- I, it follows that it must be a divisor of a' + l, 
or that if = tn'p-^p—l: it thus appears that the first term of 
die second half of the series of remainders of an incomplete 
[leriod of an even number of terms^ will be |> — 1, and that 
lie remaining terms of one half of this series will be associated 
erms with those of the first half of the series^ which are 
everally equidistant from p- 1.* 

534. Prop. If there be one primitive root of a modulus If there be 
}, there are as many primitive roots of this modulus^ as there tive root of 
ire numbers less than p - 1 and prime to it. * "there "* 

For if a be a primitive root of p, then (^^ = mp+ 1 : and JJ^therewJ 

f we suppose r to be prime to p— 1, then we ffet d' = tn'p + a, d umbers 
i_ • i.^f ^ % ..... prune to 

¥here a is different from 1: then a or a' is a primitive root n-i, and 

if p, since no power of a or of fl% which is less than p— 1 le«sthan 
s of the form mp + 1 1 : and since the same remark applies 
o the remainder from the division of every power of a by p, 
whose index is prime to p — 1 and to such powers of a only X, 
t follows that there are as many primitive roots as there are 
lumbers prime to p - I and less than p — 1 and no more, 

535. A subordinate (Art 531) root a of the modulus p, is The same 
>ne which makes a* =■ mp + 1^ where / is a suhmuUiple of p — 1 : exte^ed to 
md it may be proved, by the same process of reasoning as that subordinate 
nnployed in the last Article, that if there be one such sub- 
>rdinate root corresponding to /, there are as many such roots 

IS there are numbers prime to / and less than /. 

536. Prop. The whole number of subordinate and primitive The ^hole 

'oots of any prime modulus p is equal to p— 1. primitive 

and subor- 

• Thus if a = 10 and p = 13, in the incomplete series of remainders 1 , 10, ^^ ^ "*** 

), 12, 3, 4, we 6nd 1*2 or 13—1 for the first term of the second half of the equal to 

erics. P~l« 

. . ^ J ^ ^ The whole 

t For the remamders from the division of a**' and a* by p, are the same, number of 

ince all the terms in the series for {m' p -^^ aY are multiples of p (Note, numbers 
\rt. 528) except the last, which is a' : it is obvious likewise that if r be J}[^' greater 
>rime to p- I, nr cannot be a multiple of p — 1, unless it is equal to p — 1 p^jnie ton 
>r to a multiple of it. or to some 

n — 1 one of its 

X For if r have a common diviwr i with p — 1, then r x - = p (p — I) : divisors is 

>r a power of n', which is let* than p— 1, may be cqu;il to p — 1, or to a ^^ "* 
Tiultiplr of if. 
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For every number less than p, is either a suhordiaale or 
a pritnitive root. 

537* Prop. The whole number of numbers not greater 
than ft and prime to ft or to some one of its divisors, is equal 
to n. 

For if a, b, c, &c, be the divisors of »> 1 and n being included, 
then if we multiply the numbers prime to a, b, c, &c. by 

-, 7, -, respectively^ the resulting products will not be 

greater than it. 

All these products are different from each other: for if 
possible, let a and fi be numbers prime to a and b respectively! 

and let ~ X a = 7 X id, or - = ^ : but since these fractions are 
a b a b 

equal to each other and in their lowest terms^ it follows that 

a = ^ and a = b (Art. 120), which is contrary to the hypothesit, 

since a and b are assumed to be different factors of n. 

Again, every number between 1 and n inclusive^ will be 
found amongst these products: for if t be any number not 
prime to n, and if x be the greatest common measure of 

t and n, then / will be prime to -, or in other words, t will 

be a number prime to one of the factors of n. It follows 
therefore that the whole series of numbers which are prime 
to some one of the factors of n, 1 and n included, will be 
equal to n. 

538. There must be primitive as well as subordinate roots 
corresponding to every prime modulus p. 

Inhere must For there are p—1 numbers and p—1 numbers only, whidi 
as wen as^^ *r® prime to p-l or to some one of its divisors (Art. 537): 

subordinate and there are also « — 1 primitive and subordinate roots cor- 
rootscorre- ,. . i i -^ im • 

spondin^to respondmg to every prime modulus p: it appears likewise 
m^uP^p! ^^a^ ^or any given factor of p- 1, if there be one root cor- 
responding to it, there are as many such roots as there are 
numbers prime to that factor and less than it (Arts. 534, 5^5)'- 
but inasmuch as the whole number of such roots is equal like- 
wise to the greatest possible number of those numbers which 



/ 

V 
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are prime to the factors o£ p-1, and less than p—1, it follows 
that there must exist roots corresponding to every factor of 
p— I, otherwise the number of them would not be equal to 
p — 1 : it follows therefore that there must be as many roots 
corresponding to p-l (which are therefore primitive roots) 
as there are numbers less than p- I and prime to it* 

539. Pbop. Wilson's Theorem, If p be a prime num- Wilson's 
ber, the continued product o£ the natural numbers 1, 2, ®<*'®"* 
3, &c. as far as p— 1^ increased by 1^ is divisible by />. 

For if a be a primitive root of p (and such primitive roots 
always exists Art. 538) then the remainders from the division 
of the several terms of the series 

1, a, a*, ... a^\ 

will include all the natural numbers from 1 to p — 1 ; and con- 
sequently, the remainder from the division of their continued 
product by p, will be the same as from the division of the 
continued product of the natural numbers by p^i but the 
continued product of the terms of the series 

I, a, a', ... a'"*, 
is equal to 

if we replace p (an odd number) by 2« + l (Art 5l6) : but 
since the remainder from the division of a^=-af^ is 1, the 
remainder from the division of a**' = (fl*)" is also 1 : it follows 
therefore that the remainder from the division a*" x a" is the 
same as that from the division of a% which is p ~ 1 (Art 532) : 
it follows therefore that the remainder from the division of 

• For if 

o*=rp+a, ar'-r'p + a, o*" = r"p + o" &c. 

then 

a'^y.tir^x or" X &c. = a«+"'-fr»"+** = ^ P + aaa" : 

and consequently the remainder from the division of the product of a*, a*', a*" 
flee, by p is the same as that from the division of the product of their remainders 
a, a', a" ••• by p. 

t For the sum of the series of natural numbers 

1+2 + 3+.. .n-l = ^ilL^ (Art. 422). 
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nmtnral numbers as far as t or p—l, will leave a remainder 
p — 1 when divided by p. 

541. Prop. The sum of all the terms of any period^ Tlw «>m of 
whether complete or incomplete, to a prime modulus p, is a any period 

multiple of p. ^ a prime 

* '^ niodiiliis p. 

For the sum of any period of remainders is of the same ^p^^f^l 
Ibnn, to the modulus p, with the remainder fVom the sum of 
the series 

fl* - 1 

1 + fl + a* -f ... cf"^ =: = mp ; 

fl — 1 

since a'— 1 rr^mp^i 
Thus, if p » 13 and if at » 5, we find the period of remainders, 

1, 5, 12, 8, 
whose sum is 26 = 2 x 13. 

5^ Many other remarkable consequences may be deduced 
from the principles which have been employed in the establish- 
ment of the preceding Theorems: but the sketch which we 
have given of one important branch of the theory of numbers, 
which has already extended somewhat beyond the space which 
it should probably occupy in an elementary work of this nature, 
may be considered quite sufficient to illustrate and exemplify 
not merely the mode of conducting such investigations, but 
likewise some of the peculiar difficulties which attend them 
from the absence of general methods, and from the want of 
a continuous and deductive connection between the several 
propositions to be demonstrated. 

* Unless a — 1 be divisible by p, or a be congrv/ou* to I, in which case 
the period consists of one tenn only. 
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ADDITIONS AND CORRECTIONS. 



Art. 88. This fonnation o{ indefinite quotients is strictly 
analogous to the fonnation of the quotients of division in c«n- 
mon arithmetic: for we proceed generally to apply the mle 
for division^ without previously knowing whether the procev 
will terminate or not: thus if we are required to divide 11 
by \3, we proceed as follows: 

is; 11.00(^.846153 
104 



60 
52 



80 
78 



20 
13 



70 
65 



50 
S9 



11 

The quotients now recur in the same order^ and form there- 

fore^ if continued indefinitely^ an indefinite series. In a similir 

manner if we are required to divide 11 by l6^ we proceed u 

follows : 

16) 11.0(6875 

96 

140 
128 

120 
112 

80 
80 
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In this case the quotient terminates^ aDd under the enlarged view 
of numbers which is taken in Chapter 2, as including fractional 
as well as integral numbers^ the divisor may be said to be con- 
tained a certain number of times exactly in the dividend. 

Art. 112. This proposition^ one of the most important in 
the theory of numbers^ is demonstrated by Euclid^ £L vii. 
Prop. 32: it is demonstrated by Oauss in his Disquisidones 
Arithmetics^ Art 13^ in conformity with his general method 
of treating the theory of numbers^ of which a slight notice is 
given in Chap. x. Art. 514, and those which follow. 

Art. 148, Note. The French have resumed since the 1st of 
January, 1841, their decimal system of weights and measures in 
all its integrity : it is universally adopted, though with different 
names, in Belgium. 

It haa recently been proposed, in a Report of a Commission 
on weights and measures, presented to Parliament in February, 
184£, to introduce such changes in our monetary and metrical 
systems as may lead to the general adoption of the decimal 
scale in all written accounts, and to its extensive, though not 
exclusive, use in the ordinary transactions of life. 

Art. 181. If a decimal coinage and system of weights and 
measures was adopted, this process of abridged multiplication 
would become not merely useful but necessary. Thus if the 
decimal coinage proceeded by sovereigns (20^.), victorines (2j.), 
cents (2ld,), miUets (g farthing), and if the divisions of area 
proceeded by acres, chains (^th acre), chainettes {^Xh acre), and 
its decimal subdivisions, (in conformity with the existing prac- 
tice of measuring by Gunter's ' chain), the value of 37 acres, 
7 chains, 4 chainettes (37*74 acres), at £47. 7 vict. 9 cents 
(£47*79) per acre, would be found as follows: all values below 

cents being rejected: 

37.74 

47.79 



1509 


6 


264 


18 


26 


42 


3 


39 


£1803.59 



388 

The same queition^ adapted to our ezistiiig ooint and mc 
•ares, and solved as a Role of Three question, would assui 
the following form. 

Required the value of 87 acres, 2 roods, and 8S poles 
land at £47* 15#. lOd. per acre. 



acre. 
1 


a. r. p. ' £. 
87 . 2 . 88 :: 47 . 


15 . 10 : X 


4 


4 20 




4 


150 955 




40 


40 12 




160 


6088 11470 

608S 






91760 






84410 






68820 






1 60 j 69255760 (^ 12^432849 




640 


20 ) 36070.9 




525 
480 


£1803.10.9 








455 






820 






1357 






1280 






776 






640 






I860 






1280 





80 
There arc 134 figures to be written in this process, and on 
84 in the former : the time consumed in performing tl 
operations would be nearly in the same proportion, or as 
to 1 nearly. 
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With a decimal metrical and monetary system, the distinc- 
ion between simple and compound arithmetic would disappear, 
nasmuch as all quantities involved in arithmetical operations 
Fould be presented at once, without previous reduction, in the 
lecimal scale : few metrical tables would be required, and those 
f the most simple kind: and it would rarely be necessary to 
Qcorporate in the fundamental rules, the processes of decimal 
s well as of integral arithmetic, which are now, in common 
Kx>ks, most improperly and unphilosophically separated from 
ach other. 

The effect of the proposed change would be to lessen the 
abours of the schoolboy as much as those of the tradesman: 
nd to introduce into all transactions of account a uniformity, 
leamess and brevity which would produce the most important 
benefits to trade and commerce. 

Art. 232. The proof, however, of the following proposi-* 
ions, which are referred to in this Article, may be deduced 
irom very simple and elementary considerations. 

(1) The extreme limit of the values of a', of', &c. in the 

uccessive complete quotients (Art. I90) ^ , *^ . — , &c 

8 a, which is the greatest integer less than Jn, For a", o^'*, &c 

n the expressions r's , r" = — -7 — , &c. (Art 229), «ro 

Iways less than n, and therefore the values of a', a", &c. 
annot exceed a. 

(2) The extreme limit of the values of the integral quotients 
>, 6', &c. is 2 a. 

For a"=r'b'-af or a^' + a'^r'b': and smce the limit of the 
'alue of a"^a' is 2 a (Prop. 1), and since f^ is either a whole 
lumber or 1 (Art. 229> Note), it follows that the extreme limit 
»f the value of W is 2 a. 

(3) The extreme limit of the values of r, r', r", &c. is 2 a. 

For since a" + a' =1^6', and since the extreme limit of the 
'alue of a" -^f a' is 2 a, and W is either a whole number or 1, 
t follows that r' cannot exceed 2 a. 

The value of r='n''Q^ cannot exceed 2a; for if it did, a 
vould not be the greatest integer less than Jn, 
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(4) If any one of the series of quotients h', V\ &c. be 
equal to 2 a, then the corresponding values of t^' and a' are 
severally equal to a. 

For if 6' = 2a, then a"+a' = r'A'= 2a, and therefore a^=fl 
and a'^a: for neither a" nor a! can exceed a. 

(5) Every complete quotient in the series determines tint 
which follows it. 



For if — and ^^—-j — be two successive complete qiu>- 

tients, and b' the integer quotient corresponding to the first, 

« — a" 
then we have a!' — r'h' - a' and /= , and consequently 

a" and r^ in the second complete quotient are entirely dependent 
upon the first. 



periods, beginning with the first complete quotient 



(6) The quotients, both complete and integral, recur by 

r 

The quotients ^^— > — , *^ — , &c. must recur within an 

interval of less than 2a' terms: for the limits of the valiief 
of a! and r', which determine a" and r", are a and 2 a re- 
spectively, and there cannot therefore be more than a x 2s 
combinations of them which are different from each other. 

Again, this recurrence must begin with the first complete 
quotient 



^ : for if not, let 

r 




ri 


Jn + a^ 


Jn + a^ 


NO first comp] 


ete periods 


, and let — be the com- 



p 

plete quotient preceding ^ ^ or the first recurring quotient; 



n 



then ^ determines ^ m the same manner that 

determines the succeeding term — •: and inasmuch as 






rx 
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^^!^±? = 6.+— i 



and 



Jn + a^ 



^ = o, + I ; 



rx 



itfoUowsthat ^s^^Lt^=>/!i±f=, 
and equating the irrational and rational parts*, we get 

^ = ^ orp = r^, 

and also - = -^ ; 

and therefore a = a^. 

(7) The last integral quotient of each recurring period is 2a, 
, For the first complete quotient of each recurring period is 

the first complete quotient, and is therefore = ^ , where 

r = fi — a* : let ^ be the last complete quotient of a period : 

fl — /I* 

then since ^ = — — and r^n^a?, it follows that ^ = 1, and 

that Jn + X is therefore the last complete quotient of the recur- 
ring period: and since x, when ^ = 1, is the greatest number 
which makes n — a^ positive, it follows that x = a; and therefore 
the integral quotient corresponding to Jn-¥x is a-\-a or 2 a. 

(8) In a note to this Article, we have referred to the 
solution, when it is possible, of the equation 

as dependent upon the formation of the fractions converging 
to Jni we shall now proceed to investigate the nature of this 
dependence. 



* If X + Vy s a + *Jh, where x and a are rational and Vy and Vfr qua- 
dratic surds, we have xma and y = fr: for if not, let xaa + c: then we get 
a+c + Vy = a + V6, and therefore c + Vy = V6» which is impossible (Art. 249) : 
in a similar manner it may be shewn that x is not = a — c : it follows therefore 
that x^a and Vy » V6. 
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Let ^ > ^ > ^ ^ three consecutive fractions converging to 

Jn, corresponding to the quotients v^, u, «^ : the theory of such 
fractions (Art. I90) gives us the equation 

/Aft i ^m 

let ^^ be the complete quotient corresponding to «': if 

we replace u' by it, we get 

(Jn + fl\ . 

'^ qjn + qa-¥ q^r' 

multiplying numerator and denominator by r: if we further 
multiply both sides of this equation by qjn + ^a + fr, we get 

qn-\-(qa-^ (fr) Jn=pjn + pa-h p^r, 

and equating rational and irrational parts (see Note, p. 391)} 

we find 

qn^pa + ffir (1), 

and p Jn = (qa + (fr) Jn ; 

or dividing by Jn, 

p = qa-^ (fr (2). 

If we multiply equation (1) by q and equation (2) by p, we 
get, by subtracting the first resulting equation from the seoood, 

• or f-fi^(f-{pq''-p''q)r = 0..,{S). 
If - be a fraction corresponding to an odd place in the 

first recurring period, and therefore to an even place in the 

entire series of fractions, we have pq^-p^q== If (Art. I9S); 

therefore 

p'-n^-r-O (4). 

* For if the imperfect quotient uf is replaced by the complete qnotieit, 
the converging fraction becomes equal to Vn. 

t It should be kept in mind that it is the reciprocals of the fractions fontd 
by the general rule (Art. 191) from the series of quotients, which oonverft tt Vs; 

and therefore the series of such reciprocal fractions ^ > ^ . ^ are altemaielT 

greater and \wb than Vn, according as they occupy even or odd places 11 

series. 
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If ^. be a flection corresponding to an odd place in the 

first recurring period, and therefore to an even pkce in the 
entire series of fhurtions, we have f^q-pff- 1 (Art 193); and 
therefore 

p*-ii9*+ r = (5). 

If, in the last case, the number of terms in each recurring 

period be odd, and if ^ be the converging fraction correspond- 

ing to the divisor r in the second recurring period, and therefore 
to an odd place in the series of fractions, then we have 

Pi*-«9i'-r = (6). 

If the fraction ^ correspond to the last term but one of a 

recnrring period, then r in each of the equations (4), (5), (6) 
may be replaced by 1 , which is the value of the corresponding 
divisor. 

(9) The solution of the equation 

x* + iiy- 1=0, 

is always possible in whole numbers, if n be any whole number 
which is not a square* 

If the number of terms in each recurring period of quo- 
tients corresponding to Jn be even, the converging fraction 
corresponding to the last term but one of the first and of every 
o&er succeeding period is even, and therefore greater than Jn : 

it follows therefore that if - be this converging fraction, we have 

x*-«y*- 1=0. 

The values of x and y thus found satisfy the proposed equa- 
tion: and the same is the case with the values of x and y in 

the converging fraction - corresponding to the last term but 

one of every succeeding period: the number of solutions is 
therefore unlimited. 

Again, if the number of terms in each recurring period cor- 
responding to ^n be odd, the last term but one of the second 

3D 
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recurring period will be even: and if - be the oorresponding 
conyerging fraction^ then we have 

The same character will apply to the converging fractioQ 
corresponding to the last term but one of every alternate period: 
and the number of solutions therefore of this equation is, in 
this case also, unlimited. 

(10) The following are examples: 

(1) To solve the equation 

The quotients corresponding to JiS determined by the rule 
Art. 230, are 

4, 1, 3, 1, 8, 1, S, h 8 

The number of terms in each period (4) is even. 

The converging firactions are 

114 5 44 49 191 840 2111 2351 



4' 5' 19' 24 ' 211' 235' 9l6' 1151 ' 10124* 11275* 

9164 11515 

43949* 55224 '^ 

The penultimate fractions in each period, whose redprocali 
converge to J23, are 

5_ 240 11515 552480 
24' 1151* 55224' 2649601 ' 
and the pairs of values of x and y are 

or ^24, 1151, 55224^ 2649601, &c. 
y= 5, 240, 11515, 552480, &c. 

(2) To solve the equation 

ar»-2Sy+l=0. 

The penultimate term of each recurring period of quotients 
being an even term, there is no solution of this equation in 
whole numbers: for the corresponding converging ftvctionsi 
as we have seen, furnish the solution of ikt equation 

«*-2Sy-l=0. 

(3^ To solve the equations 

^•-2Sy+7 = 0, 
jr»-2Sy-2 = 0. 



I 
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The complete quotients for every recurring period of the 
ntegral quotients of J^S, are 

7 2 • 7 ' 1 ' 

ind the recurring period of divisors is therefore 

7, 2, 7, 1. 

The converging fractions are given in the solution of Ex. \, 
ivhich give for the solution <j€ the first of the given equations^ 
he pairs of values 

4P = 4, 19, 211, 916, 

^ = 1, 4, 44, 191, 

uid for the second equation 

4P = 5, 235, 11275, 
j^ = l, 49, 2351, 

There is no solution in whole numbers of the equations 

«"-23y-7«0, 
jr'-2Sy+2 = 0, 
nor of the equation 

nrhen a is different from 1, 7 or 2. 

(4) To solve the equation 

X*- 13^+1=6. 
The quotients corresponding Xo JlS are 

3, 1, 1, 1, 1, 6, 1, 1, 1, 1, 6 



The number of terms in each recurring period is (5) an 
xld number, and the converging fractions are 

^1?AA il^Jl.1^1?? 1189 1369 
V 4' 7' 11' is""' 119' 137' 256' 393' 649 "^ ' 4287' 4936' 

2558 3927 6485 

X 



9223' 14159' 23382 



The penultimate fractions in alternate periods, beginning 
vith the first, arc 

5_ (>485 

18' 23382' 
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and the pairs of values of x and y in the equati<Hi are 

x=18, 23382, 

y= 5, 6485, 

The first penultimate fraction in the alternate periods, be- 

180 
ginning with the second, is ^75 > and furnishes a solution of the 

equation 

a:«-13/-l=0. 

(5) To solve the equation 

The series of quotients are 

6, 1, 1, 1, 2, 1, 1, 1, 12 

The pairs of values of x and y are 

*=199, 79201, 
y= 30, 11940. 

The series of divisors for one period is 

8, 5, 7, 4, 7, 5, 8, 1. 
The pairs of values of x and y which solve the equations 

(a) X*- 44^+8 = 0, are 4f* 6, 126, 2514, 50154, 

^=1, 19, 379, 7561. 

(b) a:*- 44/- 5 = 0, are a: = 7, 73,2713,29047, 

5^= 1, 11, 409, 4379. 

(c) ar» - 44/ +7 = 0, are x = 13, 53, 5227, 21 107, 

y= 2, 8, 788, 3182. 

(rf) x"- 44/- 4 = 0, are « = 20, 7940, 

5f= 3, 1197, 

All forms of the equation 

x'-44/*a = 

different from the above, are incapable of solution in whole 
numbers. 

(6) To solve the equation 

or*- 26/- 1=0. 
The quotients are 

5, 10, 10, 10, 
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The redprocak x^ the converging flections are 
1 10 101 1020 
5' 51* 515' 5201* 

The pairs of values of x and tf are 

4r»51, 5201, 530451, 
y=10, 1020, 104030. 

If the equation had been 

«»-26y+l=0, 

lie pairs of values of x and ^ would have been 

x = 5, 515, 51525, 

^=1, 101, 10301, 

fore generally, if iisa'+ 1, as in the equation 

j:--(a«+l)y-l=0, 

lie series of quotients will be 

a, 2a, 2a, 

irhere the recurring period consists of one term only. 

Again, if «=a*-l, or a'+a, or i^-a, as in the equations 

*"-(«•- 1)^-1=0 (fl), 

*«-(a-+a)y-l=0 (6), 

*'-(a'-«)y-l=0 (c), 

he recurring period of quotients will consist of two terms only. 

For the first equation (a) the quotients are 

a-l, 1, 2(a-l), 1, 2(a-l), 

For the second equation (6) the quotients are 

a, 2, 2a, 2, 2a, 

For the third equation (c) the quotients are 
a^l, 2, 2(a-l), 2, 2(a-l). 

The solution of the equation 

a?"-n/- 1=0 
is one of the most important problems in the Theory of Numbers. 

Art. 404, p. 241. If the simultaneous equations involving 
two unknown symbols x and tf be expressed generally by 

ax-\-hy=ik (l), 

a'x + b'y^k' (2), 
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we get, by the ordinary proeess of elimhuUioti (Art 995), mul- 
tiplying the first equation by b' and the second by b, 

a6'x + 6% = 6'* (3), 

a'bx + bb'i^^bk' (4), 

and subtracting (4) from (3), we find 

{ab'-a'b)x = b'k-'bk', 

. l/k'-bk' 
and by a similar process we find 

^"ab'-^a'y 

If there be three simultaneous equations, involving three 
unknown symbols x, y and z, they may be expressed geoaratty 
by 

ax-^by-{-cz^k (5), 

a'x^b'y + &z^y ,(6), 

a"« -^Vy ^e'z^h!' (7). 

By transferring cz, c% cf'z severally to the right-hand side 
of these equations, we get 

ax-^by^k — cz — K (8), 

a!x^Vy^y--ez^K' (9), 

a"x + 6'> = it" - c"2 = /iC" (10), 

* 

replacing k — cz, kf-</z, y' — d'z severally by K, K' and K'\ 

If we now solve equations (8) and (9) in the same manner 
as equations (l) and (2), we shall get 

""-Hb'^-a^b ' ^" ab'-a'b * 

Replacing in these expressions Khy k-cz and K' by k'-c'z, 
we get 

_ b\k-'CZ)-b(k''-c'z) 

•^^ ab'-a'b 

a'{k-c2)-a(k'-c'z) 
•'^" ab'-a'h 
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If we now substitute these values of x and y in equation (7)« 
clearing the equation of fractions, we get 

a"b'k - a"b'cz --af'bkf-^- af'b&z + a'b'^k - aVcz - aVW + a b"<fz 

-f a b'c" - a'b &'z = a 6'F' - a'b k". 

Transposing the known quantities to one side and the un- 
known to the other, and dividing both sides by the resulting 
coefficient of z, we get 

_ ab'k'' - ab"k^ ■ g^&r 4- a^b'^k ^- t^'bV -- a%'k 
^ " ab'c'' - ab''(/ - a'b&'+a'b''c + a''b(/'' al'b'c' 

The same value of z would be obtained by beginning with 
the solutions of equations (8) and (10) or (9) and (10), instead 
of (8) and (9): or in other words, the result is necessarily the 
same, in whatever manner the equations are combined. 

By a similar process we find 

itAV'- ifcAV- F6c"+ Vb^'c + V'be-lf'Uc 



x = 



ab'd' - oA'V - a'6c"-f dhf'c + c^'bd-a'^yc ' 



^ ~ ab'd' - ab"d - a'bd' + a!b"c + a!'bd - afVc ' 



Lr> 



II 



